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ABSTRACT

The numerical analysis in' the present study
simulates interphase mass transfer with chemical
reaction of two immiscible liquids by
simultaneously solving the Higbie' Penetration
model. The transport equations are solved
numerically for concentration and temperature
profiles at the inter-phase using finite volume
method (FVM) for diffusion, and convection ­
diffusion equations with and without chemical
reaction.. The simulation results are validated

using experimental data reported in the literature
[lJ for Cyclohexane - Acetic acid - Water system.
The concentration variation along the horizontal
direction is smaller compared to vertical direction.

Keywords: Inter phase mass transfer, mass transfer
with chemical reaction, mass transfer without
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INTRODUCTION

gradients [3, 6] and the concentration gradients
deepen with simultaneous mass transfer with
chemical reaction.

Concentration gradients in the liquid-liquid system
can be measured using the following experimental
techniques namely, potentiometer or optical
measurements (Laser Induced Fluorescence (LIF))
etc. These experimental methods are e'conomically
expensive and time consuming to get the
concentration gradients at the liquid-liquid
interface. Therefore with the help of high-speed
computers one can adopt numerical solution
method to simulate the 'concentration changes at the
liquid-liquid interface.

It is aimed in the present study to simulate
concentration and temperature pi ofiles at the
interface between two liquid-liquid systems for
mass transfer with and without chemical reaction

using one-dimensional diffusion and two­
dimensional convection-diffusion equations.
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THE TRANSPORT EQUATIONS

To explain the interface phenomena, capillary
model is considered. The flow in the capillary is
considered to be two-dimensional and the capillary
hydraulic diameter is equivalent with a' pipe of
dh == Z == 2z. It is also assumed that the flow is
laminar and is caused by natural convection, which
is generated mainly· due to density variation,
combined with gravity. Density variation and
buoyancy driven flows can also result from solute
concentration or temperature changes [7, 8].

The following transport equations are developed
considering the capillary model and the well-

Reactions occurring at the inter phase between two
immiscible liquids IS very important ill

heterogeneous catalysis and separation processes.
Such as in solvent extraction proceS"s, reactive
distillation and phase transfer catalysis. This
interfacial phenomenon is associated with
momentum, energy and mass transfer at the
interphase and they are attributed to local gradients
of interfacial tension called Marangoni effects
[1,2]. Gradients in interfacial tension are caused
because of gradients in reactant and product or
surfactant concentration and temperature changes
within the interface [3].

Liquid-Liquid systems are hydrodynamically
unstable leading to formation of wave's slugs and

;pulses In addition, the interfacial instability
generated near the gas-liquid or liquid-liquid
interface results in the appearance of convective
flows, which increase significantly the transfer
coefficients [4, 5]. Knowledge about the parameter
affecting the hydrodynamic instability i? the fluid­
fluid systems helps us in better design of reactors
and separation columns. The parameters affecting
the hydrodynamic instability are density difference
and surface tensional changes due to concentration
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knowp mass trans~r model, Penetration theory [9,
10].

Momentum Equations

For two dimensional problems and constant
diffusion coefficient Eq. (4) becomes

The heat tr~sport equation is also described in
conservation form as shown below

In developing the momentum equation, Boussinesq
approximation is used assuming that the variable
density p can be replaced everywhere by the

constant value Po' except i~ the term (p - Po)g .

The two velocity component developed using
capillary model for u(z)andv(z) are substituted

in Navier-Stokes equations and evaluated interms

of z in the interval of [_~ ~]to obtain the2'2

following expressions [7, II].
a(pcpT) + 'Il. (pcpVT) =

at

'Il. (A.'IlT) + <1>--MIRY'

(6)

(1)

(2)

MIR is the molar reaction enthalpy and
<1>dissipationfunction.

In two-dimensional Cartesian coordinate with

constant A. and neglected viscous dissipation <1>,
the heat transport equation becomes

(4)

I
The above Eqs. (1) and (2) were solved by
employing the stream and vortices functions [7].
The pressure tenn was eliminated by differentiating
each term in Eq. (1) in terms ofy, and each term in
Eq.(2) in terms of x and then subtracting one from
the other using the vortices (())) function .The final
momentum equation interns of vortices function
becomes

(3)

Mass and Heat Transport Equations

The differential equation of the mass transport with
chemical reaction in a control volume for
component k is described in a conservation form
for constant density and diffusivity as follows.

aCt ( )--+\7. vC, =
a/

\7~(D,\7C,) + v.M,rv
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Heat loss to the surrounding through both walls of
the capillary can be described -based on the reaction
volume of the capillary and width z byI

q = - 2~o (Ts - T ) (8)

The heat transport equation for constant specific
heat capacity cp and density po using Boussinesq
approximation and continuity equation can be
written as

The temperature coefficient is given as a = Aj )/V'oc p

The above equations are developed for the two
bulk phases (Fig.2) assuming that equilibrium is
attained at the inter phase of the two liquids. The
two bulk phase equations are coupled by a
distribution coefficient for mass balance Eq. [12].
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After implementing the above discretisation
techniques, the transport equations Eqs.(3), (5) &
(9) have the following form.

y-H

Orpric phaS"e

C(y,iJ)-Ct> .
C(x.,Y.0

_ -~~ha~_-_-
_ -!&'7ii-=..O _ - _ -.
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Figure 2 Two-dimensional representation of the
capillary space

Vorticity:

apcd; = aEOJ; + awW; #+ atP~

+ asaJ; +aEIf1J':E + ~ +

a~ + assm':s + cr-10Jp'>t-1 + b

.Mass:
apC; = a,C,"' + awC;

+ aNC'; + asC; a",-IC;-1 +b

(10)

(11)

NUMERICAL SIMULATION

Various discretisation schemes are used depending
up on the type of problem selected to discretise the
transport equations namely central differencing,
up-wind, hybrid and power law schemes. In the
present study, first order backward differencing and
central differencing scheme are used for .time
variation and momentum equations respectively.
For mass and heat transport equations the
discretisation equations are derived using the
concept of up-wind differencing scheme and power
law scheme over the control volume shown below
[13,14].

Heat:

All the coefficients of the above equations are
summarized in Appendix A. The solution of the
resulted discretisation equations is dependent 'On
the boundary and initial conditions. The boundary
conditions for both vertical and horizontal
boundaries are reported in Table 1. For mass and
heat transport equations, the flux at the horizontal
(bottom and top) sides of the capillary is
considered to be zero, and constant value for
stream function. At the vertical boundaries

symmetrical boundary conditrons were taken.

:~l
[ot

N

dx

dy

The solution of one-dimensional diffusion transient
equation was used for initial conditions. But it is
also possible to use any random values for iteration
process in such a way that the selection of the
initial value should facilitate the [mal iteration. The

resulting discretisation equations are rearranged in
the matrix form and shown in Eq. 4.

Figure 3 Control volume for the discretisation of
mass and heat transport equations
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Table 1: Boundary conditions for mass and heat transport equations

Property Boundary Conditions Initial condition

Horizontal

Vertical

Mass
OC· OC.·CM+l,j =C O,jCA = 0, water phase-IHR =-IHR=O transport By By

C-1,J =c M,.CA = 30 g / L,Cyclohexane phaseHeat

aT" aT
transport

-=1HR = -IHR = 0
T_1,J= TM,jTo = 20 °C , for both phasesay ay

TM+l,j = To,j

Ao Bo 0 0

C,

AIB,0

o W~o
d~o

0

C2 A2 B20 o ¢;)d;)

¢~, = d~, I

(13)

II'0

0CA; B;0 0

¢;,
I Id;';

II
0

0

o Cm_2 Am_2 Bm_20

0

0

CAB W:m-,

d;m_2
m-l m-l m-l m

d~m_l
0 o Cm Am ¢j,m-l

¢;m

d~m

A = ap},i

B = -aNj,i

C = -as},;

The resultant vector is given by

(14)

(15)

(16)

Fortran. Matrix manipulations and solution of
partial differential equations are simpler with
inbuilt math function keys for computer code
development for the numerical simulation of
engineering problems.

RESULTS AND DISCUSSION

(17)

The computer code is developed with MATLAB
programming for the solution of the partial
differential equations using finite volume method
(FVM). The system of equations is solved using an
iterative line-by-line method, tri-diagonal matrix
algorithm with MATLAB programming [13,14 ].
The MATLAB programming used for code
development is a high level language with an
extensive catalog of functions and easy to develop
our own functions and scripts. Algorithm
development, data visualization, data analysis and
numerical computing are faster than traditional
programming languages sueh as C, C++ and
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The resulting discretisation Eqs, (10), (11) and'(12)
were solved using the computer code developed
with MATLAB programming, The solution of the
discretised equations was· obtained for different
time intervals starting with the given initial
concentration and temperature. The simulation
proceeds for increasing time interval until a
specified time or concentration and temperature or
the steady state is attained [15]. The liquid - liquid
system chosen for the analysis is cyclohexane ­
acetic acid - water. The solute, acetic acid is
transferred from Cyclohexane phase to the aqueous
water phase. The parameters used for numerical
simulation are reported in Table 2.
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Table 2: Parameter used for the numerical analysis

I
Component DiffusivityThermal conductivityHeat capacityViscosity

(m2s·1)
(w/m.k)(J/kgk)(Ns/m2)

I Water solution

0.88 x 10-90.609 41860.9xI0·3

Cyclohexanc

1.17 x 10-90.135 12631.7xlO'

I leat of reaction
Distribution Coefficient (N = 168)

(LVI = -I067k.Jkg ,)

Validation of the Simulation Results Simulation of Concentration Profiles:

y.nD
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Figure 7 Numerical simulation of concentration
profiles at the inter phase with one­
dimensional diffusion equation for mass
transfer without chemical·reaction.

The numerical results were simulated for the

concentration profiles at the inter phase with one­
dimensional and two-dimensional diffusion

equations without reaction term for mass transler
without chemical reaction. ·The numerical results

with one-dimensional diffusion are shown in Fig. 7
and with analytical solution in Fig 8. One­
dimensional diffusion equation was considered
because the variation of concentration along the
horizontal direction is small compared to the
vertical direction. It was assumed that there is no

acetic acid in the water phase initially and the
acetic acid transfers through the interface from
cyclohexane phase to the water phase. ·Ine
concentration of the diffusing component (acetic

acid) decreases from its initial concentration (c.)
in the bulk phase of cyclohexane to the interface
and starts increasing its concentration in the water
phase with time. It is also observed from the
figures that the analytical and numerical results
thows similar trend for different time intervals

Mass Transfer without Chemical Reaction

CycloheunePhut

0102030405 Q6 01 0.6 09 1

"em

1 ,09 -OBOl 06 OS 0' 03 ·02 ·01 0

Figure 6 Comparison of concentration profiles at
the inter phase with one-dimensional
diffusion equation for mass transfer
without chemical reaction with an

analytical solution.

·1 0 ~9 ·J3 .(}7 (/6 .(IS ·o~ .J 3 -0] -Ill JO 0' 01 0] 04 05 06 0.1 08 09 10

Figure 5 Comparison of temperature profiles at the
inter phasc with literature data [1].

·lne numerical simulation results obtained in the

present study were validated comparing with the
experimental results reported in the literature [1]
and also with the analytical solution for one­
dimensional diffusion equation. The validation

results arc shO\\11 in Figs 5 and 6 for literature
datal 11 apd for analytical solution respectively. It is

observed from the ligures that the numerical results
obtained in the present study are in good agreement
with the experimental data reported in the literature
as well as analytical solution. The average absolute
error is less than 2 percent in both the cases.
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"

"

" O~ 0.8 III

Mass Transfer With Chemical Reaction

The reaction considered in the present study has the
Hatta number of 10 for mass transfer with chemical

reaction. Reactions are considered to be fast, if the
value of Hatta number is greater than 2. Hence, the
possibility of the diffusing component to penetrate
the second phase compar~d to mass 'transfer with
out chemical reaction is very small. The simulated
results for the concentration profile at the inter
phase with two-dimensional diffusion equation is
shown in Fig. 10 assuming that the reaction occurs

onLy at the inter phase. It is observed from the Figs
9 and 10 that the concentration distribution in the

water phase is smaller with chemical reaction
compared to mass transfer witliout chemical
reaction.

os 084.8 .0.8 .o,~ 4.2"

10

"

20

"

hgure X Analytical solution of concentration
profiles at the inter phase with one- "
dimensional diffusion equation for mass
transfer without chemical reaction. "

'Ibe average concentration profiles at the interphase

with two-dimensional diffusion equati0l!: for mass
transfer without chemical reaction are shown in

Fig '!. The average concentration profiles were
taken averaging the concentration distribution

along the vertical direction. It is observed from the
hgs 7 and'! that with two-dimensional diffusion
l:quatlOn, the conl:entration profiles are flat and this
IS JUl: to the lateral diffusion of the diffusing
cUlIlponent on the l:oncentration distribution.

no',
···11·311.
_t) •••
··-1.· •••
__ 15·10$.

1$~

·of
I.~
'.

Figure '! A yerage concentration profiles at the
inter phase with two-dimensional
diffusion equation for mass transfer
without l:hemical reaction

I

Figure 10 Concentration profiles at the inter phase
with one-dimensional diffusion equation
for mass transfer with chemical
reaction.

The average concentration profiles simulated at the
inter phase for mass transfer with chemical reaction
using two-dimensional convection-diffusion
equation are shown in Fig.ll. It is observed from
the figure that the concentration profile obtained

for diffusion - convection discretisation equations
is not as smooth as the profile obtained from the
discretisation of two-dimensi0nal diffusion

equations. This is due to the incorporation of the
convective term in the discretisation equations.
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Simulation of Temperature Profile

x, emy. em

18
1

20

diffusivity differences of the two liquids becomt'
higher and higher.
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Figure 13 Temperature profiles at the inter phase
with two-dimensional equation for mass
transfer with chemical reaction. The
water phase is in the negative and the
Cyclohexane phase is in the positive
side of the axis.

Averaging the temperature varlatlon along the
horizOntal direction for each row along the vertical
direction for two dimensional discretisation
equations is shown in Fig. 14. It is obs.erved from
the figures that the temperature profile for ope
dimension' is sharper than that of two-dimensional
-discretisation equations. On the other hand, the
temperature distribution of two dimensional
diScretisation equations is .flat compared to the
distribution of one dimensional discretisation
equatiOn. This may be due to the incorporation of
convective term in the heat transport equations.
The convective mode of heat transport is much
faster than the conductive transport. Due to this the
temperatUre distribution' in two' dimensional
discretisation equations becomes· flat.. The
maximum temperature occurs at the interphase <if
the two liquids for both one and two dimensional
discretised. equations.

The temperature distribution of two-dimensional'
discretisation equations is shown in Fig. 13. It is
observed from the figure that the temperature
distribution is not the same for the two coordinate
systems, i e. the temperature variation along the
vertical direction is -higher than the temperature
variation along the horizontal direction.CJl:I--- ••••

Temperature profiles at the inter phase
with one~imensional diffusion equation
for mass transfer' with chemical
reaction.

"

Figure 12

Figure 11 Average concentration profiles at the
inter phase with two-dimensional
convection-diffusion equation for mass
transfer with chemical reaction.

The temperature distribution is resulted gue to the
heat generated at the interface of the two liquids by
chemical reaction. The heat generated. at the
interphase has to be transported to the two bulk
phases by diffusion as well as convection mode of
heat transfer. One-dimensional simulation of heat
equation for temperature distribution at the inter
phase is shown in Fig. 12 for different time
intervals. It is seen from the figure that the
temperature profile increases with increasing time.
This is because the heat generated by the reaction is
greater than the heat lost to the surrounding in the
capillary space considered.

"

The temperature distribution in both the phases is
similar because the thermal diffusivity coefficients
of the two fluids are nearly equal. It is also
obserVed from the figure that there is a difference
on the growth rate of the tl?mperature di~tribution
and the difference increases as the thermill
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In the present study, a computer code was
developed with MATLAB programming to analyze
the concentration and temperature distribution of a
diffusing component at the interface of two
immiscible liquids. 'fwo-dimensional capillary
space was considered to develop the transport
equations for mass, heat and momentum equations.
The analysis has been made using numerical
discretised technique; the finite volume method and
based on the observations the following
conclusions were drawn.

Figure 14 Average temperature profiles at the inter
phase with two- dimensional equation
for mass transfer with chemical
reaction.

The concentration profile of the diffusing
component (acetic acid) obtained from the'
numerical solution is in good agrt:ement with the
analytical solution of one dimensional diffusion
equation.

'The concentration variation along the h<?rizontal
direction is very small compared to vertical
direction and also the concentration profiles are flat
two-dimensional convective-diffusion equation
than without convective term. This leads to the
conclusion that the diffusing component is
dominantly .transferred in the direction
perpendicular to the interface.

[9] Barbara Elvars.,(1992) Principles of
chemical reaction engineering and plant
design, UllMan's Encyclopedia of
Industrial chemistry, Volume B4.

[10] Seader.J.D., Ernest Henley.J (1998)
Separation process principles, John Wiley
and Sons, Inc

The maximum temperature occurs at the interface
of the two fluids because the heat is being
generated at the interface due to chemical reaction.

The temperature gradient of one dimensional
discretisation eqUl\tion IS sharper than two
dimenSional discretisation equations.
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APPENDIX A

At. The discretisation coefficients for
the vorticity Eq. (10).

- _v_ + E-max( -up ,0),
a E - ox 2 50X

- _v_+ E-max( up,O),
aw - ox 2 50x

6 (OYN + OYNN )max (_ Vp,O)
aN ="5 oy N oy NN

2v ,

+ oY N (oy s' + oY N )'

. 6 (oy s + oY ss ) max (v p ,0)a --
S - 5 oY s oy ss

2v

+ oYs(oYs + OYN)

A2. The discretisation coefficients for mass
transport Eq.(ll).

3

aEE = - 5& max(-up,O)
3

aww = - 5& max(up,O)

6 ~N

aNN =- ( I \max(-Vp,O)50/NN o/N +o/NN

ass=-~ o/s
5 o/ss(o/s + 0/ \ max (Vp,O)

. ss
am-I _ 1p -- ot

ap =aE +aw +aN + as +aEE +aww

m-l 12v
+ aNN + ass +a + -2-Z

b = _gp(P.-pw)pg. &-
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A3. The discretisation coefficients for heat

transport Eq. (12).

aB =a: A~Pe.l)+max(-F.,O)

all' = a: A~Pewl)+max(Fw,O)

aN = a& A~Penl~+ max(-Fn'O)
OyN

am-1 = 2&c5y
&


