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ABSTRACT. The notion of almost analytic extension has found numerous appli-
cations in various fields. This paper provides a comprehensive characterization
of ultradifferentiable functions by examining the existence of almost analytic

extensions.
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1. INTRODUCTION

The construction of almost analytic extensions
has been explored by varios authors. In chapter
8 of Dimassi and Sjostrand (1999), two different
almost analytic constructions were presented for
f € C§°. The first one is following Hérmander’s
approach, based on Borel’s construction.

- > r(k)
ftiy) =3 fT.(”(z‘y)’“x(Aky),
k=0 ’

where x € C§°(R) equal to 1 near 0 and Ak
tending to oo sufficiently fast. The other is the
construction introduced by Mather, Jensen and
Nakamura based on Fourier inversion formula: If
x(z) € C5°(R) equal to 1 in a neighborhood of the
support of f.x as above.

fla+iy) = / T (e) F(E)de,

where f is the Fourier transform of f.

These constructions have garnered significant at-
tention due to their potential applications in di-
verse fields. By extending analytic functions to
almost analytic ones, these constructions offer a
broader range of mathematical tools and tech-
niques for analysis and problem-solving. In recent
years, researchers have delved deeper into the in-
tricacies of these constructions, seeking to refine
and expand upon the existing methodologies. By

investigating the properties and limitations of al-
most analytic extensions, they aim to uncover new
insights and possibilities for their utilization in var-
ious domains.

The comprehensive almost analytic description of
ultradifferentiable classes can be traced back to
Petzsche and Vogt (2009). In Berhanu and Hailu
(2017), the authors discussed the local and mi-
crolocal characterization of Gevrey functions as
boundary values of almost analytic functions. A
natural extension of the Gevrey classes can be
achieved by considering a sequence of real num-
bers M = (M;);en that satisfy certain properties.
The objective of this study is to characterize ul-
tradifferentiable functions based on the existence
of almost analytic extentions. To accomplish this,
we utilize the higher dimensional version of the
inhomogeneous Cauchy integral formula to con-
struct almost analytic extension of ultradifferen-
tiable functions.

The structure of this paper is as follows: Section
1 deals with introduction. Section 2 presents the
definition of ultradifferentiable functions and ex-
plores some of their properties. In Section 3, we
establish the characterization of ultradifferentiable
functions in terms of the existence of almost ana-
Iytic extensions.
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2. ULTRADIFFERENTIABLE FUNCTIONS AND SOME
PROPERTIES

We will start by recalling a sequence of num-
bers that possess certain properties as mentioned
in Jemal and Tadesse (2020). Consider a sequence
M = (Mj) consisting of positive real numbers that
satisfy the following conditions. (1) Initial Condi-
tions:

Mo = M; =1. (2.1)

(2) Non-quasianalyticity:
< 00. 2.2
D% v (2.2)

j=1

(3) Stability under differential operators: There
exists a constant A, H > 0, independent of j, k,

such that for all j,k € N
My < AH7TF M, M, (2.3)

(4) Invariance under composition: For all j, k € N
with 0 < j < k, we have

<k,> Mi_; M, < M. (2.4)
J
(5) Logarithmic convexity: For all j € N

M3 < Mj—1 Mj, (2.5)
and this in turn implies that for all j, & € N

M; My, < M k. (2.6)

(6) Invariance under division: The sequence Qo =
1

1 and Q; = (%

is, for all j < k

>] for j > 1 is increasing, that

Qj < Qk. (2.7)
For the reader who are interested in delving deeper
into to this sequence and its properties, as well as
the subsequent function spaces, we highly recom-
mend referring to the papers Adwan and Hoepfner,
(2010), and Adwan and Hoepfner, (2015), Ko-
matsu, (1973) and references herein.
Here we remark that:

Remark 2.1. i) From (?7?), (??), and (?7), it fol-
lows that

(7) Faa di Bruno: For all j,k € N, if n = jk, there
is a constant C' > 1, independent of n, so that

M} < C"My_y. (2.8)

This condition is utilized when there is a require-
ment to apply the multi-variable Fad di Bruno for-
mula for calculating the derivatives of composition
of function.

ii) If M satisfies (??)and (?7?), then it satisfies the
following: For all j =1,2,...

M; > jl. (2.9)

Example 2.2. Let s > 1 be a real number and
choose

M; = (!)°.
Then M = (M;) satisfies (??) to (?7?). If M; = j!,
then M = (M;) satisfies all conditions except (?7).

Definition 2.3. Let 2 C R™ be an open set and
(Mj)jen be a sequence of positive real numbers
that is increasing and satisfies certain properties
mentioned above. The ultradifferentiable (Denjoy-
Carleman) spaces, denoted as £ (Q), is defined as
the set of all functions f in C°°(Q2) that satisfies
the following property: for each K CC  there
exist a constant C' > 0, depending on K and f,
such that

0% f(z)] < C'*H My, YaeNy, Vz e K.
(2.10)

Example 2.4. Let s > 1 be a real number and
M; = (51)°.
Then £M(Q) = G*(Q) denotes the s— Gevrey

space. If M; = j!, then EM(Q) = C¥(Q) (the
space of real analytic functions).

Example 2.5. (For more examples, see Rainer,
(2009)) a) Let ¢ > 1. Put M; = ¢, j € N. The
corresponding EM functions are called g—Gevrey

regular. Then M = (Mj;) is non-quasianalytic.
¥

b) Let § > 0 and M; = <log(j +e) for j € N.

Then M = (M;) is quasianalytic for 0 < § < 1
and non-quasianalytic for § > 1.

Note that if M = (M;) and N = (N;) sat-
isfy M; < C/N;, Vj and a constant C, then
EM(Q) c EM(Q). The converse is true as well
by the logarithimic convexity assumption. In par-
ticular, if f € G*(Q2) and s < ¢, then f € G*(Q).
Thus G* C G*, Vs > 1.

3. ULTRADIFFERENTIABLE FUNCTIONS AND
ALMOST ANALYTIC EXTENSIONS

We begin the section by defining the M— al-
most analytic extensions.

Definition 3.1. Let Q C R™ be an open set and
f = f(x) € EM(Q). A function F = F(z,y) €
EM(Q x (=1,1)™) is said to be an M — almost an-
alytic extension of f if the following holds:

i) F(z,0) = f(z) for all z € Q; and

ii) for all (z,y) € Q x (=1,1)™ and for all N =

1,2,... there exists a constant C' > 0, indepen-
dent of N, such that, for all j = 1,...,m it holds
OF o+t N
— < —M
5z, ()| < = Mwlyl

o _ 1,0 )
where 55 = 2(73% +z—ayj).
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We will use the following Fad di Bruno general- so that h(z) = f(g(x)). We will use Faa di Bruno
ized formula to prove a lemma in this section and formula to compute this derivative, that is,
in the subsequent section.

Theorem 3.2 ([?], Corollary 2.10). Let oo € Ng* "h(z) ‘:‘ "
and h(xi,...,xq) = T1,...,% with S hd o a; \kj
C’(’(UQCE,)1 and fd)e C‘a{((‘g/jo)l, wher:);o = g(g:no), Zf(r)(g(x)) ol %:
and Uz, C R and V,, C R open neighborhoods of r=1 Payr)  g=1 0
xo and yo, respectively. Then where
R . 7 (09"
O%h = ZB f Z al) H PRI ')k , pla,r) = {(k1, ..., ka1, .., 0a)
plar) - J=1 for some 1 < s < |a|,kj =0and a;j =0

where for1<j<lal—s;k; >0
pla,r) = {(k1, ... Koy @, @ay) for |a| — s —1 < j < |al; and
for some1 < s <lal,ki =0anda; =0 0 < ja|—s+1 < ... < @q| are such that
for1 <i<|a|—s;ki >0 forla] —s+1<i<]|af; ol o]
and 0 < qjq|—s4+1 < ... < Qq| are such that Zk]‘ =, ijaj = a}.

la la|

2 ki=r ) ke=ak o Now f(t) = —mt "L f(t) = —m(-m -

1)t~™~2 and in general
In particular, we have (see [?], page 515) that

there exist C' > 0 such that . o mrr—1\ .,
la | — 1 f()(t):(_l) 7“!( . t
al —
7l <cll 31
p(azml_[l ( 7"_1> == mtr=Dm+r—2)...mt=""
Let aj = (a},...,a}"), j = 1,2,...,|al. Then
. lejl
Lemma 3.3. Let « € Nf', z € R™\ {0} and 0%g(x) = ﬁg(x) = 0 except when a; =
h(z) = |z|~*™. Then there exist C > 0 such that Oy Owni o
o1 I e; = (0,...1, 0. ,0) in that case it is 2z; and
|0%h(z)| < C"* (m+ o] — Do~ when a; = 2e; the derivative is 2.
Proof: Thus when a; = e; from ZIO“ ki = r and
Let " Z‘J‘ill kja; = a we have |a] =7, a0 = (k1,. .., kjq|)-
f&) =t g(z) :Zx? When a; = 2¢;, we have |a|] = 2r and a =

2k, .y Kjay)-
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Thus, there are nonzero terms only when r
[
m+-5-—1 _
(a2 7Y < Jafi(™He Y, we have
2

0 h(x)| < [a (’”*"j" - 1) o2

m + |0£| -1 —2m—|a|
||

-1 —2m—2|« [eY
_ a|!<m+||04| >|x| 2m—2|alg|al
o

m—+ |a| — 1 Com—la
+|a!< ||a|| >x| 2m=|al > (2k1)! ... (2Kja))!
2k1+...+2k o =]l j

m+|al -1

kit tk| o =lo]

|| and 2r = |a|. Hence, using the fact that

o

(225)"
kl!...k‘aﬂnf!
j=1

>

kit ko =lal kj
la ks
2)"i
| (
> (2k1)!. .. (2kja))! 2
2k1 4.2k o =l j=1 "7
pF1kla)) Z 1
k1+...+k‘a|:|o¢\
|| 1
-l
ey k;!

>

14 |al!
2k1+...+2k o =|a| =1

|| 72l <2'a‘|a| + c'a‘) from (?7)

<o (m +||5|\ - 1> |2l <22\a| " C\al)

< C|a\+l|a“ (m —|—‘|Oé|| - 1> ‘x|—2m—\a|
(0%

< Ol 4 o] + 1)Ya| 2,

Theorem 3.4. Let Q@ C R™ be an open set.
f € EM(Q) if and only if there exist F(x,y) €
EM(Q x (=1,1)™) such that

(1) F(x,0) = f(x) on Q and

N+1 .
(2) ‘%(z) < SxMalyl™, Vio=
on Q x (=1,1)™ for some constant C' > 0, where
zj = Tj +1y;.
Proof:
Suppose there exist F' =

(=1,1)™)) such that
(1) F(z,0) = f(z) on © and

N+1 .
(2) ‘gg (Z)’ S CN! MN‘Z/‘N7 V.] = 1’27---7m0n

1,2,...,m

F(z,y) € EM(Q x

Q x (=1,1)™ for some constant C' > 0. (Of course
it suffice to assume that F' € C*(Q x (=1,1)™)).
We will show that f € £¥(Q). It suffice to show
that f € EM(B,) for each sufficiently small ball
in Q. Let Bar = {z € Q : |z| < 2r} such that
Ba,. C Q. Let F(z,y) be as given above on a neigh-
borhood of the closure of 2, = Ba, X B,. We may
assume that F(z,y) =0 for y € B, \ (-1,1)™

Set w(z) = dz1 A ... A dzm. We will identify C™
with R?™. For k=1,...,m, let

wk(Z) = (=) MdziA. . AdZe 1 AdZkAdZR 1 A . AdZm,

where dzj, is removed. Let o, denotes the area of
the unit sphere S™7' in R™.

Then for each z € B,, from the higher dimensional version of the inhomogeneous Cauchy Integral

Formula, we have

f(x) = F(z,0) =
2(2i)~"

e

02m

= fi(z) + fa(2).
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Since fi(x) is real analytic on By, f1 € eM (Br). It remains to show that f> € SM(BT).
Let @ = (a1, ...,am). Then

0" o) = =200 [ 5 O oz (o = ol " @) nstw),

02m

For = # w,

(g)a‘*( k= o) P Jw — 2| 72"

|
9 [ — 2|72

(o —ex)!

= (W, — )05 [lw — 2| ") — dT* [Jw — x| "],

= (Wk — x)05 [Jw — x| ™) —

Using Lemma ?7?, we have
0" (@~ )l ol "1 <
lw — 2|07 [[w — = ~>™]| 4 05~ [Jw — x| 7™
< (m+ o] — 1) (c‘a'+1|w —a|lw — 2|7 @0 — xr?m*‘a'“)

< O (m 4 o] — D)l w — | 72l

Therefore,
21 m
|0 fo(z)] = - / Z "3“ {(wk —ap)|w—x|? ]Hw(ﬁ) A w(w)|
™S ey
227" a41 N+1MN/ |Sw| ™Y _
< — 1H!C A
< Z et + o - m;‘w_wmﬂa‘ (@) Aw(w)
< 22 o (4 o] — 1ICNH MN/ S|V -2m—lal+ g,
02m N' Qp
227" a1 lalt2m  Momijaj—1 /
< ~——c¢ m+ |a] — 1)IC S e dv (let N =2m + |a| — 1
< Z o o] - 1) Crear i AL o 1)
< &cWHlC\a\+2mM2m+‘a|71
02m
<27 22 |a\+1c\a\+2mAH2m+|a\ 1M2m 1M|a\
02m
al+1
< 1M,

Therefore, f2 € 5M(Br) and hence f € EM(BT).

Conversely, Suppose f € £M(Q). Let h € D™(R™) such that h = 1 for |y| < % and h = 0 for

2

ly] > 1. Let {ux}r be increasing sequence of positive numbers to be chosen appropriately such that

Mk — OQ.
Define

o f(x),.
Fa.0) = 3 P gy ha )
v
Clearly, F(z,0) = f(z). Fix y # 0. Then since limp_ o px|y| = 00, there is ko > 1 such that

pelyl > 1, VE > ko.
Then h(p)y) = 0 V|y| > ko. Hence,

Flay)= 3 az%f“(iyﬁh(umw,

[vI<ko

(3.2)
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which is a finite sum. Therefore, F is well-defined. We will show that F is in £ for y in a neighborhood
of 0.

For this, let K CC Q and fix o, 8 € N§*. Then for z € K

o0z (%L oy niuom) )|
> <§> 83<y”>65-5<h<umy>>|

Y+ T ! — - -
azvi!f() 2 <§> (v Zla)!y” "l @ ) ()

6<v,6<pB

<lortef@l Yy (ﬁ) (Wf LA I AL ]

8<7,6<8

<oyt f@l > (ﬁ)w'%:i5'|<856h)(u7|y>|

5<,6<8

<l f@) Y (ﬁ)ﬂ,jéluﬁl'H(af“*hxmvy)

8<7,6<8 [l

. 1
(since h(jup, ) = 0 for [y > ——)

[

@ 1 _
< M\alﬂvld i Z (?) WW)@? 6h)(/£\v\3/)|

6<p 17

Set Cg = sup {(85/11) (y):y e Rm}. Then Cs < C"Qﬂ‘+1M|ﬁ|.
B'<B
Thus

9,05 (%@(iy)”h(umy)) ‘

|af+1y|+1 B 1
< Miaay OGS 3 <5> ()18

658
1
< My Ol 0 3 B
lel+v[+~1 = 8 (pyy) =181

1
:MOtJr C‘a|+\"/|+1052\m
lal+|vI+1 (MM)M,W

1
< olelthvi+ N CIBIHMB ol8l
1 laf+lv|*2 181 O REE

1

+1Bl+ ] +1

<C|a‘ 181+l 1\4‘&‘1\4|,\/|M|ﬁ|( ‘ |)"7‘ 3l (by 7?)
Ml

Choose {pr}ro such that 1o = p1 = ... = pg—1 and for k > |f]

1
v T=187]
i = sup{(qumlfv'U) W< k18] < m} Tk,

where po is chosen that poly| < 3 for |y| < N, N > 0. Thus {ur}72, increases to co and for |y| > |

\7\1\/3\
piy = | oMy [y} :
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Thus for |y| > |B], we get

chl

!
chl
a 1
< C\ [+]81+ M\M'H,B\ |’y|' (by 77)

o 3;* xr), . el
858,8( ﬁ,( )(zy)”h(uwy))‘ < OB AL Mg,

Also, for z € R™ and for |y| < |B| since h(u4y) =1,

050z (%L iy niuam )| =0,

we have

>

~y

=2

[v1=18]

chl

al+|8]+1

< ClHE Mo 81D :W!
S

o0t (ZLE iy i)

8,07 <a;%!(x)<iy)”h(umy)) ‘

[v]
e +18]+1 C
<C Miaj+161 ) 5
.

+|8|+1 C
< Ol g1

Therefore, letting

(1) h(p1y1Y)s

92 f(x)
gy(2,y) = V,x

we have shown that the series >°_ g,(z,y) and any series of the derivatives
> 0,084 (x,y)
S

converges uniformly on K x R™.
For each k > 1, let

hi(z,y) = D g4(,y).

[vI<k
Then hi(z,y) = F(z,y) and

Oy (@, y) = Y 0,059, (z,y) = Y 0,079, (z,y)

[vI<k bl

uniformly on K x R™.
Therefore, F(z,y) € EM(Q x R™) and

0y 0T Fw,y) = 0,07 g(z,y).
Yy

We are left to show that

oF N+1Mn | N
a?j(“”y)'go le‘ .

Now for all |a] > 0,

B2 F(,y)lymo = 302 (agﬁ—f%ymmmy)) oo = ()10 £(2).
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Therefore, for all a,

0 (2 w9 )lmo = 305 ( GG + 150 (@) ) lo-o

1
2
210,05 F(.9) + 04,05 F (. 9)] =0
;[@Jaa (@, 9)ly=0 + i()!* 1057 f(a)]
i[azﬁ F(@,)ly=0 + (5) 12057 f(a)]
1
2

[0, 85 F (2, y)|y=0 — (1)1 *102" f(a)]

el e . o
- ;[; (i! % (?Jvh(uwy)@ﬁ Jf(l’)>|y:0 — ()85 f(x)

=0,7=12,....m

Then by Taylor’s theorem for z € Q" and |y| < M, (M > 0) there is a point yo = yo(x,y, @) between 0
and y such that

oF oF «
g(%y)‘ = Z 5(81, 0%, )(«73 Yo)y
! la|=N " I
oF
< 3 2l (0 55 )@
|la|=N
< OV My ly|Y Z i since STF eeM
P al
M
< CN+ITJ;]|ZU|N
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