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Abstract. The Dirichlet boundary value problem (BVP) for a compressible Stokes
system of partial differential equations (PDEs) with variable viscosity is considered in a
bounded three dimensional domain. Using an appropriate parametrix (Levi function),
the problem is reduced to the united boundary-domain integro-differential equation
(BDIDE) or to a domain integral equation supplemented by the original boundary
condition, thus constituting a boundary-domain integro-differential problem (BDIDP).
Solvability, solution uniqueness and equivalence of the BDIDE/BDIDP to the original
BVP as well as invertibility of the associated operators are analysed in appropriate

Sobolev (Bessel potential) spaces.
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INTRODUCTION

Boundary integral  equations and  the
hydrodynamic potential theory for the Stokes
PDE system with constant viscosity have been
extensively studied in numerous publications; cf.,
e.g., Ladyzhenskaya (1969), Lions and Magenes
(1972), Kohr and Wendland (2006), and Hsiao
and Wendland (2008). The reduction of different
BVPs for the Stokes system to boundary integral
equations (BIEs) in the case of constant viscosity
was possible because the fundamental solutions for
both velocity and pressure are readily available in
an explicit form. Such reduction was used not only
to analyze the properties of the Stokes system and
BVP solutions, but also to solve BVPs by solving

*Author to whom correspondence should be addressed.

system, Equivalence, Invertibility,

numerically the corresponding boundary integral
equations.

In this paper, we consider the stationary
Stokes system of PDEs with variable viscosity and
compressibility, in a bounded three dimensional
domain that models the motion of a laminar
compressible viscous fluid, e.g., through a variable
temperature field that makes both viscosity
and compressibility depending on coordinates.
Reduction of the BVPs for the Stokes system
of PDEs with arbitrarily variable viscosity to
explicit boundary integral equations is usually not
possible, since the fundamental solution needed
for such reduction is generally not available
in an analytical form (except for some special
dependence of the viscosity on coordinates). Using
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a Parametrix (Levi function) as a substitute for
a fundamental solution, it is possible, however, to
reduce such BVPs to some systems of boundary-
domain integral equations (BDIEs) (cf., e.g.,
Miranda (1970, Sec. 18); Pomp (1998) where the
Dirichlet, Neumann, and Robin problems for some
PDEs were reduced to indirect BDIE).

The Dirichlet BVP for the linear stationary
diffusion partial differential equation with a
variable coefficient for a scalar elliptic differential
equation is reduced to a system of BDIEs and
analysed in Mikhailov (2005) and Mikhailov and
Woldemicheal Zenebe (2019). In Ayele Tsegaye
and Dagnaw Mulugeta (2021) the Dirichlet BVP
with a compressible Stokes system of PDEs
in 2D is transformed to two systems of
seregated BDIEs and investigated. Using similar
approach as in Mikhailov (2005), Mikhailov and
Woldemicheal Zenebe (2019), and Ayele Tsegaye
and Dagnaw Mulugeta (2021), we will reduce the
Dirichlet BVP for a compressible Stokes system
of PDEs in 3D to two different systems of
direct united BDIDP(E)s expressed in terms of
surface and volume parametrix-based potential
type operators for their further analysis. A
parametrix for a given PDE system is not unique,
and special care will be taken to choose a
parametrix that leads to the BDIDP(E)s systems
being simply analyzed. The mapping properties
of the parametrix- based hydrodynamic surface
and volume potentials will be obtained, and the
equivalence and invertibility theorems for the
operators associated with the BDIDP(E) systems
will be proved.

FORMULATION OF THE DIRICHLET PROBLEM

Let € be a bounded open three-dimensional region
of R?, and let Q- = R?\ Q. For simplicity,
we assume that the boundary 02 is a simply
connected, infinitely smooth and closed surface of
dimension 2.

Let v be the velocity vector field; p the
pressure scalar field and p € C*°(Q) be the
variable kinematic viscosity of the fluid such that
wu(x) > ¢ > 0. For an arbitrary couple (p,v) the
stress tensor operator o;; and the Stokes operator

A;(p,v), for a compressible fluid, are defined as

oij(p,v)(x) := —6271)(:13) + p(x)-

(T2 B ave@). o

A, 0)(@) = oo 0)(@) ()

?

for j,i € {1,2,3}, where 55 is a Kronecker symbol.

Here and hereafter we assume the Einstein
summation in repeated indices from 1 to 3. We
also denote the Stokes operator by A = {A;}3_,

and A := A|,—;. We will also use the following
notation for derivative operators: 0; = 0, =
a% with j = 1,2,3; V := (01,02,03). In
what follows, the set of all infinitely differentiable
functions on 2 with compact support is denoted
by 2(Q), H*(Q) = H5(Q?) and H*(9N) are the
Bessel potential spaces, where s is a real number;
see, e.g., Lions and Magenes (1972) and McLean
(2000). We recall that H*() coincide with the
Sobolev-Slobodetski spaces W5 () for any non-
negative s. We denote by H 5(€Q) the subspace of
H*(R®), H*(Q) = {g : g € H*(R®),supp g C O};
similarly, ﬁs(sl) ={g:g€ H*(00),supp g C S}
is the Sobolev space of functions having support in
S1 C 082 and rg, denotes the restriction operator
on S; C N For s > 1,H: Q) ={qe H Q) :
(¢,1) = 0}. We will also use the notations
H'(Q) = [H(Q)), Ly(Q) = [L(Q)], D(Q) =
[2(Q))? for the 3-dimensional vector space.

We will also make use of the following spaces,
see, e.g. Costabel (1988), Chkadua et al. (2009),
and Mikhailov and Portillo (2015).

H*(Q;A) := {(p,v) € H* Q) x H*(Q) :
s Apv) € La(Q)} (3)
endowed with the norm
1(0s 0) 10 2,0y = 110 2= () Pl Fro—1 0
+ [ Alp, v) ||i2(9) :
Let us define a space
H:(Q;A) =
{(p,v) € H1(Q) x H*(Q) : A(p, v) € Lo(Q)}
endowed with the norm

1. 02000y = 10 Iascoy 11
+ || A(p, v) ||%2(Q) :

Remark 1. Note that F’O(Q;OA) =% A) if
s > 1. In fact, Aj(p,v) = A;(p,uv) + B;(p,v),
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where

9 .
Bj(p,v) := —0; (Ujai,u + ;0 — 3557%@#)

€ Ly ()

Similar to Mikhailov (2011, Theorem 3.12) one
can prove the following assertion.

Theorem 1. The space 2(Q) x D(Q) is dense in
H*%(Q; A), seR.

The operator A acting on (p, v) is well defined
in the weak sense provided u(xz) € L () as

(A(p, v), u)g == —E((pv),u) YueH (%),

1<s< g, where the form £ : [H*~1(Q) x H*(Q)] x

1:1278 — R is defined as

& v).u) = [ Blpv)wi@)de, (@)
and the function E((p, v), u)(x) is defined as

B((p, v), u)() = 5u(x)

o+ %5 ) < (o +%5)

_ %M(x) div v(@) div u(@) — p(z) div u(@).

For sufficiently smooth functions (p,v) €
H*=1(QF) x H*(QF) with s > 3/2, we can state
the classical traction operators T = {TjCi};?:1
on the boundary 92 as

T5* (p,v) (@) = [y 0i(p, v)] (2)ni(),
x eI, (5

where n;(z) denote components of the unit
outward normal vector n(z) to the boundary 9§
of the domain and 4% is the trace operator inside
and outside . Sometimes we will write yu if
~yTu = ~"wu, and similarly for T¢ etc. The
classical traction operators can be continuously
extended to the canonical traction operators T :
H*0(QF; A) — H2(00) for 1 < s < 2 defined
in the weak form (see Mikhailov and Portillo (2015,
Sec.34.1)) similar to Costabel (1988, Lemma 3.2);

Mikhailov (2011, Definition 3.8) as

<Ti(p’ v), w>aﬂ
= i/ﬂi[A(n v)y tw + E((p,v),y  w)]da,
Y(p,v) € H**(QF; A),vw € H25(0Q). (6)

Here the operator 4! : H*"Y2(5Q) —
H’(R3) denotes a continuous right inverse of the
trace operator v : H*(R3) — H*"Y2(5Q). In
addition, for H(QF; A) the traction operator T=
is defined.

Furthermore, if (p,v) € H*?(Q;.A) and u €
H>°(Q) for 1 < s < g the following first

Green identity holds, Mikhailov and Portillo (2015,
Eq.(34.2)), cf. also Costabel (1988, Lemma 3.4(i));
Mikhailov (2011, Theorem 3.9)

(T (p,v),7 )y,

- /Q AP, v)u+ B((p,v)u)dz.  (7)

Equation (7) is also defined for (p, v) € H*?(Q; .A)
and v € H?*(Q). Applying the first Green
identity to pairs (p,v), (¢, u) € H*°(Q;.A) with
exchanged roles and subtracting one from the
other, we arrive at the second Green identity, cf.
Costabel (1988, Lemma 3.4(ii)); Mikhailov (2011,
Eq. 4.8),

/[-Aj (p,v)uj—A;(q, u)vj+q div v—p div u] dz
Q
= <T+(p, v),’Y+u>8Q — <T+(q, u),ny“v>8Q )
(8)

Equation (8) is also defined for (p,v),(q,u) €
H:Y(Q; A).

We will consider the following Dirichlet BVP
for which we aim to derive equivalent BDIDP(E)
and investigate the existence and uniqueness of
their solutions.

For f € Ly(Q), g € Lo(Q), o € H?(09), find
(p,v) € HY(Q; A) such that:

A(p,v)(x) = f(z), z€Q, (9a)
div v(z) = g(x), xe€Q, (9b)
yro(x) = po(x), =€ 0. (9c)

We have the following uniqueness theorem.

Theorem 2. The Dirichlet BVP (9a)—(9¢c) has at
most one solution in the space H-"(Q;.A).
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Proof. Let (p1,v1) and (p2,v2) belonging to the
space HY(Q;.A) that satisfies the BVP (9a)—(9¢).
Then the pair (p,v) = (p2,v2) — (p1,v1) also
belongs to the space H"(Q;.A) and satisfies the
following homogeneous Dirichlet BVP

A(p,v)(x) =0, ze€Q, (10a)
divv(x) =0, xe€Q, (10b)
yro(xz) =0, =€ 0. (10c)

The first Green identity (7) holds for any (p,v) €
H!'(Q;A) and » € H'(Q). Therefore, we can
choose u € Hé,Q dgiv () € H(Q) where the space
H}m, div () is defined as:

HéQ, div (Q)

={ucH(Q): 7y u =0, divu=0in Q}

Since (p,v) € H-Y(Q;.A), the first Green identity
can be applied to u € H})Q aiv () and (p,v) €
H (2 A),

foo (526 + 5 )
ov;(x ovj(x
(5 5ee) ==o

In particular, one could choose u := v and
taking into account (10a)—(10c), we obtain,

1 Ovi(x) ~ Ovj(x) ? B
3@ (ww) " axxw)) =0
As p(x) > 0, the only possibility is that v(x) =
a+bxx ie v is a rigid movement, McLean
(2000, Lemma 10.5). Nevertheless, taking into
account the Dirichlet condition (10c), we deduce
that v = 0. Hence v; = v3. Now consider v = 0
and keep in mind (10a), we have A(p,v)(x) = 0
and get Vp = 0. Since p € L3(Q2), we have p = 0,
which implies that p; = ps. Otherwise, if Vp = 0
and p € Ly(Q), then p = ¢, constant ¢ and thus
p1r=p2tc O

Corollary 1. Let fe Ly(QY), g € La(2) and ¢q €
H? (092). Then, the BVP (9a)—(9c) is uniquely
solvable in HY°(Q; A) and the operator

AP - HYO(Q5 A) — Ly(Q) x Ly(Q) x HE?(99)

s continuously invertible.

Proof. (cf. Fresneda-Portillo and Mikhailov (2019,
Corollary 7.4)) The operator AP is evidently

continuous and due to the uniqueness theorem,
Theorem 2 for BVP it is also injective. And hence
follows its invertibility. O

PARAMETRIX AND REMAINDER

When g = 1, the operator A becomes the
Stokes constant coefficient operator A, for which
we know an explicit fundamental solution defined
by the pair of distributions (¢*,@"), where ﬁ;?
represents components of the fundamental solution
of the incompressible velocity and ¢* represent
the components of the fundamental solution of the
pressure; see, e.g., Ladyzhenskaya (1969), Kohr and
Wendland (2006), Rjasanow and Steinbach (2007),
Hsiao and Wendland (2008), Steinbach (2008), and
Mikhailov and Portillo (2015).

—(xx — Yi)
drlx — y|3

0 1
—axk<4w|m—y|>’ (1)

" (x,y) =

Wz, y) =

I B N PR [T
3
8 \ [z —yl |z —y|

j.ke{1,2,3}. (12)

Therefore, (¢*, @") satisfies

: =—6(z —y)
and
Aj(x) (" (x,y), 4" (z,y)) =
3 .
_282 k y 8qk($7y) :(5;?(5(113—:01[)7

85Ej
le 0" (x, y) =0.

Let us denote o3 (p, v) := 0i;(p, v)| =1, i}c(p, v) =
T¢(p,v)|u=1. Following this, in the particular
case, for 4 = 1 and the fundamental solution
(4", @*) =1 2,3 of the operator A, the stress tensor
03 (¢*, 4*)(x,y) reads as follows:

o3 (2)(§" (@, y), u* (. y)) =
3 (wi — i) (@5 — ys) @k — yi)
A [z —yf® '
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Indeed,
ouf | 0uj
0 (@5, 0") = —0;;4° + <8 ’ + Bz;
(=) o (_1(_ %
B 47r|w—y\36“ * ox; \ 87 \ |z —y] *

i)k

(o _ﬁi)—(??’_ yk)ﬂ )
1

Tk — Yk
47r|w—y|3 87r 81‘1
1 0 (x]_y] xk_yk
87 Oz, |z — yl|? 87r ax]

(mptesnd) - E ()

_ 3 @i—y) () —yi)(@e — ye)
Am |z —yl° '

The classical boundary traction of the fundamental
solution then becomes

T () (3" (. y), 0" (z, ) =
o (" (@, ), @ (@, ) )ni ().

Now let’s define a pair of functions
(qky Uk)k:1,2,3 as

z,y) = ’/ﬁz;qf’k(m,w, (13a)
K Lu z.y)
uj(z,y) = )Y J(@,y) jke{1,2,3}. (13b)

Then

0ij (w)(qk(wv y)? ’u’k(mv y))
=Z‘giamm)(c;k(m,y),a’%w,y)), (14)

Tj(x) (" (z, y), u"(z, y))
pz)

7)T j(@)(d" (@, y), 4" (z,y). (15)

By substituting (13a)—(13b) to Stokes system

we have
A @) ) = 2 (o ), u' (2, 9))
_ 9 MU ¥ (x ¥ (x
o (Mo ). i )
p(x) 9
=) 3 (il @) )

0 ,u(az) o ok ,&k T

t o (A (i)

" wa("(g;f))azj(éh i*)(z.y)
_ u(y)5ftf(cy; y)ok N u(ly) 8(g;5:3))0_oij(ék7 )
— 5ko(m —y) + M(lwa(gg))a‘%j(d’ﬁ a).

Thus,
Aj(@; u*, ¢")(x, y) = 65 6(x—y)+ Ry (w,y), (16)
where

1 0(®) . ok ok
Ryj(z,y) = W) om oij(w",¢")(z,y)
3 Op(m) (zi —yi)(xj — y;) @k — i)
 Adnu(y) Oy |z —y|°
=O(lz —y|™*) (17)

is a weakly singular remainder. This implies
that (¢*, u*) is parametrix of the operator .A.
Note that the parametrix is generally not unique.
The possibility to factor out % in (14)—(15)

and Az ;)) (17) is due to the careful choice of

the parametrix in the form (13a)-(13b) and this
essentially simplifies the analysis of parametrix-
based potentials obtained and BDIE systems later.

PARAMETRIX BASED VOLUME AND SURFACE

POTENTIALS

Definition 1. Let p and p be sufficiently smooth
scalar and wvector functions on Q, e.g., p €
2(Q),p € D(Q). The parametriz-based Newton
type and remainder vector potentials for the velocity
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are defined as,

Uip(y) = Urjp;(y)
= [ @@, (3)

Rip(y) = Ruijpi(y)

= [ R @de (9)
Q

and the scalar Newton-type and remainder
potentials for the pressure,

Qp(y) = Qjp(y)
::/qj(y,w)p(w)dw
Q

_ / ¢ (2, y)p(x) dz, (20)
Q

Op(y) =2 p(y)
— Qp;(y) = / ¢ (4, 2)p;(x) dax

__ / ¢ (@, y)p; () da, (21)

R*p(y) = R3p;i(y)

_ d¢’ (z,y) Ou(x)
= 2p.v./987xi oz, pj(x)dx
4  Ou

= —2(0i’ (. ) pidsn) g
—2pi(y)in(y), (23)

for y € R3, see Mikhailov and Portillo (2015) and
Fresneda-Portillo and Mikhailov (2019).

The integral in (22) is understood as a 3D
strongly singular integral in the Cauchy sense
(Cauchy principal value sense). The bi-linear
form in (23) should be understood in the sense of
distribution, and the equalities (22) and (23) hold

since

<3i(jj(-,y)7ﬂiajﬂ>9 =
= (@ (-, 9); 0i(pi0i)) o + (i@ (-+4), PiOj11) e,
= lE}(lJ <81§J(7 Y), PiajH>Q€

iy (0 0,0

¢ (z,y) 1 ou
p-”-/ﬂw/ﬁﬁg(@ d gp_]aiyj

where Q. = Q\ B (y) and B.(y) is the ball of radius
€ and centered in y which implies that
—2(0i4;(-,y), piO5m) o — 2p;5(¥)Dip(y)

¢’ (x,y)
= oyyp [ LY (2) de—
on [ I 1 (e da

Let us now define the parametrix-based velocity
single layer potential, double layer potential, and
their respective direct values on the boundary as
follows (see, e.g., Mikhailov and Portillo (2015) and
Fresneda-Portillo and Mikhailov (2019)):

Definition 2. For the wvelocity, the parametriz-

based single-layer and double-layer potentials are
defined for y ¢ 09,

Vip(y) = Vijpi(y)

== | @ wpe) dse,
o0

Wip(y) = Wiip;(y)

_ /89 T5 (254", u") (2, y)p; (@) dSa.

The single layer and double layer potentials for
pressure in the variable coefficient Stokes system

are defined for y ¢ 09,

I p(y) = Ip;(y) = /a P @y () dSe,

1p(y) = 119p;(y)

. ¢’ (x,y) o (2
—2 [ S @) @)is..

It is easy to observe that the parametrix-based
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integral operators, with the variable coefficient pu, - _ ( AQOj p+0; div Qp— gaj div Qp)

can be expressed in terms of the corresponding 3

integral operators for the constant coefficient case _ é p=0. (34)
ip = 0.

u =1, marked by "

Up = iap, (24)
170 o

Rp = ~ [%Um(pja 1) + 6—%“@ (p;Oin)

+Q°k(pj5ju)} : (25)
1 o
Qp = ;Q(up), (26)
. 9 g Op
Ripi=—25- Q;(p; i) — 2p; y;’ (27)
1. 1.

Vp= ;Vp, Wp = ;W(up), (28)
°p =1p, I%p =11%up). (29)

To show that the above relations (24)—(29) hold, we
simply used their corresponding definitions. Also,
note that although the constant coeflicient velocity
potentials Up, Vp and Wp are divergence-free in
Q% the corresponding potentials Up, V p and Wp
are not divergence-free for the variable coeflicient
1(y). Note also that due to (11) and (20),

Qjp = —0;Pap, (30)

where

1 1
Pap(y) = _47T/Q|a:—y|p($) dx

is the harmonic Newtonian potential. Therefore,
div ép =0, éjp = —APprp = —p. (31)

Moreover, for the constant coefficient potentials we
have the following well known relations,

A(Il°p, Vp) =0, A(ll%, Wp) =0, (32)
A(Qp,Up) = p in OF. (33)
In addition, by (30) and (31),

o4 4
Aj(3p. =Qp) = =30ip

. \ 9 \
—0; (@ij +0;Qip — 555 div QP)

3

The following declarations of this section are
well-known for the constant coefficient case, see
e.g. Kohr and Wendland (2006) and Hsiao and
Wendland (2008). Then, by relations (24)—(29) we
obtain their counterparts for the variable coefficient
case.

The following theorem is proved in Fresneda-
Portillo and Mikhailov (2019, Theorem 4.1)

Theorem 3. The following operators are
continuous,

U:H Q) - BHQ), seR, (35)
U: Q) - Q) s> —%, (36)
Q:H*(0) » H°T(Q), seR, (37)
Q:H*(Q) — H(Q), s> —%, (38)
Q:H () —» HPY(Q), seR, (39)
Q: H¥(Q) — H*(Q), s> =3, (40)
R:H (Q) —» HY(Q), seR, (41)
R:H(Q) —» H(Q), s> —%, (42)
R*: H (Q) - H*(Q), seR, (43)
R®: H'(Q) — H°(Q), s> % (44)
(QU): H°(Q) —» H?(Q; A), s>0, (45)
(B1-Q): Q) 5 00, 4), 521,
(46)
(R®,R): H'(Q) — H*T0(0; 4), s> 1.
(47)

The following theorem is proved in Fresneda-
Portillo and Mikhailov (2019, Theorem 4.2)

Proposition 1. Let s > 1/2 The following
operators are compact,

H(Q) — H(Q),
PH(Q) —» H 1(9)7
WR:HS (Q) = BH2(99)

T*(R*,R): HLO(Q;A) — H2(09Q).

Theorem 4. The following operators are
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continuous. for the co-normal derivative of the latter,
) +3/2
V. F(aﬂ) — H (Q)a (48) Vkp(y> = ijpj(y) = —/ U§($7y)pg($)d5w7
W: H(0Q) — H°YY2(Q), seR,  (49) W W o9
1« H32(00) — H (), (50) wp(y) = Wiipi(y)
— Lok k
W 2 00) BN @) e Bl (5] == | T @t ) e @S
e, w) : B°-2(0Q) - B°(0;4), 1<s.
(I, w) o0 @A, s == | T s ) e )y (@S

Proof. We use a similar procedure to that of
Fresneda-Portillo and Mikhailov (2019, Theorem
4.3). The continuity of the operators in (49),
(51) follows from relations (28), (29) and the
continuity of the counterpart operators for the
constant coefficient case, see e.g. (Kohr and
Wendland (2006) and Hsiao and Wendland (2008)).
Let us prove continuity of the operators in (53).
We first remark that an arbitrary pair (p,v)
belongs to H*?(Q; A) if (p,v) € H*~1(Q) x H*(Q)
and A(p,v) € L?. By expanding the operator
A;j(y;p,v)

A;(yip,v) = A;j(y; p, o)
9
— 0; |00 + v; 051 — gisfvlalu(y) (54)

we can see that if v € H*(2) then the second term
in (54) belongs to L*(Q). Therefore, we only need
to check that A;(y;p, pv) € L*(Q).

Now, let us prove the corresponding mapping
property for the pair (IT*, V). Let ¥ € H*~%/2(5Q).
Then, (IIF®, V¥) € H*~1(Q) x H*(Q) by virtue
of (49),(51). By applying relations (28) and (29),
A (I3, V) = A;(IT°®, V) = 0 in Q, which
completes the proof for the pair (II*, V).

Let ® € H* '/2. By virtue of (49) and (51),
(M@, W®) € H*1(Q) x H*(Q). Furthermore,
applying the relations (28) and (29) we deduce
A;(T5®, V) = A;(I1°®, xV®) = 0 in 2, which
completes the proof for the pair (TI¢, W). O

Let us now define direct values on the boundary
of the parametrix-based velocity single layer and
double layer potentials and introduce the notations

L*p(y) =T, Wp)(y),

where y € 0f) see, e.g., Mikhailov and Portillo
(2015). Here, TT are the canonical derivative
(traction) operators for the compressible fluid that
are well defined due to the continuity of the second
operator in (53).

Similar to the potentials in the domain, we
can also express the boundary operators in terms
of their counterparts with the constant coefficient

p=1,

1. 1.
Vp = ;Vp,Wp = ;W(up% (55)

, o (O
Wip=Wyp (M“Vkp +
Okt v 2,05k )
+2EVip— S5 2EV.p ) ns. (56

The following theorem is proved in Fresneda-
Portillo and Mikhailov (2019, Theorem 4.4).

Theorem 5. Let s € R. Let S7 and Sy be two non-
empty manifolds on 02 with smooth boundaries
0S1 and 0Ss, respectively. Then the following
operators are continuous,

V: H (0Q) — H*T(0Q),

W : H*(0Q) — H*T'(09),
re, Vi H (S1) = HT(S,),
rs, W: H (81) = HS“(%L
L H(00) — B 1(8Q),
W' : B (0Q) — HS“(GQ)

Moreover, the following operators are compact,
~.S
7‘52v :H (Sl) — HS(SQ),

~S

’I’SZW cH (Sl) — F(Sg),
ra, W« H (S1) — H(S,),
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Theorem 6. Let 7 € HY2(0Q) and p €
—3/2 o
H3/ (09Q),1 < s < % Then the following jump

relations hold on 02 :

1
Y Ve =Vp, yFWr =TT+ Wr,

1 ’
T=(II°p, Vp) = i§p+W p.

Proof. For s = 1, the proof of the theorem directly
follows from relations (28), (55)—(56) and the
analogous jump properties for the counterparts of
the operators for the constant coefficient case of
@ = 1, see Hsiao and Wendland, 2008, Lemma
5.6.5, which evidently imply the case s > 1. O

Lr(y) =L 7(y) == T(I'T, W)(y),

LT(y) = L(uT)(y), y €,

where the first equality is implied by the Lyapnove-
Tauber theorem for constant coefficient Stokes
potentials. The following assertion can be proved
similar to Fresneda-Portillo and Mikhailov (2019,
Theorem 4.6)

w

Theorem 7. Let T € HV/2(60),1 < s < =.
Then the following jump relation holds:

\}

(L — L) =7+ (u {Gi (i) Wi (uT) +

o (1) Wit - 25t0, (1) Wi )

(57)

Proof. By Theorem 4 the operator (I1¢, W)
H '2(0Q) — H*°(Q;.A) is continuous.
By Theorem 1, there exists a unique

(7™ w™)e_ C 2(Q) x D(Q) converging to

(14(pr), W(pr)) in H*°(Q;.A). Then, due
to (28)—(29), the sequence (7rm,lwm)OO C
W

m=1
2(Q) x D(Q) converging to (I1%(u7), lW(,m-)) =
w

(IT%7, Wr) in H*"(Q;.A), and by continuity of the
canonical traction operators TS : H*9(QF; A4) —
H*1/2(6Q)

ﬁfT = Tki(Hd*nWT)

On the other hand,

1
Ti(ﬂ'm, 7wm)
F u

+0 l Wi—gdfaj l
1% 3 1%

W’i&ik(ﬂm,wm)ni
= T (n™ w™) — TE (M (),

W(ur)) = L (pT) m — oo,

Since

which implies (57). O

Remark 2. Note that the inverse to the operator
AP in Corollary 1 is defined in terms of boundary-
domain integral operators genarated by the right-
hand side functions of the BVP (9a)—(9c¢c) as:

(AP)7H(f.g.00) = [(DHT'F )1, (D) T1FY):]

where

D' HYO(Q; A) x H/?(Q) — H°(Q; A)x
x HY?(Q)

. 4
Fl=|of + 3H9 — %o, Uf — Qg — Wepy,
YHUSF — Qg — Wipo) — o

and 1is continuous since the operator D' s
continuously invertible Dagnaw Mulugeta and
Fresneda-Portillo, 2022, Theorem 5.4 and F' is
a continuous function of (f,g,4p0) due to the
mapping property of the operators involved.

Corollary 2. Let Sy be non-empty sub-manifold
of 90 with smooth boundary, 0 < s < 1. Then, the
operators

L:H(S))— H~(09),

(L—LC): H (S,) > B9, (59
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are continuous and the operator
(L—L): H (S)— H109),  (60)

18 compact.

Proof. The continuity of operators in (59) follows
from Theorems 7 and 5. The compactness of
the operators (60) follows from the continuity of
the second operators in (59) and the compact
embedding H*(S;) — H*(S,). O

THE THIRD GREEN IDENTITIES AND
INTEGRAL RELATIONS

Theorem 8. For any (p,v) € H*°(Q;A),1< s <
g, the following third Green identities hold.

p+ R —II°T" (p,v) + %" v

= QA(p,v) + %“ div v, (61)

v+Rv— VT (p,v) + WyTw
=UA(p,v) — Q divv, (62)

m Q.

Proof. For s = 1 the proof is provided in Fresneda-
Portillo and Mikhailov (2019, Theorem 5.1), which
evidently implies the claims of the theorem also for

3
l<s< =, O
D)

The analogous third Green identities for a
Stokes operator with constant coefficient A is given
by

o o 4 -
p—II°T (p,v) + % v

= OA(p,v) +§ dive in Q, (63)

v — \()/"i‘—s_(p7 v) + VOV'y+v
—UA(p,v)— Qdive in Q. (64)
If the couple (p,v) € H*%(;.A) is a solution of
the Stokes PDEs (9a)—(9b) with variable viscosity
coefficient, then the third Green identities (61) and
(62) reduce to
p+ R —II*T " (p,v) + % v

. 4
=Of + 49 in Q, (69)

v+ Rv— VT (p,v) + WyTw
=Uf—-Qg in Q. (66)

We will also need the trace and traction of the
third Green identities for (p,v) € H**(Q;.4) on
o0,

%7""0 +7"Rv — VT (p,v) + Wytw
=7 Uf —~1"Qg, (67)

%TJr(p, v) + TH(R®, R)v — W T (p, v)+
. 4
Loy o =TH(Qf + y9.Uf ~ Qg). (68)

Note that the traction operators (6) in (68) are
well defined by virtue of the continuity of operators
(45)—(47) in Theorem 3 and operators (53) in
Theorem 4. Let us now prove the following
three assertions, which are instrumental in proving
the equivalence of the BDIDP/Es systems to the
Dirichlet BVP. The following two assertions are
instrumental for proof of the equivalence of the
BDIDP/Es and the Dirichlet problem.

Lemma 1. Let1 < s < g Suppose some functions
p € H'Q),v € H(Q),9g € H'Q),f €
Ly(Q), T € H2(0Q),® € H2(0Q) satisfy the
equations

p+Rv—II°W 4+ I1'®

o 4
= Of + 49 Q. (69)

v+Rv— VU + WP
=Uf-Qg in Q. (70)

Then (p,v) € H*°(Q;A) on 9Q and solves the
equation
Ap,v)=f, divv =g. (71)

Moreover, the following relations hold true:

(¥ — T (p,v))—
— % ® —yTw) =0 in Q, (72)

V(¥ — T (p,v))—
— W(@ —yTv)=0 in Q. (73)
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Proof. The proof follows from equations (44)—(47)
in Theorem 3 and operators (53) in Theorem 4,
similar to Fresneda-Portillo and Mikhailov (2019,
Theorem 5.2). First, the embedding (p,v) €
H*°(Q;.A) is implied by the continuity of operators
(44)—(47) in Theorem 3 and operators in (53) in
Theorem 4. Hence, the third Green identities (61)
and (62) hold. Subtracting from them equations
(69) and (1) respectively we obtain

Hd@* — TI5P*

= O(Ap.v) ~ )+ P dive—g), (T

Wo* - Ve
=U(A(p,v) — f) — Q(divw —g), (75)

where ¥* = T"(p,v) — ¥, and &* = yTv — ®.
After multiplying (75) by p and applying the
relations (24) and (28) we will arrive at

) o o

W(u@®) - V(¥*) = U(A(p,v) - f)-
—Q(u(divv —g)). (76)
Applying the divergence operator to both sides
of (76) and taking into account that the potentials

Z:l,\;V, and W are divergence free, while for Q we
have the equation (31), we obtain the following.

0= — div Q(u( div v —g)) = p( div v —g), (77)

which implies the second equation in (71). Then
equations (74) and (76) reduce to

(e — " = O(A(p,v) — f).
W(u@*) - V& = U(Ap,v) - f).

Applying the Stokes operator with u = 1 to
these two equations, by (32) and (33) we obtain
A(p,v) — f = 0 and hence the first equation in
(71). Finally, the relations (73) and (72) follow
from the substitution of (71) in (74) and (75). O

Lemma 2. For 1 <s,

(i) Let ®* ¢ H™*/(5Q).
If

" =0 in Q, (78)
V& =0, in Q (79)

then
v* =0.

(ii) Let ®* ¢ H'™/2(0Q).

157
If
m®* =0 in Q, (80)
W®* =0, in Q, (81)
then

d* =0.

Proof. (i) Using the relation in equation (28),
we can rewrite equation (79) as,
1o .
—V¥* =0 in Q (82)
u
Since ;1 in €, we can multiply (82) by u
to have the following relation

V¥ =0 in Q. (83)
Taking a trace of the relation (83), we have
V¥* =0 on 990 (84)

A basis of the kernel V is provided in
Reidinger and Steinbach (2003, Proposition
2.2). In our case, since Q is a

simply connected domain, Ker(V) has one
dimension and is generated by the element

t*(w):{ SO NG

where n(x) is the outer normal vector
defined for almost all € 9. The solution
of (84) can be written as

U*(x) =ct*(z), ceR, z€Q (86)

Let us now replace ¥*(x) in the equation
(78) by using the relation (86), we have

1w — / i(x, y)en;(x) dS,
o0

T — Yk
= ———cn;dSg,
/asz dr|x — y|? T

OPA
= x,y)cn; dSg
OPa
= x,y)n;cdSg,
90 axj ( ) J

=Wa(o)(y), ye,

where Pa and Wa represent the
fundamental solution and the double layer
potential of the Laplace equation, defined as

-1
Pa(x,y) = L
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Wap(y)
oP,
= | P (@ y)np(@)dSsy € Q.
an 0Tj
From Lions and Magenes, 1972, Sec. 11.2,
Remark 8, we have Wa(c)(y) = ¢. Thus,
[I*¥* =0 in Q if and only if ¢ = 0. Then
from (86) it follows that ¥* = 0 in Q.

Using the relation in equations (29) and (28)
to equations (80) and (81) respectively to
have

% (u®*) =0 in 9, (87)
1.
;W(,u(I)*):O, in Q, (88)

Since p > 0, relation (88) implies that

o

W(u®*)=0, in Q (89)

Let us now apply the traction operator T to
both sides of the relations (87) and (89) to
have

T (11(u®"), W (u®") ) = £(1®")
=0 in 09.

By virtue of Kohr and Wendland (2006,
Theorem 3.8), the solutions of L(u®*) =0
can be written in the form

b
atoxy y € 0N

®*(y) = wy) , (90)
0, yeQ

where a and b are constant vectors in R3.
Let us replace now (90) on the left-hand side
of (87) to have

Ma+bxy)=0ycQ  (91)

From Hsiao and Wendland (2008, Lemma
5.6.6), the double layer potential for the
pressure is related to the double layer
potential of the Laplace equation as follows:

1), = —2 div Wapz. (92)

Let us evaluate Wapy, with py 1= ®f, k =
1,2,3, using the corresponding first Green
identity for the Laplace operator in €2, cf.
Chkadua et al. (2009, Formula 2.8) with

constant coefficient.
(Bnu, v o) = (Au,v)g + (Vu, Vu)g  (93)

Take u := Pa, the fundamental solution
of the Laplace equation and v := @}, for
k =1,2,3 and substitute them into (93) to
have

Wala+bxy), yeQ, (94)

since ®* € H* %2 for k = 1,2, 3. Applying
Chkadua et al. (2009, Lemma 4.2.ii), the
equation (94) has only one solution, the
trivial solution. Thus, ®* = 0.

O

Theorem 9. Let f € Ly(2). A pair of functions
(p,v) € H°(Q;A),1 < s < g, is a solution of
PDE (9a)-(9b) in Q if and only if it is a solution
of (65)-(66).

Proof. If (p,v) € H3°(Q;A),1 < s, solves PDE
(92)—(9b), then, as follows from (61) and (62), it
satisfies (65)-(66). On the other hand, if (p,v) €
H(Q;A4),1 < s < 2, solves (65)—(66), then using
Lemma 1 for ¥ = TT(p,v),® = y*v completes
the proof. O

Definition 3. (see Munkres (2000, Chapter 2,
§15, page 87)% Let I, : H*Y(Q) x H*(Q) —
H71(Q),1<s< 3 be a mapping defined by

I(p,v) = p;

let I, : H7Y(Q) x H*(Q) — H’(Q),1 < s < % be
a mapping defined by

IL,(p,v) = v.

The maps I, and I, are called the projections
(projection maps) of H*~1(Q) x H*() onto its
first and second factors, respectively.

Let us consider reduction of the Dirichlet
problem (9a)-(9¢) for (p,v) € HL(Q;A), to a
united boundary integro-differential problem or to
a united boundary integro-differential equations.

UNITED BOUNDARY DOMAIN INTEGRO-

DIFFERENTIAL PROBLEM (GD)

Supplementing BDIDEs (65)—(66) in the domain
with the original Dirichlet condition (9¢) on the
boundary 0f), we arrive at the following united
boundary domain integro-differential problem
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BDIDP, for (p,v) € H2*(Q; A),

p+ R+ Ty —II*TF (p, v)

v+Rv+WyTv— VT (p,v)=Uf - Qg inQ,

vt =g on 0Q.

We can rewrite the system in matrix form with the
help of Definition 3:

MGDX a‘*GD (95)

where X represents the vector containing the
unknowns of the system; X = (p,v) € L;(Q) x
H'(),

(1, + R*I, — II*T* + 1%y,

9P = | I, + RI, — VI + WA, | and
+I

ToV 1w

- . 4
Of + Sng
yGD - 3
T U -Qg
L %o

The BDIDP system is equivalent to the Dirichlet
BVP (9a)—(9¢) in Q, in the following sense.

Theorem 10. Let f € Ly(?), g € Lo(Q) and
o € H?(09).

(i) If a couple (p,v) € L5(Q) x H (Q) solves the
Dirichlet BVP (9a)—(9¢c), then it solves the
BDIDP system (95).

(ii) If a set (p,v) € L3(Q) x H'(Q) solves
the BDIDP system (95), then the pair of
functions (p,v) belongs to HY*(Q;A) and
solves the Dirichlet BVP (9a)—(9c).

(i1i) The BDIDP system (95) is uniquely solvable
for (p,v) € L3(Q) x HA(Q).

Proof. (i) A solution of BVP (9a)—(9c) does
exist and is unique due to Corollary 1. Let
(p,v) € Li(Q) x HY(Q) be a solution of
BVP (9a)—(9c). Since f € Lo(2) then
(p,v) € HLO(Q;.A) and provides a solution
to BDIDP (95) due to Theorem 9.

(i) Let (p,v) € L3(Q) xH'(Q) solve the BDIDP
system (95). Then the first two equations
of the system (95) and Theorems 3 and 4
imply that (p,v) € HY(€; A). It satisfies
also (9a)—(9b) due to the same Theorem 9
and the boundary condition (9¢) due to the
analogous construction of the BDIDP.

(iii) The unique solvability of the BDIDP system
(95) follows from the unique solvability of

4
Qf—|-f'ug in €,

the BVP (9a)—(9¢) and items (¢) and (i),
see Theorem 2 and Corollary 1.
O

Owing to the mapping propertles of operators
V. W, R,U,Q, R II* HdandeehaveﬁGDe
Hi 0(Q,.A) X H1/2(0Q)7 and the operator &7%P :
L3(Q) x HY(Q) — HM(Q:A4) x HY?2(09) is
continuous. By Theorem 10, it is also injective.

Let us now characterise the image of the operator
%P in the whole space H-?(Q; 4) x H/2(5).

Definition 4. The space Y, (€;.A) consists of
pairs of functions of the form

(Fu ) = QU+ (L1 -@h. i, (96)

with fi € La(S2),h. € L2(S2) and is provided with
the norm of space H-°(Q;.A),

|(FerFllvy, @ty = (Fee Fo)ll o -

Yy, (2 A) is a subset of H!(Q;A) (cf.
Theorem 3). The completeness of Yp, (€;.4)
is proved in Lemma 4 below.

Remark 3. A pair of functions (Fi,F.) €
H°( A) belongs to Y, (% A) if and only if

S +
Uyt (uF.) 1T (Fu, uF.)

4
= di «) 1 Qa
5 dw (uFy) in (97)

Wot (uF.) — VT (Fo, nF)
= —Q div (uF.) in Q.

or, the same,

° o

(I, W)yt (uF.) — (15, VYT (Fo, puFo)
I,-Q) div (uF.) in Q.

W\dkse

= (

Proof. Condition (96) can be rewritten as

(FounF) = (QUF. + (1, Q)(hs) in 0.
(98)
The third Green identities (63) and (64) by
substitute p = F, and v = pJF, respectively and
for the potentials associated with the operator A
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gives
Fo —IPTH(Fy, pF.) 4+ Wiyt (uF)
oo 4
= QA(Fi, pF.) + = div (uFy),

= 3 (99)
pF . = VI (Fo, uFo) + Wryt (uF.)

=UA(F,,pF.) — Q div (uF.),

in Q. Thus, (97) implies (98) with f. =
A(F., uF.) in Q.

On the other hand, if (98) is satisfied, then the
application of A to it gives f, = }l(}"*, uF ) in €,
which substitution in (99) comparison with (98)
implies (97). O

To realize how narrow is the subspace Y}Dn (Q:
A), let us prove the following statement.

Lemma 3. For any pair of functions (Fu,Fy) €
H°(Q; A),  there exists a  unique triple
(Fishi, ®y) = Oa(Fi, Fi) € La(2) x La(2) x
HY?(09Q) such that,

(For o)) = (QUF.(y) + (1T, - Q)b

— (O, W)@, (y),y €Q (100)

and O : HY°(Q; A) — Ly(Q) x Ly () x HY?(09)
18 a linear bounded operator.

Proof. Suppose first that there exist some
functions fi, h. and ®, satisfying (100) and find
their expressions in terms of (F, F«)(y). Taking
into account definitions for the single layer and
volume potentials, (100) can be rewritten as

(FoonF) = (QE0f. + (T, ~&)(uhe)
— (1%, W) (ud,), in Q. (101)
Applying the A, _, = A to (101), we obtain,
fo = A(F.,uF,) inQ. (102)
Then (101) can be written as

(I1*, W) (u®.)(y) = (R1, Ro)(y), y€9Q, (103)

where

We can also rewrite (103) in the following system
form;

. (105)

{ﬁd(wﬁ*)(y) = Ri(y), yeqQ,
W(M(I)*)(y) = R2(y)’ RS 92

The trace of the second equation of (105) on the
boundary gives;

[;I + W] (1®.)(y) = v Ra(y), y € 0.

(106)
where W = W,|,_, is the direct value on
the boundary of the parametrix-based velocity
single layer operator associated with the operator
corresponding to the constant coefficient.

1 .
Since {—2I+W} cHA(09) — HTH(09), s € R

is isomorphism (c.f., e.g. Dautray and Lions, 1990,
Chapter XI, part B, section 2, Remark 8 and
w(y) # 0, we obtain the following expression for
P, :

11«1
®,.(y) = m {21 + W} vt Ry(y) y € 0Q.
(107)
Consequently, (102), (107) and from Equations
1
(98) implies h, = — div (uF.), indicate uniqueness
L

of the triple set (fy, h, ®.). Thus, (102), (107) and
(104) give bounded operator

Os : HIO(O; A) — Lo(Q) x Ly(Q) x HY2(5Q)
mapping (Fi, Fx) t0 (fu, hu, @y). O
Lemma 3 implies that (96) does not cover the
whole space HL?(Q;4). ie. Y], (9;.4) is more
narrow than the space Hi’O(Q;.Zl). Let us prove
Y),, (2.A4) a closed subspace of H}?(Q; A).
Lemma 4. The space Y}, (€4.A) is complete.
Proof. Let {(]-"in),}'fk"))}oo be a Cauchy
n=1
sequence in  Yp (©.4). Then by (96),
F,F)
. 4
_ (Q,u) () 4 <:I,—Q) r™ in Q for some
(f*(n),hfkn)) € Ly(Q) x L2(2). Due to the

lemma 3, (f,E”),hSﬁ) — (Oa,,Os,) (f£”>,f§">)

where (0,,04,) : H?(Q;4) = Ly(Q) x Ly(Q)

is a linear bounded operator, which implies

that {(f£”>,hi”))} is a Cauchy sequence
n=1

in Ly(Q)) x L2(Q). Since Ly(Q) x Lo(Q) is
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complete, the sequence has a limit (say) (fi, h«) €
L2(2) x Lo(2). Due to (45), Theorem 3, the
operator (Q,U) Ly(Q) — H(Q;.4) and

(4;],—9) . Ly(Q) — H"(Q;A) (and then

their sums) are bounded (continuous) operators,

implying (fin),fin)) converges to (Fy, F,) =

° 4 o
(Q, u) £t (;‘1 Q> h. in H0(Q; A), which
completes the proof. O

Now we are in a position to prove the
invertibility theorem.

Theorem 11. The operator

AP (0 A) = Y (9;.4) x HY?(09)
(108)
s continuous and continuously invertible.

Proof. The continuity of &7¢P is already proved,
and we have to prove the existence of a
bounded inverse operator (%GD)_I. For (p,v) €
H!°(0; A) the third Green identities (61) and (62)
implies that

o

AP X =

3

i.e. operator (108) is continuous.  Then, if
(any arbitrary) F = (%1, ) € Y}MH(Q;A) X
H2(8Q), then #, = (Fo,F.) = (QU)f. +
(%u], —Q)h, for some (fs, hy) in
L2(Q) x Ly(). Due to Lemma 3 (f., he) =
(Os,,04,)7 while (0s,,0s,) : H'(Q;A) —
Lo(©2) x Lo(Q) is a linear bounded operator.
Then the equivalence theorem, Theorem 10
and invertibility of the BVP operator given by
Corollary 1 imply that equation &/ PX = .Z has
a unique solution X = (p,v) such that;

(pav)T = (AD)il(f*?gMgQ)T
= (AP)7'[(04,,04,) 71, T
= (AD)_l [@@12y1a§2]T
= (AP) Ydiag(©s,,, 1.7
where

A, v) + %“ div v, UA(p,v) — Q div v,

— (S w)Ap.v) + (1, -Q) divw, rpto

Toa '7+'U] T

T

and

(AP)=1 1 Ly(9) x Ly() x HY2(09)
- H(0; A)

is a bounded inverse to the operator AP of
the Dirichlet BVP from Corollary 1.  Thus,
(AP)~'diag(Os,,,I) is a bounded inverse of the
operator (108). O

UNITED BOUNDARY DOMAIN INTEGRO-

DIFFERENTIAL EQUATIONS (GD)

In this section, we remove the Dirichlet
boundary condition to deal with integro-differential
equations. Substituting the Dirichlet boundary
condition (9c¢) into (9a)—(9b) leads to the following
BDIDEs(Gp) for (p,v) € HL°(Q; A);

p+ R —1I°T" (p, v)

. 4
=Of + ?'ug —TI%, in Q, (109)
v+ Rv— VT (p,v)
=Uf - Qg — Wy in Q. (110)

Let us prove the equivalence of the BDIDESs to the
Dirichlet BVP

Theorem 12. Let f € Ly(2), g € L2(Q) and
o € H'/?(5Q).

(i) If a couple (p,v) € L5(Q) x H' (Q) solves the
Dirichlet BVP (9a)—(9¢), then it solves the
BDIDP system (109)—(110).

(ii) If a set (p,v) € L3(Q) x H'(Q) solves the
BDIDP system (109)—(110), then the pair of
functions (p,v) belongs to HLO(Q; A) and
solves the Dirichlet BVP (9a)—(9c¢).

(iii) The BDIDP system (109)—(110) is uniquely
solvable for (p,v) € L3(2) x H*(Q).

Proof. A solution of BVP (9a)—(9¢) does exist and
is unique due to Corollary 1 and provides a solution
to BDIDP (109)—(110) due to Theorem 10. On the
other hand, any solution of BDIDP (109)—(110)
satisfies also (9a)—(9c) due to the same Theorem
10. The unique solvability of the BDIDP system
(109)—(110) follows from the unique solvability of
the BVP (9a)—(9c¢), see Theorem 2, and items (i)
and (ii). O

The BDIDP can be written in the form

oy = gCr, (111)
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where X represents the vector containing the
unknowns of the system;

X = (p,v) € Li(Q) x H*(Q)
and

SGo [T+ R L — Tt
T | L +RL—-VT" |’
2. 4
o | OF + g~
Uf — Qg — W

The mapping properties of operators
V,R,U,ITI°, and Q imply the membership
FGr e HY0(Q; 4) x HY2(8Q), and the operator
G 1 L3(0) x H*(Q) — HL(Q; A4) x HY?(09)
is continuous. By Theorem 12, it is also injective.

CONCLUSIONS

In this article, we considered Dirichlet BVP for a
compressible Stokes system with variable viscosity
and the right-hand side functions from Lo(9Q)
and Lo(9), respectively and the Dirichlet data
from space H'/2(9Q). It was shown that BVP
can be equivalently reduced to a direct united
boundary-domain integro-differential problem,
or to a united BDIDEs. This implies unique
solvability of the BDIDP/BDIDEs with the right-
hand sides generated by the considered BVP.
The invertibility of the associated operators in
the corresponding Sobolev spaces can also be
proved. In similar way one can investigate
BDIDP / BDIDE for Dirichlet problems in exterior
domains, the incompressible Stokes system, and
the BDIEs of the compressible Stokes system
formulated and analysed in Mikhailov (2005),
Dagnaw Mulugeta and Ayele Tsegaye (2017),
Mikhailov and Woldemicheal Zenebe (2019), and
Ayele Tsegaye and Dagnaw Mulugeta (2021).
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