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ABSTRACT. The Dirichlet problem for the steady-state Stokes system of partial differential equations for an
incompressible viscous fluid with variable viscosity coefficient is considered in a two-dimensional bounded
domain. Using an appropriate parametrix, this problem is reduced to two systems of direct segregated
boundary-domain integral equations (BDIEs). The BDIEs in 2D have special properties in comparison with the
three dimensional case, because of the logarithmic term in the parametrix for the associated partial differential
equation. Consequently, we need to set conditions on the function spaces or on the domain to ensure the
invertibility of the corresponding parametrix-based hydrodaynamic single layer potential and hence,
guarantying the unique solvability of BDIEs. Equivalence of the obtained BDIE systems to the original Dirichlet
BVP and unique solvability of BDIE systems is shown. Invertibility of the corresponding boundary-domain
integral operators is proved in appropriate Sobolev-Slobodetski (Bessel potential) spaces.
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INTRODUCTION

The Stokes system of partial differential equations is
derived from the linearised steady-state Navier-Stokes
system. The study of the Stokes equations is useful in
itself; it also gives us an opportunity to introduce
several tools necessary for a treatment of the full
Navier-Stokes equations, see e.g. Temam (1979),
Chapter I. The Stokes system has applications on
modelling the motion of a laminar viscous fluid which
are useful in science and engineering.

Boundary integral equations and the
hydrodynamic potential theory for the Stokes system
with constant viscosity have been extensively studied
nowadays, see e.g. Ladyzhenskaya (1969), Hsiao and
Wendland (2008), Rjasanow and Steinbach (2007),
Steinbach (2007), Kohr and Wendland (2006), Dominguez
and Sayas (2006) and Hsiao and Kress (1985).

Boundary-domain integral equation systems for
the incompressible Stokes system with variable
viscosity in 3D have been investigated in Mikhailov and
Portillo (2015) and BDIE systems for the compressible
Stokes system with variable viscosity in 3D have been
analysed in Mikhailov and Portillo (2019). But this is not
the case for BDIE systems for the Stokes system with
variable viscosity in 2D. The BDIEs in the two-
dimensional case have special properties in
comparison with the three dimension because of the
logarithmic term in the parametrix for the associated
partial differential equation. Consequently, we need to
set conditions on the function spaces or on the domain
for the invertibility of corresponding parametrix-
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based hydrodaynamic single layer potential and hence
the unique solvability of BDIEs.

In this paper, using an appropriate parametrix
the Dirichlet boundary value problem for the steady-
state Stokes system of partial differential equations for
an incompressible viscous fluid with variable viscosity
coefficient in two-dimensional bounded domain is
reduced to systems of direct segregated boundary-
domain integral equations (BDIEs). Following similar
approach used in Tamirat and Mikhailov (2015) to
analyze BDIE systems for BVPS associated with
variable-coefficient scalar elliptic PDEs, equivalence of
the obtained BDIE systems to the original Dirichlet BVP
and unique solvability of BDIE systems is shown.
Invertibility of the corresponding boundary-domain
integral operators is proved in appropriate Sobolev-
Slobodetski (Bessel potential) spaces.

Formulation of the Boundary Value Problem

Let 2 =107 be an open bounded two-
dimensional region of R2 and let 27 = R*\27 The
boundary @f2 be a simply connected, closed and
infinitely smooth curve.

Let ¥ be the velocity vector field, P the pressure
scalar field and & € €™ (12) be the variable kinematic
viscosity of the fluid such that j.&(x] = ¢ = 0. For an
arbitrary couple (IJ, 1?] the stress tensor operator, J; jr
and the Stokes operator, A;, for incompressible fluid
are defined as:

7 (P, 0) (%): = =6{p + u(x) (ZT + Z—*)
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Alpr)(x):=o

where § f is Kronecker symbol. Here and henceforth

o)) jL( (](zv‘Jr—*))——,J,ze{U}

¥ ax

we assume the Einstein summation in repeated
indices from 1 to 2. We also denote the Stokes operator

as A= {A_,-}}-:
notation for derivative operators:

withj = 1,2, V:= (d,,8, ).

In what follows H*(12) = H3(12), H*(912) are
the Bessel potential spaces, where 5 is a real number
(see, e.g., (Lions and Magenes, 1973; McLean, 2000)). We
recall that H* coincide with the Sobolev-Slobodetski
spaces W5 for any non-negative s. We denote by
He(12) the subspace of
H*(R®)H°(0) = {g:9 € H*(R"),supp(g) = 2};
similarly, H°(5,) = {g: g € H*(802),supp(g)  5,}
is the Sobolev space of functions having support in
5,cdn. we wil use the notations
H*(2) = [H* (D), L*(0) = [L*(DF,
L3(2) =17 (2)/R = {g € L*(2): ], qdx =0},
D(12) = [D(2)]* for 2-dimensional vector space.

Let Hy,(2)={v e H'(N):divv =0} be the
divergence-free Sobolev space.

We will also make use of the following space
(see, e.g., (Costabel, 1988; Chkadua et al, 2009; Mikhailov
and Portillo, 2019 )).

HI(0; 4): = {(p,v) € 12(0) X HY(2):A(p,v) € 1*(2))
He, (0:4):= {(p,v) € L2(0) X H}, (0):A(p,v) € L*(2))
H.°(0; 4):= {(p,v) € L(2) X H* (2):A(p,v) € 1°(0)}
endowed with the norm

I (2, 0) o =N 0 2oy H 2 ey +1 A(R,0) 2 g,

Let us define a space

He (054):={(pv) €17, (0) X H, (0):A(p,v) € 1X(2))

endowed w1th the same norm
I (p,v) I B () =lpl’?

1. We will also use the following

9= d

'x_l E'x

also

+Hiwl® ., A )R

L2 Him L2
The operator A acting on (P, IJ] is well defined in the
weak sense provided p(x) € L=(12) as

(A(p.v),udy: = —E((p,v).u), vu € H' (1),
where the form E: H 5, X H';, (2) — R, and the
function E are defined as

E(v,u):= _I':ﬂ E(v,u)(x)dx, (2.1)
i(x) (Bu;ix) | Buix)hy fBw(x) Av:ilx)

E(v,) (x): = 22 (2 4 200 (i) | 2409

dx; ax; B

For sufficiently smooth functions
(p,v) € HH(NE) x H*(N%) with 5 > 3/2, we

47
can define the «classical traction operators,
T = {T}ci}f:l on the boundary 212 as
T/ *(p.v) (x): = [y o,;(p, ) () ], (2), (2.2)

where T (1‘] denote components of the unit outward
normal vector ﬂ[xj to the boundary an of the
domain and ¥ ¥ is the trace operator from inside and
outside {2,

Traction operator (2.2) can be continuously
extended to the canonical traction operator
T*:H H,. (ﬂ+ A) — H =(d107) defined in the weak

form similar to [10] as

(T, 0) Whgg = £ [ 4o W) +E((po)y™

(N A),ve Hz(ﬂﬂ]

Here the operator ¥~ :Hi[aﬂj—rvﬂén(]l{?.::]
denotes a continuous right inverse of the trace

operator yt Hﬂ.u[]l%'.::] — Hi[aﬂ].ln addition, for

w)léx

[:p’ I’?) = HrizL

(p.v)e HY ., (£;A) the traction operator T
are also defined.
Furthermore, if (p,v)EH ::i (7;A) and

u € HY(1), the following first Green identity holds
(see, e.g. Costabel (1988), Chkadua et al. (2009),
Mikhailov and Portillo (2015), Mikhailov and Portillo
(2019)

(T (2.0), v wayi= [, [Av)u+ E((p), w)(@)]dx. 23)
Equation (2.3) is also defined for
(p,v)EH Lo (12;A) and u € H(12). Applying

div,=
the identity (2. 3) to the pairs (p,v) € Hi‘ﬂ (12; A)
and (g, u) € H div (ﬂ::‘-l] with exchanged roles and
subtracting the one from the other, we arrive at the
second Green identity (see, e.g. McLean (2000),

Mikhailov (2011), Mikhailov and Portillo (2015), Mikhailov
and Portillo (2019)) as follow:

[ [0}y - g ulir= [, (1) - Tga)is, 29

Equation (2.4) is also defined for
1.0
(p,v) E Hdw&(ﬂ;ﬂj and (q,u) € H,, (12;4).

We shall derive and investigate the BDIE systems
for the following Dirichlet boundary value problem.
Given the functions, g € L*(12) andf € L*(12), find a

couple  of  functions (p,v)EH 1"}& giv (12; A)
satisfying,
Alp.v)(x) = f(x),x €N, 2.5)
yiv(x) = @, (x),x €0, (2.6)

From the divergence theorem it follows that ¢y must
satisfy the compatibility condition,

J3, @o(x) n(x)dS, =0 27)
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where ﬂ(xj is the outer normal vector defined for

almost all ¥ € 312 (Rjasanow and Steinbach (2007), equ.
1.87).
Theorem 2.1 The Dirichlet BVP (2.5)-(2.6) has a
unique solution in the space H- dw . (12; A) satisfying (2.7).
Proof. Let (Pp 13’1:] and (’pn, 1;1,.:] are in
dw&[ﬂ A) that satisfy the BVP (2.5)-(2.6). Then
(2, v):= (py,v2) — (py, vy)

also  belongs to

H i":}u 8[:.;’1; A) and satisfy the following homogeneous
Dirichlet BvP
Alpv)(x)=0,xe n, (2.8)
yTv(x)=0,xcdn (2.9)

The first Green identity (2.3) holds for any

u € H},,(2) and for any pair (p,v) € Hdw (12; 4).
Then due to (2.8)-(2.9) we have,
0= fp E(v,u)(x)dx:= E(v,u), that is

Floa) = | Ea) )= j(““‘ﬁ—ﬂ—")(a‘“‘ ﬂﬁ)dx )

0x 0x; dx;

Now if we choose 1 = 17, then we get, E('ﬂ, v)= 0.
As wulx) =0 the only possibility is that
v(x] =a+bx ie Vis a rigid movement (see [4,
Eq.(2.2.11)]). Nevertheless, taking into account the
Dirichlet condition (2.9), we deduce that ¥ = 0 and
hence 17y = V5.

Considering now ¥ = 0 and keeping in mind
equation (2.8), we have 4 (p,v)(x) = 0 and then we
get Vp = 0.Sincep € Li (12), we have thatp = 0.

Parametrix and parametrix-based hydrodynamic
potentials

Parametrix and remainder

The Stokes operator A becomes its counterpart

with constant-coefficient, ; when =1 TIts

fundamental solution is defined by the pair of
K

distributions (g k,,: k:]J where 1 7  represent
components of the incompressible velocity
fundamental solution and g represent the

components of the pressure fundamental solution
(see, e.g. Ladyzhenskaya (1969), Hsiao and Wendland (
2008), Rjasanow and Steinbach (2007), Steinbach (2007)).

Let us con31der the following system
8,

F- ; jgx— :ﬁ'(x—v]:ﬁ'k in 2,j,k=1,2,
div(, *¥)=0 in 0.

Applying Fourier transforms to the above system we
get,

ok =1 ok lx=y|  Carj—aydlap—ay)
Axy) =67 1o -

w2 [ ":] 4.‘1[ j 08 o [x—y|*

° K _ “lmp—ay)

q [:x!};r:] - :Hlx_}_lz for Tl} = 0.

Therefore the pair [,; k,,: k) satisfies

d - . 8t
i 0 “(xy) =, a—z[—%loglx —}rl) =—6(x-y) 3.1)

X

Aj(x;; ‘. k)[x,y] E:iaa; ——q— ﬁkﬁ(x y) div,, *(xy)=0@3.2)

o oo Fo

the case t =1 and with fundamental solution of the

Let us denote

operator A the stress tensor

;: z'_;-'[::; k i k)(x—v] reads

1 (=39 (= =9 ) (=00

:: z'_;l'(x , k . k)(x_v:] |2— }l-d-
Indeed,
i
Dol k)(x—vj = —q*8, + (35 +34)
£~V 8 o1 oy eyl (=) xe=3 )
_—wlx }I“ + 41[5}. log |x mE )

(=) =y 3')
[x—y]® !

wh1ch shows that
. z'_;l'[x o k)(x ¥)=
k

The boundary traction r i [x, g u

1 Ge=33) (=977 ) (=)

ES }I‘*

) is then
] : : : : : i I\.'f -))L‘t -")-‘]I\.T‘ ')")
T j( ] k!u k)(x y] 7 U[ kl'u k)(x_ani[x]:; — |.¥'}'|4 — ni[x]'
Let us defme a palr of functions as

k _mlx) yy-xy
{ r.}') | }q (x’}rj #;}} ‘T|x }lzr}rk E {:112} (33)
| -yl Gy ()
T.I',}(x VJ - j ( !.}'J im ( }( — % 3|'; ) (34)
Then

. ok gk
0, (0" ) (x-y) =-0ig" +aly) (¥+£)
ox O,
i)

il ) alsy
__(FEJE‘; e (#'.gl} J+ h;; JJ

TP R PUS I O
#}3‘( 5 +(ij T dx; )) #)} U[ ‘u
Thus,

PR

_.l_;l:x:l = =
Ji}'(x:qkruk][:x_.}rj_ﬁﬂ z'_;l'(_r:f ry

(x-y).

)x—y)

and

ﬂ‘(x:q",u"](x,}?]FUfj-(x:q",u"](x-}’]ﬂg(x]—:};; M £3)1C R

Substituting (3.3)-(3.4) into Stokes system we have,
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A;(x; g :u*)(x,y) = %{ﬂ}}' (x:q",u*)(x— J’])

i

p(x) -
(”(}rjﬁ z'_;l'[q ru )( .}'j)
L. i
_ma_xt(ﬂ U(ﬂi & )(x yJJJra_xi(@)ﬁ i)(q " )(x—y)

S ey

M@= y)ef 1 Aw®) . e
R N il P )
L D N 1C)) PR .
) uly) dx ° e B =)
dlulx

=07 0(x~ ]-I_ﬁ [:;Eci] N

Thus,

A (x;q%u")(x,y) = 6F6(x—y) + R, (x,¥), (3:6)

where

Rl =28 - = 00y

is a weakly singular remainder. This implies that the
pair (g%, u")is a parametrix for the Stokes operator

A

Parametrix-based volume and surface potentials

Let 2 and @ be sufficiently smooth scalar and vector

functions on ﬁ, e.g., P ED(E),p ED(E). For
¥ €R?, similar to (Mikhailov and Portillo, 2015;
Mikhailov and Portillo, 2019), let us define the
parametrix-based Newton-type and remainder vector
potentials operators for the velocity,

[Upl,(¥) = Up;p;(3):= |, uf (2 ¥)p;(x)dx

[Rol, () = Ryp;(v):= [, Ry (x J’)P} (x)dx, y€eR’
and the scalar Newton—type and remainder potentials
for the pressure,

00(y)=0Q p(y)= Q}-p}-(:v):= - fﬂ ¢’ (x,v)p;(x)dx 3.7)

R'p(y)=—20;, '(..7)p05)g — 20:(y)0:(y) (38)
=_2vpf _ll;'ﬂa::ﬁ:‘ [ jdx P}[ j #}:‘ (39)

The integral in (3.9) is understood as a 2D
strongly singular integral in the Cauchy sense. The
equality (3.9) hold by the using the same procedure as
in 3D case, Mikhailov and Portillo (2019).

For the velocity, the parametrix-based single
layer and double layer potentials are defined for

¥ & N as:

Vel (v) = Vip; (0):= — [, uf (%, ¥)p;(2)dS,
[Wp]k (yj = Wk}.P}.(}r]:z - an T}'-I- (x;qkruk] (xr.}')pj(x]dsm
and for pressure in the variable coefficient Stokes
system, the single layer and double layer potentials

are defined for ¥ & 212 as:

Tp(y) =07p;(¥):= [z, 4 [x,:r']p} (x)ds,
5
g — rpd = g x ¥
Mep(y) = Ofp;(vk=2J,, 75 3, (xjp}(x]ds
The corresponding boundary integral (pseudo-

differential) operators of direct surface values of the
single layer potential and the double layer potential,
the traction of the single layer potential and the
double layer potential are

Vel (¥) = %P} (:v]'— - BP uf (x :v)p} (x)dS,, y€an
(W, () = Wyp,3):= = [, T} )(xy)p,(x)dS, yedn
[W'ol,(y)= Wk}P} fapT yig* J(x,yjp}-(deSx, yean
L2p(y):=T* (Hdp,Wp) (:.vl y € an

where TZ are the traction operators (see, e.g.
Mikhailov and Portillo (2015), Mikhailov and Portillo

(2019)).
The

depending on the variable coefficient, i, can be
expressed in terms of the corresponding integral

parametrix-based  integral  operators

operators for the constant coefficient case, & =1,
marked by ~ , as in, Mikhailov and Portillo (2015) and
(Mikhailov and Portillo, 2019, Eq.(4.6)-(4.11)). The proof
of the relations (3.10)-(3.17) is given in the Appendix.

1 =
Up==; p. (3.10)

[Rp]fﬂaf—__,é 00050 o) =g Wleds )}, (3.11)

QFﬁé (up), R'p= —zai}_[g (p0:) - p}B , (3.12)
Vo —i p. Wp= i w (up), (3.13)
Vo=>y p Wp=>y (up) (3.14)
Mp=g5 °p, Tp =, “(up), (3.15)
Wel,=[w 'p], - [%“[1? Pl +%“[13 pmni, (3.16)
L(7): = L(p1). (3.17)

Note that the constant-coefficient velocity potentials
[: ,0,-,: p and “;p are divergence-free in n= , the
corresponding potentials Up, Vp and Wp are not
divergence-free for the variable coefficient ,LL(J':L see,
e.g. Mikhailov and Portillo (2019). For the constant-

coefficient potentials we have the following well-
known relations:

2 (2 %0y 0)=0., (7 %pwp)=0, 4 (0py p)=p (3.18)



50

Mulugeta A. Dagnaw and Tsegaye G. Ayele

Theorem 3.1 Let § € &, the following operators are
continuous: ‘
V:H*(80) = H°"2(0), W:H*(80) - H ™:(0), 3.19)
V:H*(80) = H*1(30), W:H*(d0) - H*'(3n), (3.20)
L5:H*(90) » HTY(30), W':H*(30) » H**1(30), (3.21)
(V) H@0) - B2 4), (T W)H=(20) ~ B5(0)  (3.22)

(I, V):H (aﬂ]eﬂfv*(ﬂ A),(I, ]Hz(aﬂ)aHdiv*( 4). (3.23)

Moreover, the following operators are compact,

V: H?(917) - H*(an), (3.24)
W: H?(97) — H*(dn), (3.25)
W':H®(dn) — H*(dn). (3.26)

Proof. The continuity of the operators for the
constant coefficient case is proved in [4].
Consequently, from the relations (3.10)-(3.16) follows
the continuity of variable coefficient operators (3.19) -
(3.21) as well and the continuity of the operators (3.22)
and (3.23) can be proved similar to (Mikhailov and
Portillo (2019), Theorem 4.3). The compactness of
operators (3.24) - (3.26) is implied by the Rellich
compactness embedding theorem.

Theorem 3.2 Let 2 be a bounded open region R
with closed, infinitely smooth boundary @12, The following
operators are continuous:

U:H°(Q) - H*(N),s € R, (3.27)
U: H°(2) —» H2(2),s > =, (3.28)
R: H°() = H**Y(N),s € ﬁ, (3.29)
R: H°(Q) —» H**1(Q),s = =, (3.30)
Q:H(7) = H**(N),s € né., (3.31)
Q: H°(2) -» H**'(Q),s = =, (3.32)
Q:H°(n) = H**Y(n),s € ﬂé, (3.33)
Q:H*(2) > H*(0),s > = (3.34)
R:H () > H(),s > —, (3.35)

R":H* () » H*(Q),s = —. (3.36)

(Q,U):H*() = H*" 2 (n; 4),5 = 0,

(R",R):H*(Q) = H*" (% 4),s =1 (3.39)
Proof. We use similar procedure as in (Mikhailov and
Portillo (2019), Theorem 4.1). Since the surface 912 is
infinitely differentiable, the operators U and @ are
respectively pseudodifferential operators of order -2

and -1, (see, e.g.,( Hsiao and Wendland (2008), Lemma
5.6.6. and Section 9.1.3]). Then, the continuity of the
operators U and @ from the ‘tilde spaces’
immediately follows by virtue of the mapping
properties of the pseudodifferential operators.

Alternatively, these mapping properties are well
studied for the constant coefficient case, i.e. operators

[: and !; , see, e.g. Hsiao and Wendland (2008),
Lemma 5.6.6). Consequently, the respective mapping
properties for the remainder operators (3.29) and
(3.35) immediately follow by considering the relation
(3.11).

For the remaining part of the proof, we shall that
S E {Tr:]- In this case, H*(12) = H*(1?). Hence,
the continuity of the operator (3.28) immediately
follows from the continuity of (3.27).

13

Let us consider now that 5 £ (:,;}. Then, let
9=109..9.), 9 € H (). It is well known that
553}- € HY1N) and that ¥ T g € H  =2(82) due to

the continuity of the d; operator and the trace
theorem. Consequently, it is possible to use the
representation obtained by integrating by parts, (see,
e.g. Chkadua et aI (2009), Theorem 3.8)),

azU kidi = v k}(agj)‘l'v k}( g}'ni)!iljrke{lr 2} (3.39)
where Ti; denotes the components of the normal

vector to the surface @£ directed outwards the
domain.

Due to the mapping properties of ¥ and U in
Theorems 31 and 3.2, we deduce that

ai[: g€ H*Y(N) is continuous fori €{1,2}.
Consequently, from relations (3.10) and (3.13), for

13
s E {:,:J, immediately follows the continuity of the

operator (3.28). Furthermore, by induction on k € H,
using the representation in identity (3.39) and the fact
that the operator (3.28) 1is continuous for

1 1
€ {k -, k+ ;), follows that the operator (3.28) is
€ {k - %,k —I—%) The

continuity of the operator (3.28) for the cases

also continuous for

1
s=k +E is proved by applying the theory of
interpolation of Bessel potential spaces, see, e.g. Triebel
(1978), Chapter 4.
Continuity of the operator (3.32) and hence

(3.34) can be proved following a similar argument.
Continuity of the remainder operators (3.30) and
(3.36)) immediately follows from the continuity of
operators (3.28) and (3.32) by relations (3.11) and
(3.12).

Also the Continuity of the operator (3.37), (3.38)
can be proved similar as in Mikhailov and Portillo (2019),
Theorem 4.1.
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Theorem 3.3 Let 5 € [ The following operators
n*:H 3"(6.:‘2] —=HY (1), sER,
ne:H 3“(&:1) - H"Y(n), s eR,
°:H= (a0) — 12(2),
me: Hitaﬂ] — L2(17)

are continuous.

Proof. For constant coefficient case, & = 1, the
corresponding operators are proved in (Hsiao and
Wendland (2008), Lemma 5.6.6). Due to relations (3.15),
the theorem holds true.

Theorem 3.4 Let T € Hz2(92) andp € H= (312).
Then, the following jump relations hold

YviVp="Vp, yiwr=TFir+wr (3.40)

TZ(T°p,Vp) =+ %p + W'p. (3.41)

Proof. For constant coefficient case, & = 1, the jump
properties for the corresponding operators are proved
in Hsiao and Wendland (2008), Lemma 5.6.5). Due to
relations (3.13) and (3.16), the theorem holds for (3.40)
and (3.41) as well.

Proposition 3.5 The following operators are compact,

R:H(Q) - H* (;3], R:H(0) = HT(0), sER
v RHF(0) 5 H3(20), T(R'R):H™(0:4) - H= (30),
TZ(R',R): H*® (0;A) - H= (80).

div,=
Proof. The proof of the compactness for the operators
R, y"R and R” immediately follows from Theorem
3.2 and the trace theorem along with the Rellich
compact embedding theorem. To prove the

compactness of the operator TX(R", R) we consider a
functiong € H(?). Then, (R"g,Rg) € H' (1)
and hence, (R"g,Rg) € H**(12;A).

The traction operator TZ is the composite of a
differential operator, with respect to the first variable
and with respect to the second variable, and the trace

operator ¥ which reduces the regularity by 1/2
according to the Trace Theorem. Therefore,

T=(R"g,Rg) € H=(312). Then, the compactness
follows from _the Rellich compact embedding

H:(30) c H= (30),

Invertibility of the hydrodynamic single layer
potential operator in 2D

Suppose that P = T(P;T?:]
(p,v)eH i’ug(ﬂj. The single layer potential operator
is a Fredholm of index zeroIn 3D case, for

pEH= (30, if Vp(y) =0,y n

where

, then p = 0,

But this is not generally true for 2D case. It is well
known (Dominguez and Sayas (2006), 696, p.707] for
some 2D domains the kernel of the operator

1: ‘H=z [ﬂﬂ] —~ H: (812) is non-zero, which is by
the first relation in (3.14) implies that the kernel of the
operator V¥ is nontrivial as well. The following
example is from Cialdea et al (2013) and Lemma 1) and
illustrates this fact.

Theorem 4.1 Take the density function pi™ = &,
and 2 = B(0, R) to be a disc of radius R centered at the
origin and 892 = B(0,R) be the circular boundary of
the disc. We want to show that

. - R .
Hoe0)=y 870)= Tﬁkm(llog;- 1), Iy <Rbjme{L2)
Indeed,
() )

Fo0)= =T 0102 T )

|z-yl®
4

- [in (17053
-Z(IJ Iog [x -y, +4’ Lﬁkds,
2\ JFENS
+E} 1 4 | x| =R
First consider the integral “rl-tl - log|lx — ¥l dS, and

let u(y)=
¥, € 0B(0,R). Forany ¥ € dB(0,R)

uly)= [, loghr— ylds,= [ |
Since log |* — ¥| is harmonic in B(0,R), constant
on dB(0,R) and continuous in B(0,R) Then it is
constant in B(0,R).

u(y)=u(0)= flxI=R‘ log|x| dS, = 2nR log R, for |y| < R
Seconc{ )
J'lxl:R W m -'*m:'""’n.' }K}dsx

|x—¥]*

logn,d5,

~rl.rI=R loglx — y|dS,. Let us fix

Dg|x —_}r| dsx

consider the integral

for each m, k€ {1,2}

and |¥| = R. Before calculate the above integral let us
show first

- = mR(R logh +(1+logR)y), byl <R
To show this let
I(y)= =g |¥ —x|*logly —x|dS, and fix

¥, € dB(0,R). For anyy € dB(0,R) we have
[yeg ¥~ logly —2lds(x) = [ Iyo — 2l logly, =l ds,
and then  is constant on @B (0, R) . Moreover

Ally) =4 “rIxI=R (log |[v — x| + 1)dSs,
and then also 41 is constant on B (0, R) . Since AI is
harmonic in B(0,R) and continuous on B{0,R]} , it is
constant in B(0, R} and then

Al(y) = AI(0) = 4j|x|:R (log |x| + 1)dS, = 87R(1 +log R)
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The function I(¥)—2mR(1 +log R)|¥|* is
continuous on B(0,R), harmonic in B(0,R) and

constant on @B(0,R). Then it is constant in B(0, R)
and

I(y) - 2nR(1 +1ogR)ly|* =

so that,
I{y)=2mR(R%log R + (1 +log R)|¥|*)
for |[¥| =R
Since,
i, flx\ . fm R[ (1, - 2,)log [y 2+ (3, - 1)),
aJ"_J'*_ J.|,t|:R | h X" f|.::|:R ( 1)d5x'

It implies that,

g - 1) 1

=
=z ¥~

! 1
) )-‘)-‘J |T-x|‘log|y—x\ de—J (loghl—x‘ +i]d51
h B |2l=k

Therefore,

fe ’b—;} &S, = 2nR(1+ logR) - 2R logR ~ TR =1R, |y| < R

In similar way,

o o )2
fmt—)rf dS_ = 2nR(1+logR) - 2nRlogR — 7R =7R, |y|<R

2o )y) }dS .

[y-al®

a}'p‘-_ f|x|:R |y —x|log |y - x|dS, = f|x| -R
and

fyog 245 =g [Ty =il y-xlds,

=20, (27R(Rlog R + (1 +1ogR)2y,)) = 0

[y TIN5 = 7R,

Eaik
Hence,

uy)Vyef'(y) = oy ( (2nR log R) +— 5”‘(11R))+5,’(“R logr,

71

R
2log—— 1). [
Ta

—0'R (

1
Corollary 4.2 If we set B = ryexp (:) in Example 1,
with p(¥) # 0, we get, [Vpl,.(¥) = 0in 102,

In order to have invertibility for the single layer
potential operator in 2D, we define the subspace

H:(91) of the space H*(211), see e.g., (Dominguez
1

and Sayas (2006), Appendix A, in particular & = ——
and %),
H:(30):= {p € H*(00): (p,, 1)2(3) = 0for i = 1,2}, (4.1)

where the norm in HZ(8/) is induced norm of

H:(an).

1(0)= f|x|=R |x|* loglx| S, = 2nR(R"log R)

The boundary integral operator, v is a

Fredholm operator of index zero on H=(91) as
indicated in Dominguez and Sayas (2006), Lemma A.2)

and also V: H?[aﬂ] — Hi(ﬂﬂ] by the relation
(3.14).

Theorem 4.3 If ¥ € H* (812) satisfies V¥ = 0 on
an, then ¥ = 0.

Proof. Let us proof by using similar procedure as
in [8, Corollary 8.11]. The single layer potential

[a ry ) [ﬂ ok ‘f‘r) satisfies

4, -V, =0in07, 4.2)
div(, )= 0 inf2%, (4.3)
}-’i; =0 on 4. 4.4

For the exterior problem, we use the following
growth conditions at infinity,

=]

, (=4 l_clg |x| + 0(1),

s =0(x[as x| = oo,
where 4 = _‘I"Eu,1 'Pdsx, (see, e.g.,( Hsiao and Wendland
(2008), Eq.(2.3.18), Eq.(2.3.19) and Eq.(2.3.22))). Since

YeH? (002), ie, [, Wds, =
=ﬂ'and; =0ind)".
For the interior problem, using first Green

0, it follows that

(&)

identity, we get = 0 and using interior part of

N

(42), we have that 17; =0 in fl. Since
; = Li; [ﬂ], then = 0. Consequently,
V= +(_H oy EF)_T_(_H 'Y E’U)z':'-

Thus, ¥ = 0. That is, from ;: ¥ = 0 follows that
¥ = 0 and relation (3.14) implies for the operator?’ as
well.

Theorem 4.4 Let 2  R* be a bounded domain. Then

the single layer potential V: H® (812) — H:(912) is
invertible.
Proof. Due to Dominguez and Sayas (2006), Lemma A.2)
the operator 1: is Fredholm of index zero and the
first relation in (3.14) implies that so is operator V.
Theorem 4.3 implies the injectivity of operetor V' and
hence the invertibility of operator V' .

To prove the H = (812)- ellipticity of the single-
layer potential operator for the Stokes system we first
introduce the fundamental solution for 1y = 0

K = L k |z—¥] |:J:‘.-—_1;_-:||:x._}-\,:|
] [:xr.}'j = [5 lng - ] |;_}.|Z K]

K - k] Ix ol _ GG
Viws(xy) = -, — [5 |x-}'|': “w,ds,
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In Kohr et al. (2013), Appendix],

potential operator 1;
is,

the single layer

is positive and so is 4, , that

(p WW)g, =0 (45)
for a non zero W that satisfy fap wdS =0 and
follows the theorem.

Consider the following basis of the space of rigid
body  translations in ut =[1,0]7,
p =[0,1]"

Theorem 4.5 Let 2 € R* be a bounded domain with

smooth boundary 012. Let 882 is contained in the interior of

plane:

a circular disk with a radius R. If 15 = Rez then Vis

H = (812)- elliptic.

Proof. First we show the positivity of 1: and we use
a similar procedure as in Vodifka and Manti€(2004),
Proposition 2]. Let @B denote the boundary of the
disk with radius R containing 812. The operator 5, is
positive by (4.5). So that

(v W, W)aauam) =0 (4.6)
for nonzero W EH:z (dnNUJB) satisfying
fa.rzuaa w(x)dS, =0 , 3 wj(x:]r:i.‘jx =¢; and

3z Wi (x)dS, = 2w, for a chosen ;.

Decomposing the integral in (4.6) yields

0<ly ;kWyW))aan[ W;(x] H . )k(xlijjds,‘dsx

in o8
! \ [ e i
i in
+ AR W_;I('x:] [_faﬂ u }'k (x!.}rj%(.}r:]ds}ldsx'(47)

The in equation (4.7), the second, third and fourth
integrals becomes respectively

-1 3
ol | -2 lcrg + 1 (ci+c2),
-1 2 2
= _—2 lcrgr—n + 1_ (c7 +¢3)

and
10 R 1 2 2
= _—Elngr—n-l- 1_ (e +¢3).

Hence, equation (4.7) becomes

0<(p wwhay— —[ Zlog -I- 1] (cf +¢7).(4.8)
Also equation (4.8) can Be wrltten as

0<(y ww}ap—T[ Zlog + 1] (cf +¢5).(4.9)

The second member in (4.9) vanishes for

R = 1ye2, therefore (4.9) must be positive for any

nonzero W. From the positivity and Garding
inequality which is indicated from [19, Eq.(A.15)] for

the scaled one, so it is also V. We find thatV is

H = (8.42)- elliptic due to Lemma 5.2.5 in [4].

Theorem 4.6 Let n c R? have

diam(f2) < R = 1,2, then the operator V has a
bounded inverse on H z (802).

Proof. By Theorem 4.5 the operator V is H z (912)-
elliptic and due to Theorem 3.1 it is also continuous,

that is, bounded. Hence, by Lax-Milgram Lemma 14
has a bounded inverse.

The third Green identities

Theorem 5.1 For any (p,v) € Hm[ﬂ;ﬁl][
the following third Green identities hold
v+ R —VT* (p,v) + Wy v =UA(p,v) in 2, (5.1)
p+RY-IFT (o) + 1% v = Alpv)in £2.(52)
Proof. We use similar procedures as in Mikhailov and
Portillo (2015), Mikhailov and Portillo (2019) to prove. For
an arbitrary fixed ¥ € 12, let B, (¥) € 12 be a ball

with a small enough radius € and centre ¥ € {2, and
let 2, (y) = 2\B_(1). Let first

(p,v) € D(2) x D() € H;o (% 4) (0 erH(ﬂ;A]).

Let us start from the velocity identity (5.1). For
the parametrix, evidently, we have the inclusion

(q*u*) € Hyp (0. (y)4) (or Hyg, |, (2.(y):4)).

Therefore, we can apply the second Green identity
(2.4) in the domain 2_(¥) to (p,v) and to (g*,u")
to obtain

L y+u"[x,}r].TJ’[p(x],v(x])dsx-L 'y+u(x].T+(x;qk(x,y],uk[x,y])dsx

], vy T o) o)~ [yl T*(x-q*(x 1) (1),
+ ] Ry @dx= [, Alpv)a(x y)dx (5.3)

Since all the functions in (5.3) are smooth, the
canonical conormal derivatives coincide with the

1.0
Hdu $['ﬂ“4j)

classical ones and it is easy to show that when € — 0,
the first integral in (5.3) tends to 0, the second tends to
-1, (}’], while integrands in the remaining domain
integrals are weakly singular and these integrals tend
to the corresponding improper integrals, which leads
us to (5.1) for

rHp,

(v,v) € () x D(@) € HLL,(0;4) (ot (3;),
Let us now prove the pressure identity (5.2) for
(p,v) € D[ﬂ) X D(ﬁ) One can do this using the
second Green identity similar to (5.3) but we will
employ a slightly different approach. Multiplying
equation the Stokes operator by the fundamental

pressure vector x,y), integrating over the
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domain 2 and writing it as the bilinear form, which
will be then treated in the sense of distributions, we
obtain

lp o alulaytdn)) -[c gl = Calalon)) .4

Applying the first Green identity to the first term, we
have,

(q j(-r?)rae[ﬂ(ﬂ(ae“ﬁaj”i)])ﬂ =—(ﬁ“; j(.,y],g(x][aivj+6}-vi))ﬂ

+{|-; }(!.}r]r“[:x] [aiﬁj + a}'ﬁi}nj}aﬂ (5.5)
and also in the secpnd term

o g =l el +g o) =004 L), (5.6)
Substituting (5.5) and (5.6) into (

terms we get
(¢ 7CADY) =0 "y (0 + )

{ }(!.}r]r“(x] [az v; + a}'vi)nj}aﬂ

{ Ly, p}ﬂ — {q. j(.,}'jr’?nj}aﬂ
2) we obtain . ‘

ol tau), -G T, =(; L1 00), (5.9)

Let us now s1mp11fy the first term in the right hand
side of (5.7) using the symmetry

Orq '(x¥)=0,, '(x¥)and 31). Then,
(@ 1C7)px) (@ +8,)) =20, Cy)wdw) 5.9)

Applying again the first Green identity to the first
term in the right hand side of (5.9), we obtain
Ly

(g “Crbade) = (g by, (o (a)nde) -(0d,
=(8; TCramys), (05 C)udpl, -5 0)00) 510
Now, substitute (5.10) in to (5.9),
(8:0°(..7), u(x)(a, v; + 6}-1:1-)} = 2{6- i
—E{tﬁiq}'[.,}r],viajp} —2v,(y)o,uly) (.11

Now, substitute (5.11) and (5.8) into (5.7). As a result,
we obtain

@A), =20, C)my'n], +2001)d8) 240)
+2v,(nau(y) —p(y) +(, [JJT” (IWJ) ,6:12)

Rearranging the terms, taking into account that
T}F"' (p,v) = T}"’ (p,v), and using the potential

4) and rearranging

_|_
By (2
)

(5.7)

operator  notations, we  obtain (5.2) for
(p.v) € D(02) x D(02).
If the couple (p,v)E m(ﬂ A)(or H:;is(ﬂ A))is a

solution of the Stokes PDE (2.5) with variable
coefficient, then (5.1) and (5.2) give
v+Re— VT (pv)+ Wy'v=Uf in 0(.13)
p+Rv-IFT (pv) + 1% v=, fin 0(514)
We will also need the trace and traction of the third
Green identities (5.13) and (5.14) on 912,

) amy*v),,

%}*"’t} +RYv — VT (p,v) + WyTv=y"Uf
S u) + TR Ry - W (p0) + £y o= 1*(, fUf) (5.16)
One can prove the following two assertions that
are instrumental for proof of equivalence of the BDIEs
and the Dirichlet PDE.
Lemma 5.2 Let 17 € Hr:.!u. (2),p € L*(12) (or Li[ﬂj
satisfy equations.
v+ Rv— VW +Wa =Uf,inf,
p+Rv—IF¥Y + % =, f in0.

Then (p,v) € H3, (; A)(or H., (2;4)) and
solve the equations
Alvip.v)=f (5.19)

Moreover, the following relations hold true:
V(¥ -T" (p,v))(y) - W(@-yv)(y) =0,y €0, (5.20)
F(W-T (pv))y)-M1*(@ -y v)(y) =0, yeL.(5.21)
Proof. FII‘St of aH let us prove

(p,v) € H: [ﬂ A)(or HY (12;4)). Since

d d
ﬁ-l-vi-—'u)
a}r}-
d du .
—_— e L2
a}ri( idy, UG, ) ()

Yigy
We need only to show that f; }-(J’ ip, pv) € L*(0).
Further, from (5.17) due to (3.10) and (3.13) we have,
w=pUf - uRo+ V¥ - yWe =y f-ypRvty U=y (ud)

div I'l'EL ®

d
Aipv) =, ;npww) - (
op

¥ And from (5.18) due to (3.12) and (3.15) we have,

p=Qf -Rv+ ¥ -M"¢ =) f-Rv+; ¥-; “(uo)

Then by (3.18)
)=y (g f-Rot; W=7 Soly f-oty 9=y (o)
=2 o b £ -(R'MRUM fs 91 s o)y )
- f [:R I,?,P[.Rﬁj
Also (R'v,uRv) € Hdu,(ﬂ) X H,,(2) for v € Hy, (1)
the ofR"and R.
) and hence

by using mapping properties

;p.pv) € L2(0)

A(p,v) € L*(0). Therefore, (p,) € Hy, (:4)(or iy, (0:4).
Secondly,

let us prove that (P, I?] solve
A(y;p.,v) = f. Subtracting (5.17) from identity (5.1),
we obtain

V¥ 4+ We" = UA(y;p.v)) in 12 (522)
Subtracting (5.18) from identity (5.2), we obtain

—IFP* + 1%0* = Q[A(y;p,v) — flin  12(5.23)
where #*:= T (p,v) —Wand @ : =y v — .

After Multiplying equality (5.22) by p(¥) and
applying relations (3.10) and (3.14), we get

-y Tty we)=, [Alypv)-fl(5.24)

Therefore
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Applying the stokes operator with it = 1 to these p+Rv—II"Y = Fin 1,

two previous equations, by (3.18) we obtain v+ Rv — Vi = Fin {2,

A (J’:PJ 1’] = f and hence the first equation in (5.19). }r+ Rv—Vy = }r"'F — @gon an,
Finally, the relations (5.20) and (5.21) follow from  where

the substitution of (5.19) in to (5.22) and (5.23). Fy:= Q f— depg., F:=Uf —Weg, (6.4)
Lemma 5.3 . , Using theorems 3.1, 32 and 33 we have,

(i) Let cither ¥* € H= (892) and diam(Q) <mez (F,F) € H;, (1;4).

or W EH? (30). 1f V&' (y) =0, yE R, 525
then ¥* =0

(i) Let @ €H:(dN). 1f W (y)=10, yEN, (5.26)
then @ = 0.

Proof. We will use similar procedures as in [3].
(i) Taking the trace of (5.25) on @42 and using jump
relation (3.40). Then we have

VIP$ = ﬂon aﬂ

If W g Hf(ﬂﬂ] and diam(2) < Tuei, then

the result follows from the invertability of the single
layer potential given by Theorem 4.5. On the other

hand, if & € Hf(aﬂ], then the result is implied by
Theorem 4.4.
(i) Taking the trace of (5.26) and then by (3.40) gives

@+ W = 0on 310, (3.14),
_Tl:ﬁfs + W®* = Oon 912, where @° = u®*. Due

due to

-1
to the contraction property of the operator —1I + W,

then @ is uniquely solvable and ﬁ(}') *= 0,
@ =0 implies®” = 0.

BDIE systems for Dirichlet BVP

We aim to obtain a segregated boundary-domain
integral equation systems for Dirichlet BVP (2.5)-(2.6).
We will use similar procedures as in, Tamirat and
Mikhailov (2015).

Let us denote

P =T (p,v) € H= (312) and will further consider
Y as formally independent on P and ¥. Assuming
that the function (P, I?:] satisfies system of PDE (2.5),
by substituting the Dirichlet condition in to the third
Green identities (5.1),(5.2) and either into its trace

the unknown traction as

(5.15) or into its traction (5.16) on @£2, we can reduce
the BVP (25)- (2.6) to two different systems of
Boundary-Domain Integral Equations for the

unknowns (p, v,4fr) € HY? (17;A4).

div,s

BDIE System (D1)
From the equations (5.13), (5.14) and(5.15) we obtain

We denote the right hand side of BDIE system

(6.1) -(6.3) as
Fl:=[F, F,y"F— @,

which implies F! € Hi"fm&[ﬂ;}l] X Hz(dn)

Note that BDIE system (6.1)-(6.3) can be split into
the BDIE system (D1), of 2 vector equations (6.2), (6.3))
for 2 vector unknowns, ¥ and ¥Wand the scalar
equation (6.1) that can be used after solving the

(6.5)

system to obtain the pressure, P. The system (D1)
given by equations (6.1) - (6.3) can be written using
matrix notation as

Dix =F1, (6.6)
where X' represents the vector containing the
unknowns of the system

X = (p,v,) € L2(0) X HY,(2) X H= (30)
The matrix operator D? is defined by

I R" -7
D= Iﬂ I+R -V
0 y'R -V
Remark 6.1 The term F* =0 if and only if
(fr {pl}j =0

SupposeF = 0, then
second equation of (6.4) by i and applying Stokes

. Now multiplying the

operator with it = 1 to these two equations (6.4), by
(3.18) we obtain f = 0.

In addition, as F = 0, we get that

¥*F — @y = 0impliesgp, = 0.

Therefore, we obtain that @5 = 0 on d£2. And by first
equation of (6.4) we obtain g = 0.

On the other hand assume that (f ,fpc.] =0,
Then immediately we have F* = 0.

BDIE System (D2)

From the equations (5.13),(5.14) and its traction
(5.16) we obtain
p+Rv—II*Y=Finf,
v+ Rv—Viy=Fin,

2+ THR,R)v — W' = T* (Fy, F)on 902,
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where Fy and F are given by (6.4). In matrix form it
can be written as D*X = F?  where
I R -1 F,
pt—[0 T+R -V F ]
0 T*(R"R) ‘I-w T* (F,, F)
Note that BDIE system (6.7)-(6.9) can be split in to the
BDIE system (D2), of 2 vector equations (6.8), (6.9)) for

2 vector unknowns, ¥ and Y,and the scalar equation
(6.7) that can be used, after solving the system, to

,
Fl=
u

obtain the pressure, P.
Remark 62 The term F> =0 if and only if
[:f : qﬂl}j =0

Indeed, it is evident that (f, g.¢@,) =0 implies
F? =0. Let now F* = 0. Lemma 5.2 with Ff; =0
for » and F =0 for v applying to equation (6.4)
implies that f = 0 and %@, = 0,W¢, =0in 2.
Therefore, by Lemma 5.3(ii) ¢5 = 0 on 912,

In the following theorem we shall see the
equivalence of the original Dirichlet boundary value
problem to the boundary domain integral equation
systems

Equivalence and invertibility theorems
Theorem 7.1
feL?(n),g < L*(N0), @, € H2(80)and satisfy the
compatibility condition (2.7) ;
() If some (p,v) € H-®

(EquivalenceTheorem) Let

(12; A) solve the Dirichlet

dit, &
BVP (2.5)-(2.6), then
(o, v,9) € HY (2;4) X H= (902), where
¥ =T (p,v) € H= (30) (7.1)

solves the BDIE systems (D1) and (D2).
i) If (p,v,9) € H> (0;4) X H= (802) solves

div.s
the BDIE system (D1) and diam () < ryez , then
(p, v7) solves the BDIE system (D2)and BVP (2.5) -(2.6),
this solution is unique, and ¥ satisfies (7.1).

(i) If (p,v,y) EH :;’?m (17;4) % H= (812) solves
the BDIE system (D2) , then (IJ, 'ﬂj solves the BDIE
system (D1) and BVP (2.5) -(2.6), this solution is
unique, and 1;'3' satisfies (7.1).

Proof (i) Let (p,v) E H i"?& s(ﬂ::‘-l:] be a solution of

the BVP. Let us define the function ¥ by (7.1). Taking
into account the Green identities (5.13)- (5.15), we
immediately obtain that (IL T?;‘l;"J] solves BDIE

systems (D1)and (D2).

We note that if (pv) € L2(0) X HL, (1) x Hz (0)
solves BDIE systems (D1) and (D2). Due to the first two
equations in the BDIE systems, the hypotheses of

Lemma 52 are satisfied implying  that
(p,v)EH :E’Fmg[ﬂ; A) and solves PDE (2.5) in 12 and
also satisfying

Vi — T (p,v)) —W(p, —y'v) =0 (72)

(i) let (p,v,4p) €H;, (1;4) X H= (80)
solve BDIE system (D1). If we take the trace of the
second equation in (D1)and subtracting the third
equation from it, we arrive at }’+'ﬂ = ¢ on an.
Therefore, the Dirichlet boundary is satisfied.

Now using Dirichlet condition in (7.2), we have ¥
, Lemma 5.3(i) then implies ¥ = T (p,v)

(iii) let (p,v,4p) € H, (2;4) X H= (8)
solve BDIE system (D2). If we take the traction of the
first and second equations in (D2) and subtracting the
third equation from it, we arrive at P = T+ (F, 'ﬂ] on
012. Therefore Y satisfies (7.1) .

Now inserting ¥ = T* (p,v) in (7.2),we have W,
Lemma 5.3 (ii) then implies ¢y = ¥ T v. therefore,
satisfy the Dirichlet Condition.

The uniqueness of the BDIE system solutions
follows form Theorem 2.1.

Theorem 7.2 If diam () = Ei, then the following
operators are invertible
DL 13(0) X B, (0) X H= (30) = 12(0) X HL, (0) X H2(20) (7.3)
DLH, (0A) X H= (30) — Hy (GA)XH:(30) (7.4)
Proof. Theorem 7.1(ii) implies that operators 7.3
and 7.4 are injective. To see this, let DIX = 0, then

F'=0, or by Remark 61, which implies
(f.8.9)= 0. This means A(p,v) =0,
@, =y v=0, hence by Theorem 7.1(i),

v =0,p = 0,9 = 0. Therefore, X = 0.

Let us denote
i H =
v ]
-V
Then

r o

D = Iﬂ I

0 0
D' 12(0) X Hy, (0) X H= (80) — L2(0) X H, (1) x Hz(a0)
is continuous which is bounded. It is invertible due to
its triangular structure and invertibility of its diagonal
operators I:L3(2) — L1(12), I: HL(2) — H.(1)

and —V:Hz (812) — Hz(311) (see theorem (4.5)).
Due to proposition 3.5 the operator
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D - DLIE(0) x H, (2) X Hf(aﬂ) — I2(0) x HL,(0) X H3(20)

which is
0 B 0
Dl—i”)1=[ﬂ R u]
0 y'R 0

is compact, implying that operator (7.3) is Fredholm
operator with zero index (cf. McLean (2000), Theorem
2.27) and then the injectivity of operator (7.3) implies
its invertibility.

To prove the invertibility of the operator (7.4),
consider the solution X = (DY) 71F? of the system
(6.6). Here F'eg Hm L(1;4) x Hz(21)
arbitrary right hand side and is the inverse of the
operator (7.3) which exists. Applying Lemma 5.2 to
the first two equations of the system (6.1)- (6.3), we get
that X &€ Hﬁ!EL L(2; A) X H= (817). Consequently,

the operator is also the continuous inverse of the
operator (7.4).
The following similar assertion for the operator

is an

D? holds without the needs of setting condition on the
space of functions.
Theorem 7.3 The operators

DR L(0) X H (0) = (30) = E(0)X i 0 (), 7.5)
DLHY (0,4) x H= (30) — H® (0;4) x Hx(30)

divx
are invertible.

Proof. Theorem 7.1(iii) implies that operators 7.5
and 7.6 are injective. To see this, let D“X = 0, then

div, ee(

F*=0, or by Remark 62, which implies
(f;g;fﬂgj = 0. This means A(p,ﬁ] =0, p; =0,
hence by Theorem 7.1(iii), v =10,p =0,¢ =0.

Therefore, X = 0,
Let us denote
I 0 -
pi=|0 I -V
0 0 31
Then D? is continuous which is bounded. It is
invertible due to its triangular structure and
invertibility of its diagonal operators
I:12(R) — L*(7) and I:HY, (1) — HL, (9).
Due to Theorem 3.1 propos1t10n 3 5, the operator

0
0 I + R ]
0 TY'(R,R) W

is compact, implying that operator (7.5) is Fredholm
operator with zero index (see, McLean (2000), Theorem
2.27) and then the injectivity of operator (7.5) implies
its invertibility.

To prove the invertibility of the operator (7.6),
consider the solution X = (D) 1F?

Here
Fle Hi‘ﬂ (2 4) % Hi[ﬂﬂ] is an arbitrary right

hand side and is the inverse of the operator (7.5)
which exists. Applying Lemma 5.2 to the first two
equations of the system (6.7) - (6.9), we get that
X e HY (02;A)x H= (812). Consequently, the

div,=
operator is also the continuous inverse of the operator
(7.6).

Appendix: Proof of the relations
The parametrix-based integral operators depending

on the variable coefficient, [, can be expressed in
terms of the corresponding integral operators for the

constant coefficient case, & = 1.
Here we prove relations (3.10) -(3.17).

: | _i : ka AL
0AL)- j el = J o e [ ! fly

=— [U p] (¥), which is relation (3.10).
uly
Fory € RZ,

dlplx
Rkp(y):Rkipi(y]:JRk}'(x'prf(x]dFJ‘ﬁ%; EJG ku; k](x—y)p}-(x]dx
— ia(ﬁ(x]) _al® &k a:: 11{ Qrﬁ)
_LM x| +(3xi- +ax}.j P Wi

iM(&‘ o (x)dx

[ L)as [ ),
_L”U'] ooy pllit 2ly) B, ajp}-[x]dx

(et

ﬂﬂ(yJ: & v
Lﬁ _f“al.:_:)]as_liip}(x]dx fﬂm:”ax )[]dxﬂ alm kp},(x]dx}
=_$ fi" ar::})%p[x]dx-l- fp @ﬁp}-[x]dx‘l' fﬂ al.:;fj)ﬁ kpj(x]dx
—}[fa (ot )x dem (530 0de+ (p}.a}ﬁ)(x)dx}
=l oanohint ] Hoanict | Yo
=_$[ai}-[i’f k}'(P}'ai”)(J'Ha%U kf(P}'af.“)(}'J 0 (P}a.ﬂ)(y)_J

that is,

RkP(?) =

g, '
@L_V:U kj[p”'a"ﬂ)(wr@j” kf(piai”)() 0 k(P;a 1)y )l
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= =-| ¢lx x=—@:fx x=i’
01=0)=-| e | 2 =l
a 1(xy)dulx )
R'ply) =R, (y)= Ev-p-f %%p}(ﬂdx -2, (yJa—i(yJ,(y €n),

i "'x_‘;:'ﬂulx} au
= _ _'i—
2= e P (®)dx =25, 5~ ()

=-2 %L o 1 (6y)@u@)p;)(x)dx—20,(y) :_f )

- _gi_ - .[p}.a.ﬂ)(vj — 2p;(¥) ST# ().

8y ¢
2)dS = .)}{ [ }-k(x,}fjp}-(xlﬁx}

:_fa

= [— [ -"(x,yjp}-(xjdsx] =X £,
(Wl (y):=- f T(xq 1)y o x)ds, __fap :x; +(xq 5 k](x,y]pj[x)dsx

- lfarl' }[

m }3'
el ()= [, v (xy)p, (%)

B ﬁ [_ [
[Wpl,(y):= ‘J Tf (Jc;qk,uk][74',3;];31[:4:)ds}6 - _j

i1 am”(y)r :
1 2 s °
= #}}f_rl T j[x q k’u k)(x,y].u(x]p}(x)

Fal)=Ep )=, , ey, =g 3,0)=

j x #,}}[W P]
L},[—faﬂj }-k(x:}fjpj(x)dsx]

F@ ), (0ds,| = =[5 p], )
). ol b

P

x #3}[11? P]
2 ol): =

1= )= 2, S e, =1, Sl s,
7 ).

CONE jwquummds j
an
Au~ auk

| (4 s o (az (Ha e )) O,

e y)e (s,

0, (15" ) (), () (),

! ) ni(]")ﬂj(x}dsx

W(ﬂiy}(ﬁ); g
il o
g

- lf) s

{4
(P(} i u(} ﬂa} (pé )‘ }) gl

o -2

-2 cx:ﬁ“i'

“for HES ])ﬁa—”(—faﬂ; B,)

#'1}}3?}}[ an ump} (x)ds, ))ﬂ (¥)

o (L 1w
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