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ABSTRACT

This study is an extension of our study on matrices of zero divisor graphs of classes of
3-radical zero completely primary finite rings. It focusses on Matrices of a class of finite
rings R whose subset of the zero divisors Z(R) satisfies the condition (Z(R))* = (0)
and (Z(R))* # (0) for all characteristics of R that is; p, p?, p® and p*. We have
formulated the zero divisor graphs I'( R) of R and associated them with three classes of
matrices, namely, the Adjacency matrix [A], the Laplacian matrix [L] and the Distance
matrix [d;;]. The study has further characterized the properties of the graphs I'(R) and
the matrices mentioned.
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1 Introduction

The study of various classes of the zero divisor graphs obtained from finite rings has
been very active since its inception by Beck [2] in an investigation of graph colourings of
commutative finite rings. Perhaps, further and simpler developments in this endeavour
can be attributed to Anderson and Livingston and Mulay in [1] and [8] respectively
who investigated various properties other than colouring. In particular, Mulay in [8]
characterized the cycles and symmetries associated with a class of zero divisor graph
obtained from finite rings. The mentioned studies in [1, 2, 8] were all aimed at determining
the classification of classes of finite rings using the properties of their graphs. The
structures of unit groups, zero divisor graphs and the associated adjacency matrices
of Galois rings, square radical and classes of cube radical zero completely primary
finite rings are well understood (see for example [5, 6, 7, 9, 10]). In particular, Lao et al
in [5, 6, 7], considered the automorphism groups of the zero divisor graphs of Galois
rings, 2-radical zero and 3-radical radical zero completely primary finite rings, while
Ndago et al in [9] obtained the properties of the Adjacency and Incidence Matrices
from the zero divisor graphs of the 2-radical zero finite rings. Most recently, the authors
in [10] extended the study of 3-radical zero finite rings covering the algebraic properties
of the Ajacency, Laplacian and Distance Matrices associated with the graphs I'(R) of
the 3-radical zero finite completely primary rings. Closely related works can be found
in[14, 15] where R = Z, x Z, for p = 2,3 and 5, Z,[i] x Z,[i] for p = 2,3 and 5. In each
case, an analysis of the determinant, trace, rank and the symmetry of the matrices was
done. Further, a research on the adjacency universal spectrum of I'(R) on the ring Z,
with its compliment was done in [16]. In the study, an investigation on the loopless
graph G with matrices [A] and [D] was performed by choosing a universal matrix U(G)
whose computation algorithm was 5D + vl + nj + oA with a(#£ 0),7, 8,7 € R, being
the matrix identity and j having entries of 1.

The Adjacency matrix [A], the Laplacian matrix [L] and Distance matrix [d;;] have
inherent structural algebraic relationships which give the matrix representation of the
zero divisor graphs I'(R) for ease of their algebraic and geometric analyses. Consider
the Adjacency matrix [A] and the degree matrix [D] of T'(R), the Laplacian matrix is a
square matrix computed through the relation, [L] = [D]—[A]. Bilal in [3] investigated the
eigenvalues of Laplacian matrix of I'( R) associated with Z,,. The research showed that
the Euler’s totient function ¢ satisfies the relation ®(gp) = ®(q)®(p) for relatively prime
integers p and ¢ in the ring Z,, x Z,. Also, in [13] and [17], signless Laplacian spectrum
and Laplacian Eigenvalues of zero divisor graphs of the ring Z,, were investigated.
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Let R be a completely primary finite ring whose subset of zero divisors Z(R) satisfy the
condition (Z(R))* = (0) and (Z(R))? # (0). Then it is well known that the characteristic
of Ris p, p?, p* or p*. For certain classes of R, the unit groups R*, the automorphism
group aut(R*), the zero divisor graphs I'(R) as well as the aut(I'(R)) are well known.
This paper focusses on the adjacency, Laplacian and distance Matrices of the zero
divisor graphs of the classes of R.

Throughout the paper, R,I'(R), deg(v), V(I'(R)), [A}:;, [L];; and [d;;] are used to denote
the completely primary finite ring, the zero divisor graph of R, the degree of a vertex
in I'(R), a vertex set of the zero divisor graph and adjacency, Laplacian and distance
matrices respectively.

2 4-Radical Zero Completely Primary finite Rings of
Characteristic p

The following construction can be obtained from [11].

2.1 Construction |

Let R = GR(p",p) be a Galois ring of order p" and characteristic p. Consider finitely
generated R’-modules U, V, and W such that dimgr U = s, dimp'V =t and dimp W =
Aand s+t+ X\ = h. Letthe R’ modules be generated by {uy,us - - ,us}, {vi,va, -+, v}
and {wq,ws, -+ ,wy} respectively sothat R = R @ U @& V & W is an additive abelian
group. Suppose s = 1,t =1and A = h—2,then R = R'® R'u® Rv® Y 1—2 R'w, where
pu = 0,pv = 0,pwr = 0 such that 1 < k < h — 2 for any prime integer p. We define
multiplication on R as follows;

(ao, ap,dg, - 7ah)<b07 bl> b27 e 7bh) =
(@obo, aoby +a1bo, acby + ashs + aiby, asbs + asbs +arbs +asby, - - -, aoby + apbo +ai1bs +ashy).

As established in [11], R is turned by this multiplication into a commutative ring with
identity (1,0,0,---,0) and further, the set Z(R) of zero divisors of R satisfy the following
properties:

Z(R) = Ru®Rv®Y .,y R, (Z(R)) = Rv@Y;_, Rwy, (Z(R))* = Y3, R, (Z(R))*
(0).

As a consequence, the next result in the sequel holds for I'( R).
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Proposition 2.1. Let R be a ring of Construction I. Then the zero divisor graph T'(R)
satisfy the following properties:

(i) The cardinality of the vertices, | V(I'(R)) |= p" — 1.
(i) Minimum degree, §(I'(R)) = p" — 1.
(iii) Maximum degree, A(T'(R)) = p"" — 2.
(iv) T'(R) is incomplete.

Proof. (i) Since char(R) = char(R') = p and pu; = pv; = pwy, = 0,

‘ R’ui |: P, ‘ R'Uj ’: pt'r" ‘ R’wk ‘: pAr :>‘ Z(R) ‘: ps'r'ptr.p)\r — p(s+t+/\)r — phr

but | Z(R)* |=| V(I'(R)) |=p"" — 1.

(i) With the multiplication described, Ann(Z(R)) = (Z(R))3. Suppose the vertex set
Vi = Ann(Z(R)) \ {0}, we thus have that | V; |= p” — 1. Since there are only p" — 1
vertices adjacent to every vertex then the minimum degree of a vertex is p” — 1.

(iii) Since the number of vertices in I'(R) is p"" — 1, there exist x € V; connected to every
vertex in the graph. Therefore, the degree of z, deg(z) = (p"" —1) -1 = p"" — 2 =
A(I'(R)) for the avoidance of self loop.

(iv) Clearly, 5(T'(R)) is not equal to A(T'(R)) illustrating that the vertices in T'(R) do not
have the same degree of connectedness. That is, not every pair of vertices in ['(R)
are connected. Further, due to the fact that (Z(R))? # (0), the incompleteness of T'(R)

follows.
O

2.2 Matrices of Zero Divisor Graphs of a Ring in Construction |

Proposition 2.2. Let R be a ring of Construction |. The Adjacency and Laplacian
matrices satisfy the following properties:

(i) [Alwr_y @and [L] -, are singular.
(i) rank([A] e 1) = p" — ph=br,
(iii) rank([L]pe_y) = p"= D + 2.

(iv) Tr([L]ppr_y) = 2p+07 — 3phr 4 p2(h=Dr 4 2pr 4 1.
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(v) For [A],»-_1, the number of real and complex eigenvalues

are p"=Vr and p" — ph—1r — 1 respectively.
0, of multiplicity p»~br — 1;
_17

. (h=1r _2)i, of multiplicity p"" — p" — 2;
and the complex eigenvalues \[A] - = { g (h—1)r _ 132_ of multig /iciti ]1; . pz(?h_l)r ey

Indeed, the real eigenvalues \[A] -, = {

0,
, . pr—1
(vi) The eigenvalues \[L|,m-_, = D - 1,
1, of multiplicity p"" — 4.

0 1 e 1 7]
1 0 1 1
1 1 0 1 :
Proof. (i) Given the adjacency matrix [ 1 1 1 0 --- La_ a1 |, SUPPOSE
0 0 o Oppr e
0 - 0 :
[0 e e e e Oprr 1
we take row 1 as the pivot row in obtaining the determinant, let a1, a2, -+, apnr—y
be the elements of the first row of [A],.._;. Expanding the minor determinants along
the first row, we notice that the matrix minors of a1, = 1,2,--- ,p" — 1 have zero
determinants. That is,
ay (=) | minor (ay,) |= -+ = alphr_l(—l)H(phT*l) | minor (ayn—y) |= 0.

Therefore Z?Z{l((—l)lﬂalj | minor (a1;) |) = 0, hence the determinant of [A] n-_;. A
similar argument can be extended for the Laplacian matrices [L],.-_;. This proves the
singularity for the matrices.

i) Reducing the adjacency matrix to its echelon form by conducting a row operation on
it, we obtain the matrix
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M1 0 Ce 0 T
0O 1 0 0
0O 0 1 0
0 0 0 1 - 1ph7~_p(h71)r'
0 O Ophrfpr
0 -0 :

L0 e e Oy

Clearly, from this reduced echelon form, we obtain p"" — p*~1" non zero rows spanning
the matrix space. This leads to a rank of p"" — p(*=Yr for the adjacency matrix [A]n-_;.

(iii) Similar to (ii), the Laplacian matrix obtained can be reduced to an echelon form

1 0 o .- —1 ]
01 0 0 - -1
00 1 0 0 —1
00 0 1 0 0 —1
00 0 0 1 0 - —1
00 0 0 L0 —10nrys
0 .- 0 :

[0 T 0pnr_q

which is of order (p"" — 1) x (p"" — 1). This results to p*~Y" + 2 linearly independent
vectors which span the matrix row space for the Laplacian matrix [L],.-_;, hence its
rank.

(iv) Let v4,--- ,v € R with7,,--- .7, € R’ form a basis for R’ over its prime subfield
R'/pR’. From the multiplication defined on R, Ann(Z(R)) = (Z(R))? = p®R’. Let V1, V%
and V; be the vertex sets partitioning V (I'(R)) such that V; = Ann(Z(R)*). This implies
that | v, |=p" — 1. Therefore, for z € Vi, deg(x) = p"" — 2.

Consider the vertex set V, = {yiv + S\ 2bywi|b € R'}. Then, | V, |= pt=br — pr
and each vertex y € V5 is adjacent to a vertex of the form ~,v + Zz;f ~viwy. Therefore,
deg(y) = p"~V" — 1. Let the set Vs = {y,u + avyiv + S.1—> cyawgla, ¢ € R'}. This means
that | V5 |= p" — p"~Y" and deg(z) € V5 = p" — 1 since z is only adjacent to the vertices
in the annihilator set V.

The trace of the Laplacian matrix is the sum of diagonal entries in the degree matrix
[D],nr_y. Thus,
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Tr([Llpr 1) = (0" = 2)(p" = 1)+ (p" =" = 1) (p" =" —p7) + (p"" — p"~V7)(p" — 1). Upon
expansion and simplification of this expression, we obtain Tr([L]u_;) = 2p"tHr —
3phr +p2(h71)r + 2pr +1.

(v) Solving the equation | A\ — A |= 0, we obtain the characteristic polynomial equation
APl (phr - AP L T (=D A1 — g which can be expressed in
factor form as AP~ L1+ X)WL N — (phr — p(h=Dr) X 4 p(h=Dr) = 0. Finding A,
we solve \P"""~1 = 0 = X\ = 0 of multiplicity p*~9" — 1, (1+A) =0=> X\ = —1. The
order of the real eigenvalues is obtained by adding the multiplicities (p*~1" — 1) + 1 =
p(hfl)r.

The equation (X" =1 —\P" — (p'" — ph=Dr) x4 p) = 0 yields the complex eigenvalues
as (p"~Y —2)i of multiplicity p"" —p" — 2 and (p"*~1" — 1)i of multiplicity p" — p*~17 + 1.
Therefore, the sum of multiplicities of complex eigenvalues are (p"" — p" — 2) + p" —
p(h—l)r 11 = phr _ p(h—l)r —1.

(vi) For the Laplacian matrix [L]-_;, we evaluate | A\I — [L]»_, |= 0 to obtain the
characteristic polynomial equation —\((—(p"" —1)+X) (= (p"=D" = 1)+ A) (= 1+A)P"" 1) =
0. Finding the values of X in each factor, we have —\ = 0 = X\ = 0. Next, —(p"" — 1) +
A=0= \=p" —1and further —(p*~V" — 1) + A = 0 = X\ = p"=V" — 1. Finally,
(=14 A\)P"* = 0 = X = 1 of multiplicity p"" — 4. O

Proposition 2.3. Let R be a ring of Construction | and [d;;] be the distance matrix then:

(i) Tr([d]) = 0.
(i) rank([d;;]) = p" — 1.
-1, of multiplicity p™ — 1;
(iii) The eigenvalues \d;;] = { —p", of multiplicity p"™ — 2p™ + 1;
—(p" — 1)i, of multiplicity p” — 1, where \ € C.
(iv) Det([dy)) = p+or.

Proof. (i) Since the minimum distance between a vertex and its self d(v;,v;) = 0, it

means that every entry d;; of [d;;] is zero and thus frfl d; = 0. Hence the trace,
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(i) We carry out an elementary row operation on [d;;] to obtain a row reduced matrix of
the form

1 0 0

0 1 0 :
0 0

: . 0

0 «on e Lypr_y

Clearly there are p"" —1 linearly independent vectors in the matrix span hence the rank.
(i) To find the characteristic equation, we solve | A\I — [d;;] |= 0 to obtain the equation

_(1 + )\)pr—l(pr + )\)(phr—2pr+1) (/\pr—l . (phr . 1))\pr—2 . (p(h+2)7“ . 1))\ . p(h-i-l)r) —0.

From the equation, the real eigenvalues are —(1 + A\) = 0 = X\ = —1 of multiplicity
pr—1and (p + N2+ — 0 = X\ = —p" of multiplicity p"" — 2p" + 1.

Solving the equation (AP =1 — (=1 + ph")AP"=2) — (ph+2r _ 1)\ — p(h+1r) = 0 yields the
complex eigenvalues as —(p" — 1)i of multiplicity p” — 1.

(iv) In obtaining the determinant we evaluate 37" (d;;(—1)™7 | minor (d;;) |) =

i =1
ph’/‘_p(h+1)r — p(h’r—i-hr—H‘) — p(2hr+1)7" N

3 4-Radical Zero Finite Completely Primary Rings of
Characteristic p°

3.1 Construction Il

Let R = GR(p*", p*) be a Galois ring of order p*>" and characteristic p>. Consider R’
modules U,V and W which are generated finitely by {uy,--- ,us}, {v1,v2, - ,v,} and
{wy,wq,- -+ ,w,} respectively sothat R = ' & U &V & W is additive abelian group and
s+t+XA=nh Assumes=h—1t=1and A =0sothat R= R &Y' Ru; & Rv
where pu; # 0,p*u; = 0 and pv = 0 with 1 < i < s. The following defines multiplication
on R.

(a07a17a277"' 7ah—17dh)(boablvb2m'” 7bh—176h) =
h—1 B
(aobo +p Z a;b;, asby + arb, -, asbp—1 + ap—_1bo, asby, + apbs)

1,j=1
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where a,, b, € R'/pR'. The multiplication so defined turns R into a commutative finite
ring of identity (1,0,0,--- ,0) as verified in [4].

Z(R) satisfies the following properties;

Z(R) = pR®Y;_, Ru;®R'v, (Z(R))* = pRep YL, Ru@Rv, (Z(R))* =p> L, Ru;
(Z(R)* = (0).

The following result describes some properties of I'(R) of the ring constructed in this
section.

Proposition 3.1. Let R be a ring of Construction Il. Then:
(i) The cardinality, | V(T'(R)) |= p*'" — 1.
(i) The maximumn degree, A(TI'(R)) = p*"" — 2.
(iii) T'(R) is an incomplete graph.
(iv) The minimum degree, 6(T'(R)) = p"" — 1.

Proof. (i) Given that the structure of zero divisors is given by Z(R) = pR' &> ;_, R'u; ®
R'v and due to the fact that pu; # 0, p?u; = 0 and pv = O with 1 < i < s, | pR |=
P, | Ru; |= p* and | R'v |= p". Therefore, | Z(R) |= p"(p*"V)p" = p?". Since
| Z(R)* |=| Z(R)\ {0} | | Z(R)" |=p™" — 1 =| V(T(R)) | .
(i) Let v,--- ,7 € R with vy = 1 such that 7,,--- |7, € R’ is a basis for R’ over its
prime subfield R'/pR’. Let V|, = Ann(Z(R)) \ {0}. From the multiplication described,
Ann(Z(R)) = {pc1yiur + - - - + pcp_1viun—1 + byvler, - -+ ,cp_1,b € R'}. Vertices in V; are
adjacent to every vertex in I'(R). Therefore, every y € V; is of degree p**" — 2 for an
avoidance of self loop. Hence the maximum degree A(T'(R)) = p*'" — 2.
(iii) This is clear due to the fact that (Z(R))? # (0).
(iv) Let V; be the set described in (i), deg(y) € Vi = p** —2 and | V; |= p" — 1.
Any vertex of minimum degree is not adjacent to any other vertex in V(I'(R)) a part
from the vertices in the set V. Since there are p"" — 1 vertices in set V4, it implies that
S(I'(R)) = ph — 1.

O

The results below describe the properties of the matrices associated with I'(R) of
the ring constructed in this Section.
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3.2 Matrices of the Zero Divisor Graph of the Ring in Construction
!

Proposition 3.2. Let R be a ring of Construction Il. Suppose [A] 2w~y and [L]zx-_, are
the Adjacency and Laplacian matrices respectively;

(i) Both matrices are singular.
(ii) rank([A] znr 1) = p*h" — ph".
(iii) rank([L]ene ) is p" + 2.

(iv) The number of real and complex eigenvalues X for [A],zx-_4

[ A ER;
- p2h'r _ phv' _ 1’ b\ c (C

Y

2hr _ hr

hr + pr7
: of multiplicity p".

(v) The eigenvalues \[L]2n-_ =

_Eg O

(Vi) Tr([L] onr ) = p*"" + p"" +p".

Proof. The proofs for (i), (i) and (iii) can easily be followed from proposition 2.2.

(iv). Solving the equation | A\I — [A],2._; |= 0 results to a characteristic equation
of the form AP*""—1 — (p2hr — )N\ =""=1 _ phr o™ L phr — () which factorizes as
APTH(T o )N — N — (p2h — pPT)X 4 phT) = 0. Finding the values of ) from the
equation, we obtain \*"" ! = 0 = \ = 0 of multiplicity p"" —1and A+1 =0 = \ = —1,
as the real eigenvalues. Therefore, by evaluating the sum of the multiplicities of real
eigenvalues, we obtain the number of real eigenvalues to be p"" — 1 + 1 = p/".

The equation from the remaining factor, (A" =1 — AP" — (p?" — pP")\ 4 p") = 0 yields
(p*r —1) — phr = p?h — p"" — 1 complex eigenvalues due to the fact that the adjacency
matrix [A]2»-_; is @ square matrix with p*** — 1 rows and columns.

(v). For the Laplacian matrix [L],:-_4, the equation | A\I — [L]2»_; |= 0 results to the
characteristic polynomial equation of the form —\(—(p?*" —p" )+ A\) (—(p""4+-p") +A) (— 1+
A)P"" = 0. Upon solving the equation, —A\ =0 = A =0, —(p*" —p'") + A =0= X\ =
P —phmand —(p" 4+ pT )+ A =0= A= p" +p . Finally, (—1+ ) """ =0 = A=1
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of multiplicity p"". Hence the eigenvalues for [L] ;.
p2h'r71

(vi). Since trace can be computed as the sum of eigenvalues, T'r([L] 1) = > 7, A =
Tr([L]yznr 1) = 04 p*" —p" + p" + p" + 1(p"") = p*"" + p"" + p" as required. O

Proposition 3.3. Let R be a ring of Construction Il and [d;;], the distance matrix then;

(1) Tr([ds;]) = 0.
(i) rank([d;;]) = p*'" — 1.

—1, of multiplicity pt+2r — 2;
(iii) The eigenvalues A = { —p", of multiplicity pt*+2 — 1;
s(oc £ Vo2 —4r)

(iv) Det([dy;]) = p@H+2)r.

Proof. (i) Follows from the fact that d(v;, v;) = 0, thus entries d;; of the main diagonal
are all 0's hence the trace.

01 1 -+ --. 1
. _ _ ) 10 1 1 -- 1
(i) Given the general distance matrix [d;;|2n—; = . . _ :
00 -+ 0 - Opry
considerthe set V' = {vy,--- ,v,2n-_ } CcONsisting of vectors which are linearly independent
1
0
from a row reduced echelon form of matrix [d;;],2.-_; such that v; = v =
0
0 0
1
0 ;v = | | . Clearly, the set V' is of dimension p*" — 1 equivalent to
: 0
0 1

the dimension of the matrix thus the matrix space is spanned by vectors in V. Therefore
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the rank([d;;]) = p*" — 1.

(iii) We solve the equation | [d;;] — Al |= 0 to obtain the characteristic polynomial
(1+)\)p(h+2)7' 2( +)\)p(fL+2)7' 1()\2 ( (h— l)r(p(h—‘rQ) p 1))\+(2p(h+2)r+2phr_4)(phr+
3)). Finding X in each factor, we solve (p” + \)P"*"~1 = 0 = X = —p” of multiplicity
p"2r — 1 Further, —(14A)P"™" 2 = 0 — X = —1 with a multiplicity of p(**2r —2. For

the quadratic part, we solve \2— (pth=1r (ph+2r —phr 1)\t (2p P27 1-2ph —4) (p" +3) =

0. If we let (p=Vr (ph*+2r — phr — 1)\ = o and (2p+27 + 2ph" — 4)(p"" + 3) = 7, we

obtain (o £ Vo> — 47).
(iv) This follows form the proof of the determinant of distance matrix in proposition
2.3. O

4 The 4-Radical Zero Finite Completely Primary Rings
of Characteristic p°

4.1 Construction lli

Let " = GR(p*,p?®) be a Galois ring of characteristic p*> and of order p*". Consider
finitely generated R’ modules U, V and W with dimensions s, t and \ respectively whose
generating sets are {uy, -+ ,us}, {v1, -+ , v} and {wq,--- ,wy} where s+¢+ X\ = h so
that R= R & U &V & W is an additive abelian group. Consider s = h — 1,t = 1 and
A=0sothat R = R & Y""! R'u; & R'v where p*u; # 0, pPu; = 0 where 1 < i < s and
pv = 0. The following multlpllcatlon is defined on R: 3
(amal;a&" L, Ap—1, ah)(b07b17b27 b1, br,) = (aoboaa/ol_)1+a1b07 s Aoby 1+ 1bo, acby+
anbo + Z” La;bj) where @;, b; € R’/pQR' and ay, b, € R'/pR’. From [12], it is verifiable
that R is turned into a commutatlve ring with identity (1,0, --- ,0,0) by the multiplication
The set of zero divisors Z(R) satisfy the properties below;

Z(R) = pR & Y1, Ru; & Rv, (Z(R)? = p*R @ pY._, R ® R'v, (Z(R))* =
pR'v, (Z(R))" = (0).

The results in the sequel describe some properties of I'(R) of the ring constructed
in this Section.

Proposition 4.1. Let R be a ring of Construction Ill. Then:

(i) The cardinality, | V(T'(R)) |= p*'" —
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(i) The maximum degree, A(T'(R)) = p*"" — 2.
(iii) The minimum degree, §(I'(R)) = p"" — 1.
(iv) The graph T'(R) is incomplete.

Proof. (i) Given that Z(R) = pR' @ >_; , R'uv; ® R'v and that p?u; # 0, p*u; = 0 and
pv = 0, it is easy to see that | pR’ |= p*, | R'u; |= p* and | R'v |= p". Therefore,
| Z(R) |= p*r(p*"V)p" = p*. Since | Z(R) \ {0} |=| (Z(R)" |= p*" — 1,=|
(Z(R)" |=| V(T(R)) |=p> — 1.

The Proofs for (ii) and (iii) are described in the next Proposition. For (iv), the fact
that (Z(R))? # (0) explains the incompleteness of I'(R). O

Proposition 4.2. Let R be a ring of Construction Ill. Suppose Vi, V,, V3, V, and Vs are
the partitions of V(I'(R)). Then the degrees of vertices v € V(I'(R))

p3hr_2’ UEV'land|‘/1|:phr_1;
p2hr _ 27 v E ‘/2 and| ‘/2 |: p2hr _phr’.
=1 deg(v) € (XUY) =1Vj, v e Vyand| Vs |= plhtir — ph=r

(
deglv) e WU Z)=V,, wveVyand|V,|=2ph+2r;
p(h—‘rl)r _ phr + p(h—l)r —1, ve Vs and| Vi ’: p3hr _ 2p(h+2)r +p(h+1)v'.

Proof. We describe the connectedness of I'( R) for the ring in this section as follows:
Let~y, -+ ,v € R with~, = 1suchthat?,,---,7, € R isthe basis of R’ over its prime
subfield R’ /pR’. From the defined multiplication, Ann(Z(R)) = {p*viuy +- - -+ p*yiup_1 +
byv | be R'}. LetV; = Ann(Z(R))*, therefore the order of V;, | V; |=p"" — 1. Every v €
V} is adjacent to each vertex in I'(R) and therefore the degree, deg(v) € V; = p3" — 2.
Similarly, consider set V, = {p*r, + p*viuy + -+ - + p*yiun_1 + byv | p’ro # 0,b € R'}.
Each vertex v € V4 is connected to other vertices in T'(R) apart from the vertices of
the form pr, + v;uq + - -+ + vup—1 + by;v,b € R where r, is not a multiple of p. Thus,
| Vo |=p*" — p"" and deg(v) € Vo = p*'" — 2.

Next, suppose X = {p?r, + pyius + -+ + pyiun_1 + by;v} \ Vi U V4. It means that the
order of X, | X |= p*+Yr — ph* Each vertex in set X is connected to a vertex in either
set Vi, Vo, X orY where Y = {pyus + -+ pyup_1 + byv | b € R’} \ V4. This implies
that | Y |= p" — p»~1" hence, deg(v) € X = ph=Dr — 1 4 phr — ph=Dr 4 phr (b=l
phthr — phr 1 = plhtlr ophr _9p(h=br _ 9 and each v € Y is adjacent to either a
vertex in Vi, Vy, X or Y. Thus deg(v) € Y = ph+ir 4 phr — oph=br _ 9,
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Further, let V3 = X UY. and consider set W = {pr, + py;us + -+ - + pyup_1 + byv | b €
R} \ V1 UV, U Vi. Therefore, the order of W, | W |= pht2r — (p(h=Dr 4 phtr _ phr 4.
phr — ph=Dry = ph+2r _ p(h+0r Each v € W is either adjacent to a vertex in V; or 1,
therefore, deg(v) € W = ph=1r — 1 4 phr — plh=r — phr _ 1,
Similarly, let Z = {p*ro + yius + -+ + ysun_1 + byv | b € R'}. It means that the order of
Z, | Z |=pr(ph — pth=Om)pr = ph+2r — p(h+lr Each vertex, v € Z is either connected
to a vertex in Vi or Y. So, deg(v) € Z = ph=br — 1 4 ph — ph=br — ppr 1. We finally
considerthe set V, = WU Z. and let set V5 = {pro+~iu1 +- - -+yup_1+byv | b € R'}\Z.
Then, ‘ Vi ’: p(h—l)r(p(h—l)r)pr _ (p(h+2)r _ p(h—l-l)r — p(h—l)r(p(h—l-l)r _ phr) _ (p(h+2)r _
pHry = phtd)r _ gp(ht2)r o p(h+hr - Therefore the degree of every vertex in V; is
p(h—l)r S, <p(h+1)7’ _ phr) — p(h—i-l)r _ phr +p(h—1)r -1

[l

4.2 Matrices of the Zero Divisor Graph of a Ring in Construction
]!

The following results describe some properties of the Adjacency, Laplacian and distance
matrices associated with I'( R) of the ring described in this section.

Proposition 4.3. Let R be a ring of Construction Ill. The adjacency and Laplacian
matrices have the following properties;

(i) [Alsnr 1 @nd [L]sne—, are both singular and symmetric.
(if) rank([Alysnr 1) = p*" — p*" +p" + 1.
(iii) rank([L] s, ) = p*'" — ph=br.

p2hr _phr + 1’ /\ c R,

(iv) The number of real and complex eigenvalues \ = { P g b ) €

for both the adjacency and Laplacian matrices.

Proof. The steps for the proof of (i),(ii) and (iii) are similar to the ones in proposition
2.2. We provide the proof for (iv) as follows.

Upon solving the equation | A\ — [A] s, |= 0, we obtain the real eigenvalues by
evaluating —\®*""=#""=2")(1 4 X\)?"+! = (. This implies that A = 0 of multiplicity p?"" —
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p" — p" and A = —1 of multiplicity p” + 1. Therefore real eigenvalues are p**" — p'" —
p"+p"+1=p* —p" 4 1in number. The number of complex eigenvalues in [A] sn_;
is (p3hr _ 1) _ (thr _ phr + 1) — p3hr _ p2hr _ phr.

For the Laplacian matrix, simplifying | AI — [L],:»-_; |= 0 results to the characteristic
equation of the form —(—1 + X))@ —2""=r")\¢"+1 — (. Solving the equation yields real
eigenvalues A = 0 of multiplicity p” + 1 and (=1 + \)®@*""~2"-1) = ( implying that A = 1
of multiplicity p**" — p"" — p. Therefore, the number of real eigenvalues are p**" — p" —
p" 4 p"+1=p*" — ph + 1. From this and given that the matrix is of order p**" — 1, the
complex eigenvalues are p*'" — p?» — p" in number. O

Proposition 4.4. Let R be a ring of Construction Ill and [d,;], the distance matrix. Then;
(1) Tr(ldi;]) = 0.
(i) rank([d;;]) = p*' — 2.

-1, of multiplicity p*'";
(iii) The eigenvalues A = ¢ —p*,  of multiplicity p*" — 1;
2r
P +1

(iv) Det([d;;]) = p"".

Proof. The steps for the proof are similar to those in propositions 3.3. O

5 4-Radical Zero Finite Completely Primary Rings of
Characteristic p*

5.1 Construction IV

Let R = GR(p*, p*) be a Galois ring of order p*" and characteristic p*. Consider finitely
generated R'-modules U,V and W generated by {u,us,--- ,us},{v1,ve, - ,v;} and
{wy,wq,- -+ ,wy} respectively. Let dimpU = s,dimrV =t and dimrpW = A, so that
R=Ra&UaV eW is an additive abelian group and s+¢t+ X = h. Assume s = h,t =0
and A = 0 so that
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R=R &5 ., Ru; with pu; = 0, 0 <i < s. The multiplication on R is defined by;

(aovala o 7ah)(b0751a T 75}1) =
(aob07 aogl + alboa e aogh + ahbo)
where @, b; € R'/pR’ and 1 < 4,5 < s. R is turned by this multiplication into a
commutative ring with identity (1,0, --- ,0). The set Z(R) satisfy the following properties;
Z(R)=pR ® 3 R, (Z (R)? = sz’, (Z(R))? =p’R', (Z(R))" = (0).
The following result describes the zero divisor graph I'(R) of the ring constructed in
this Section.

Proposition 5.1. Let R be a ring of Construction IV. Let V,,V,, V3 and V, be the order
of partitions of vertices in V(I'(R)). Then:

(i) The cardinality, | V(T'(R)) |= p"+3r — 1.

p(h+3)r —2 veW and| Vi |_ (h+2)r —1:
hr (h—1)r r
.. "+ p +p,v€VQand|V2|_p,
1l =
()deg(v) p(h+1)r _pr’ vE V}, and| VE; |_ p +p( *1)1“’.

phr _p(hfl)r + 1’ veV, and| Vi |_ (h+1)r phr

Proof. (i) Given Z(R) = pR' @ >_;_, R'u; and that pu; = 0, then, | Z(R) |=| V(I'(R)) | .
Further, | pR' |= p* and | R'u |= p". Therefore, | Z(R) |= p* (p") = p"*+3 and
| Z(R) \ {0} |=p"*r — 1 =

| V(T(R)) |-

(i) Let 4,79, ,v € R with 4 = 1 such that 7,,7,,---%, € R’ forms a basis for
R’ over its prime subfield R'/pR’. From the multiplication given, Ann(Z(R)) = {p®r. +
bysui+- - -+byauy | b € R'}. LetV; = Ann(Z(R))\{0}. This implies that | V; |= p("~7—1.
Each vertex v € V; is connected to every other vertex in V(I'(R)). Therefore, deg(v) in
the set V; is p(t+3r — 1 — 1 = plht3r _ 9,

Let Vo = {p*ro + byius + -+ + byuy, | b € R'}. Clearly | V, |= p"" and every v € V; is
adjacent to a vertex of the form pr, + by;uy + - - - + byuy, therefore, deg(v) in the set V5
is phr 4 p(h—l)r _|_p7“

Further, let V3 = {p%r, +byiuy + - +byuy, | b € R’} then | Vi |= p + pth—1). Each
v € V3 is adjacent to the vertex of the form p?r, + by;uy + - - - + by;uy, therefore, deg( )in
Vs is p(h+1)r _ pr‘

Finally, let V, = {pro +yius + - - - +yaun} \ Vi U Vs. Therefore, | V, |= ph+Dr — (ph=br 4
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phr — plh=bry = plh+r _ phr Each v € V, is either adjacent to a vertex in Vi or V4. So,
deg(v) in the set V, is p"" — (ph=V7 — 1) = p — ph=br 4 1. O

5.2 Matrices of the Zero Divisor Graph of a Ring in Construction
v

Proposition 5.2. Let R be a ring of Construction IV. The adjacency and Laplacian
matrices satisfy the following properties;

(i) [A] jssrr_ @nd [L]w+3-_, are both singular.
(ii) rank([A] jnrsr_y) = p" + p=7 4 1.
(i) rank([L]yonssr_y) = pPHDT 4 phm 4 2.

(h+1)r (h—1)r .
. . o +2p , A€eER,;
(iv) The number of real and complex eigenvalues \ = { P2 _ (ke Zoper 1 ) e C

for both [A]p(h+3)r,1 and [L]p(h+3)r71-

Proof. We provide a proof for (iv). The proof for (i),(ii) and (iii) are clear. Upon obtaining
the characteristic polynomial for the adjacency matrix, we find the real eigenvalues from
the equation

—AEEETETIT=1) (14 A) @YD) — ) The solution to this results to A = 0 of multiplicity
p DT L p(=1r 1 and (1+1)@" "+ =  implying that A = —1 of multiplicity p"~)7 +1.
Therefore, the number of real eigenvalues from the characteristic polynomial equation
of the adjacency matrix is ph+Hr 4 ph=br 4 p(h=br 1 4 1 = phtlr 4 2p(h=br,

Given that the adjacency matrix [A],w+s._, is @ square matrix with p"*2" — 1 rows
and columns and its characteristic polynomial has both real and complex parts, we

have that the number of complex eigenvalues are (p"*+2r — 1) — p(h+r 4 ph=Dr —
p(h—i-Q)'r . p(h—l-l)r - 2p(h—1)'r —1.

For the Laplacian matrix, the characteristic polynomial equation is of the form
_()\p(thz)r,l+)\p(h+1)r_p(h,1)r)(_1+)\)(p(h+1)r+p(h71)r,1)/\(p(hfl)mrl) — 0. From the equation,
we obtain the real eigenvalues by solving the equation (—1+X)®" ™+ =71\ =07+ 1)
0. This implies that A = 0 of multiplicity p*~1" + 1 and A = 1 of multiplicity p**Vr +
p=br — 1. Similarly, we can find the values of X in the remaining factor by solving the
equation —(\*"™" =1 4 \p(+r — p(h=Dry — ( to obtain the complex eigenvalues. [

Licensed Under Creative Commons Attribution (CC BY-NC)

77



Vol.4 (Iss.2),pp.61-80, 2024, ISSN:2788-5844 http://sciencemundi.net

6 Conclusion

In this paper, we have established that the zero divisor graphs of classes of 4-Radical
Zero Completely Primary Finite Rings can be expressed in terms of matrices. Therefore,
this provides an illustration for better analysis of the graphs from the perspective of
matrix algebraic properties. The focus of this research was on the Adjacency, Laplacian
and Distance matrices associated with the zero divisor graphs of the classes of rings
in constructions | to IV. A further research on other types of matrices can be explored.
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