
Vol.4 (Iss.1),pp.149-180, 2024 ISSN:2788-5844 http://sciencemundi.net

Matrices of the Zero Divisor Graphs of Classes of
3-Radical Zero Completely Primary Finite Rings

Frank Omondi Ndago 1

Maurice Owino Oduor2
Michael Onyango Ojiema3

1fndago@mmust.ac.ke
2moduor@kabianga.ac.ke
3mojiema@mmust.ac.ke

1 Department of Mathematics, Masinde Muliro University of Science and Technology, P. O. Box
190-50100, Kakamega, Kenya.

2Department of Mathematics, Actuarial and Physical Sciences, University of Kabianga, P.O.Box
2030-20200, Kericho, Kenya.

3Department of Mathematics, Masinde Muliro University of Science and Technology, P. O. Box
190-50100, Kakamega, Kenya.

Original Research Article

Received: 29 February 2024
Accepted: 10 May 2024
Published: 16 May 2024

ABSTRACT

The study of finite completely primary rings through the zero divisor graphs, the unit
groups and their associated matrices, and the automorphism groups have attracted
much attention in the recent past. For the Galois ring R

′ and the 2-radical zero finite
rings, the mentioned algebraic structures are well understood. Studies on the 3-radical
zero finite rings have also been done for the unit groups and the zero divisor graphs
Γ(R). However, the characterization of the matrices associated with these graphs has
not been exhausted. It is well known that proper understanding of the classification of
zero divisor graphs with diameter 2 and girth 3 can provide insights into the structure of
commutative rings and their zero divisors. In this study, we consider a class of 3-radical
zero completely primary finite rings whose diameter and girth are 2 and 3 respectively.
We enhance the understanding of the structure of such rings by investigating their
Adjacency, Laplacian and Distance matrices.
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1 Introduction
Throughout the paper, R represents 3-radical zero completely primary finite ring, Γ(R)
is the zero divisor graph of R and R′ = GR(pkr, pk) denotes the Galois ring of order
pkr and characteristic pk for some positive integers k, r. Z(R) and J(R) are subsets of
zero divisors and Jacobson radical respectively. R∗ denotes the unit group of R. Unless
stated otherwise, other notations are standard.

A finite unital ring R is called completely primary if the subset of its zero divisors
forms a maximal ideal[16]. These classes of finite rings have been used in the classification
of all other classes of finite rings with identity 1 ̸= 0. The Galois rings, the maximal
submodules of finite rings are the trivial classes of completely primary finite rings vital
in the classification of rings of idealization. They have been studied by a number of
authors for the structures of their unit groups and zero divisor graphs up to isomorphism,
(see for example[3, 9]) among others. The 2-radical zero completely primary finite
rings have also been classified using the unit groups, the zero divisor graphs, the
automorphisms of the graphs and the adjacency and incidence matrices, [3, 10, 14].
In this paper, we investigate the matrices of zero divisor graphs of a class of finite rings
with the unique maximal ideal Z(R) such that for any fixed s, t = s(s+1)

2
where s and t are

the dimensions of R′-modules U and V respectively. This is an extension of the studies
in [3, 4, 5]. Indeed, in [5], a classification of such classes of rings R with Jacobson
radical J(R) satisfying the condition (J(R))3 = (0) and (J(R))2 ̸= (0) was considered
where the enumeration problem was solved for all characteristics of R. Further, a case
of the ring whose characteristic is pk, 1 ≤ k ≤ 3 was considered in [4] by determining
the structures of R∗, for R = R′ ⊕ U ⊕ V where U and V are R′-modules generated by
s and t generators where t = s(s+1)

2
for any fixed s. Another classification attempt was

done in [3] where the automorphisms of R were obtained when characteristic of R = p.
From this study, a characterization was done for the cases in which F is the Galois
field GF (pr) and 1 ≤ t ≤ s2 for a fixed s, t-dimensional F spaces U, V respectively and
(akij) ∈ Ms×s(F) are t linearly independent matrices. The studies mentioned however,
did not provide a classification on the structures of zero divisors and by extension, their
graphs and matrices associated with the graphs.

The concept of zero divisor graphs has also attracted active research since its
inception by Beck as demonstrated in [2]. Other researchers broadened the study
based on their choices of zero divisors from R or annihilator ideals of R as evident
in [1] and [13]. Other ring characterization via the automorphism of their zero divisor
graphs have also been done by some researchers. In [9, 10] and [11], a classification
of the automorphisms of the graphs of these classes of rings was obtained for all the
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characteristics.
Matrices being fundamental in the interpretation of graphs, Katja in [8] computed

the eigenvalues of graphs associated with zero divisors of finite rings. The study
determined computations for nullity, spectrum of Γ(R) and the graph product properties.
Some independent studies have focused on adjacency matrices of zero divisor graphs
of finite completely primary rings. For instance, the research done in [14] was on
the characterization of the adjacency and incidence matrices of a class of finite rings of
square radical zero. Given an adjacency matrix A and a degree matrix D, the Laplacian
matrix is an n × n matrix L such that L = D − A. Some ring classifications have also
been done via the Laplacian matrices of their zero divisor graphs. For instance, a
study on the ring of integers modulo n was performed in [17] through a research on
the nature of their Laplacian eigenvalues. The study involved finding the Laplacian
spectrum structures of Γ(Zn) for n = pN1qN2 where p is a prime integer greater than q
and for positive integers N1 and N2. This research was limited only to rings of integers
modulo n. Research on distance matrices of classes of finite rings have been done
in [12, 15, 18] and [19] among others. In this paper, we focus on a class of 3-radical
zero finite completely primary rings and provide an analysis of some graph geometric
properties of Γ(R). An investigation on the structures of their Adjacency, Laplacian and
Distance matrices is also conducted.

2 Preliminaries

The following results will be useful in the sequel.

Theorem 2.1. [16] Let R be a finite ring with multiplicative identity 1 ̸= 0, whose set of
zero divisors forms an additive group J. Then,

(i) J is the Jacobson radical of R.

(ii) | R |= pnr, and | J |= p(n−1)r for some prime integer p and some positive integers
n, r.

(iii) Jn = (0).

Theorem 2.2. [6] Let R be a completely primary finite ring of order pnr with unique
maximal ideal J such that | R/J |= pr, Char(R) = pk. If R◦ is the maximal Galois
subring of R, then there exist x1, ..., xh ∈ J and σ1, ..., σh ∈ Aut(R◦) such that R =
R◦ ⊕R◦xi⊕, ...⊕R◦xn and xir = rσixi for every r ∈ R◦ and each i = 1, 2, ..., h.
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Theorem 2.3. [4] If F is the Galois field GF (pr) and 1 ≤ t ≤ s2 for a fixed s, t −
dimensional F-spaces U, V respectively and (akij) ∈ Ms×s(F) are t, linearly independent
matrices. Then
Aut(R) ∼= [Mt×s(F) × (U ⊕ V )] ×θ2 [Aut(F) ×θ1 (GL(s,F) × GL(t,F))] where {θ1, ..., θt}
is the set of automorphisms of F.

3 The 3-Radical Zero Completely Primary Finite Rings
of characteristic p

The following construction can be obtained in [7].

3.1 Construction I

Given a prime integer p and r, a positive integer, let R′ = F = GF (pr) be a Galois
field of order q = pr. Suppose U, V are finitely generated F−spaces with nonnegative
number of elements s and t in the generating sets {us} and {vt} respectively such that
for t = s(s+1)

2
and s fixed,

R = Fq ⊕
∑s

i=1 Fqui ⊕
∑s

i,j=1 Fquiuj is an additive abelian group.
Consider two elements (a◦+

∑s
i=1 aiui+

∑s
i,j=1 ajuiuj) and (b◦+

∑s
i=1 biui+

∑s
i,j=1 bjuiuj)

in R and define multiplication on R by:

(a◦ +
s∑

i=1

aiui +
s∑

i,j=1

ajuiuj)(b◦ +
s∑

i=1

biui +
s∑

i,j=1

bjuiuj)

= a◦b◦ +
s∑

i=1

((a◦b
σi
i ) + ai(b◦ + pR′)σi)ui +

s∑
i,j=1

(a◦bj + aj(b◦)
σi +

s∑
i,j=1

αijai(bj)
σi)uiuj.

where σi is an F automorphism and (αij) is a t-linearly independent matrix of dimension
s.
Whenever σi = idF, an identity automorphism, then, the multiplication defined above
turns R into a commutative ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄). Thus, for the rings
discussed in this section, we assume that σi = idF.
The next result which characterizes the structures of the zero divisors Z(R) of R and
its proof can be obtained from [5].
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Proposition 3.1. Let R be a ring of construction I and Z(R) be the set of its zero
divisors then:

(i) Z(R) =
∑s

i=1 Fqui ⊕
∑s

i,j=1 Fquiuj,

(ii) (Z(R))2 =
∑s

i,j=1 Fquiuj,

(iii) (Z(R))3 = (0).

3.2 The Graphs Γ(R) and Matrices obtained from Classes of Rings
in Construction I

Here we determine some graph algebraic properties, formulate the matrices from the
graphs and investigate the matrix algebraic properties.

Proposition 3.2. Let R be a ring of construction I and the invariants p, s and r be
positive integers. Then, the following properties hold:

(i) | V (Γ(R)) |= p(
(s2+3s)

2
)r − 1.

(ii) Γ(R) is an incomplete graph.

(iii) The diam((Γ(R)) = 2.

(iv) The minimum degree, δ(Γ(R)) = p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r − 1.

(v) The girth(Γ(R)) = 3.

Proof. (i) Since char(R) = p, pui = puiuj = 0, and we have that

| Fqui |= pr, | Fquiuj |= pr, for any i, j,= 1, 2, · · · , s we obtain | Z(R) |= p(
(s2+3s)

2
)r.

Therefore, | Z(R)∗ |=| Z(R)\{0} |= p(
(s2+3s)

2
)r − 1. Since | Z(R)∗ |=| V (Γ(R)) |, it

follows that
| V (Γ(R)) |= p(

(s2+3s)
2

)r − 1.

(ii) Easily follows from the fact that (Z(R))2 ̸= (0).

(iii) From (ii), Γ(R) is incomplete and with the fact that Ann(Z(R)) = (Z(R))2, the
result follows.
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(iv) Let V = {v1, v2, · · · , v
p(

(s2+3s)
2 )r−1

} be the whole vertex set of Γ(R). Let K,S ⊆

V such that K ⊆ ann(Z(R))∗. This implies | K |= p(
(s2+3s)

2
−1)r − 1 =⇒| S |=

(p(
(s2+3s)

2
)r − 1)− (p(

(s2+3s)
2

−1)r − 1) = p(
(s2+3s)

2
)r − 1− p(

(s2+3s)
2

−1)r + 1 ⇒ p(
(s2+3s)

2
)r −

p(
(s2+3s)

2
−1)r.

Therefore, δ(Γ(R)) = p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r − 1 due to the minimal degree of the
elements of S and for the avoidance of self loop for each vertex v ∈ S.

(v) Taking two vertices v1, v2 ∈ Z(R) − (Z(R))2 where v1v2 = 0, clearly each v1, v2 is
adjacent to some v3 ∈ (Z(R))2. Thus v1− v2− v3− v1 is the least polygon in Γ(R).

Next, we investigate the properties of the Adjacency, Laplacian and Distance matrices.

Proposition 3.3. Let R be a ring given in construction I and Γ(R) be its zero divisor
graph. Then, the adjacency matrix associated with Γ(R) is of trace 0 with a spectral
radius pr+1. Furthermore, for an adjacency matrix [A]

p(
(s2+3s)

2 )r−1
, the following properties

hold:

(i) [A]
p(

(s2+3s)
2 )r−1

is symmetric.

(ii) rank ([A]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
)r − 2pr.

(iii) Tr ([A]
p(

(s2+3s)
2 )r−1

) = 0.

(iv) Det([A]
p(

(s2+3s)
2 )r−1

) = 0.

(v) The eigenvalues λ ([A]
p(

(s2+3s)
2 )r−1

) =


±
√
2 and 0. when p=2;

0, of multiplicity 2pr − 1;
−1,
−pr, and
pr + 1.

when p ̸= 2.

Proof. (i) Since every row vector
(a11, a12, · · · , a

1(p(
(s2+3s)

2 )r−1)
), (a21, a22, · · · , a

2(p(
(s2+3s)

2 )r−1)
), · · · ,

(a
(p(

(s2+3s)
2 )r−1)1

, a
(p(

(s2+3s)
2 )r−1)2

, · · · , a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)

) of [A]
p(

(s2+3s)
2 )r−1

is a
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reflection of the corresponding element through the leading diagonal to every
column 

a11
a21
...

a
(p(

(s2+3s)
2 )r−1)1

 · · ·


a
1(p(

(s2+3s)
2 )r−1)

a
2(p(

(s2+3s)
2 )r−1)
...

a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)

 ,

which implies that [A]
p(

(s2+3s)
2 )r−1

= [A]T
p(

(s2+3s)
2 )r−1

. Hence the symmetry of [A]
p(

(s2+3s)
2 )r−1

.

(ii) Upon carrying out a row operation on

[A]
p(

(s2+3s)
2 )r−1

=



0 1 1 1 · · · 1
1 0 1 1 · · · 1
... 0 1 1 · · · 1
1 1 1 0 0 · · · 0

p(
(s2+3s)

2 )r−2pr

...
...

... 0 · · · ...
0
p(

(s2+3s)
2 )r−1

0 · · · · · · · · · 0
p(

(s2+3s)
2 )r−1


,

we obtain the matrix

1 0 0 0 · · · 0
0 1 0 0 · · · 0
... 0 1 0 · · · 0
... 0 0 1 0 · · · 0

p(
(s2+3s)

2 )r−2pr

...
...

... 0 · · · ...
0
p(

(s2+3s)
2 )r−1

0 · · · · · · · · · 0
p(

(s2+3s)
2 )r−1


.

Let V = {v1, v2, v3, · · · , v
p(

(s2+3s)
2 )r−2

} be the linearly independent set of vectors
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such that v1 =



1
0
...
...
...
0


, v2 =



0
1
0
...
...
0


, v3 =



0
0
1
0
...
0


, · · · , v

p(
(s2+3s)

2 −1)r
=



0
...
0

1
p(

(s2+3s)
2 )r−2pr

0
...

0
p(

(s2+3s)
2 )r−1


.

Clearly, the set spans the matrix space implying that the
rank([A]

p(
(s2+3s)

2 )r−1
) = p(

(s2+3s)
2

)r − 2pr.

(iii) Given that [A]
p(

(s2+3s)
2 )r−1

is the adjacency matrix for Γ(R), it is justifiable that

Tr([A]
p(

(s2+3s)
2 )r−1

) = a11 + a22 + a33 + · · ·+ a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)

.

Since Γ(R) is a simple graph with no self loop for vi = 1, 2, · · · , p(
(s2+3s)

2
)r − 1, the

leading diagonal entries are 0. Therefore,
∑p(

(s2+3s)
2 )r−1

i=1 aii = 0.

Further, since Tr([A]
p(

(s2+3s)
2 )r−1

) =
∑p(

(s2+3s)
2 )r−1

j=1 λj. Therefore, the sum of eigenvalues

λj = −1− pr + pr + 1 = 0 and the spectral radius is pr + 1.

(iv) Consider [B]
p(

(s2+3s)
2 )r−1

= [A]
p(

(s2+3s)
2 )r−1

[C]T
p(

(s2+3s)
2 )r−1

where [C]
p(

(s2+3s)
2 )r−1

is the

cofactor matrix of [A]
p(

(s2+3s)
2 )r−1

then bij =
∑

k aikcjk for cjk is the jk minor of

[A]
p(

(s2+3s)
2 )r−1

. If i = j, it corresponds to the determinant computation of [A]
p(

(s2+3s)
2 )r−1

along the ith row. Hence bii = det([A]
p(

(s2+3s)
2 )r−1

).

If i ̸= j, this corresponds to the determinant computation of a matrix equal to
[A]

p(
(s2+3s)

2 )r−1
except that the row j has been overwritten by the contents of ith

row. But the determinant of a matrix with duplicated row is 0, hence bij = 0. ⇒
[A]

p(
(s2+3s)

2 )r−1
[C]T

p(
(s2+3s)

2 )r−1

= det([A]
p(

(s2+3s)
2 )r−1

)I. If det([A]
p(

(s2+3s)
2 )r−1

) ̸= 0 then

we can write

A
CT

det([A]
p(

(s2+3s)
2 )r−1

)
= I ⇔ [A]−1

p(
(s2+3s)

2 )r−1

=
CT

det([A]
p(

(s2+3s)
2 )r−1

)
=

Adj[A]
p(

(s2+3s)
2 )r−1

det([A]
p(

(s2+3s)
2 )r−1

)
.
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i.e det([A]
p(

(s2+3s)
2 )r−1

) ̸= 0 ⇒ [A]−1

p(
(s2+3s)

2 )r−1

exists . Consequently, if [A]
p(

(s2+3s)
2 )r−1

is singular then det([A]
p(

(s2+3s)
2 )r−1

) = 0.

(v) For p = 2, we can obtain the eigenvalues by solving the equation | λI −A |= 0 =⇒
λ3 − 2λ2 = 0 ⇒ λ(λ2 − 2) = 0 ⇒ λ = 0 and λ = ±

√
2.

For p ̸= 2,
| λI − A |= 0 results to a characteristic equation of the form λ2pr−1(−(pr + 1) +
λ)(1 + λ)(pr + λ) = 0. Solving for λ in every factor results to λ2pr−1 = 0 =⇒ λ = 0
of multiplicity 2pr − 1. For the second factor, (−(pr + 1) + λ) = 0 =⇒ λ = pr + 1.
For (1 + λ) = 0, λ = −1 and (pr + λ) = 0 ⇒ λ = −pr.

Proposition 3.4. Consider [A]
p(

(s2+3s)
2 )r−1

, the adjacency matrix associated with Γ(R)

where R is a ring of construction I. Then for any fixed s ̸= 1, r ∈ Z+ and p, prime integer,
the following properties hold:

(i) [A]
p(

(s2+3s)
2 )r−1

is symmetric.

(ii) rank ([A]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
−1)r.

(iii) Tr ([A]
p(

(s2+3s)
2 )r−1

) = 0.

(iv) Det([A]
p(

(s2+3s)
2 )r−1

) = 0.

(v) For p=2, λ[A]
p(

(s2+3s)
2 )r−1

=


−1, of multiplicity pr;

0, of multiplicity p(
(s2+3s)

2
−1)r − 1;

1±
√
p(

(s2+3s)
2

)r + p(
(s2+3s)

2
−1)r + 1, .

For p ≥ 3,
The eigenvalues λ[A]

p(
(s2+3s)

2 )r−1
=
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−1, of multiplicity p(

(s2+3s)
2

−1)r − 2;

0, of multiplicity 2p(
(s2+3s)

2
−1)r − 1;

p(
(s2+3s)

2 −1)r−2±

√
9p(

(s2+3s)
2 +1)r−4p(

(s2+3s)
2 )r−8p(

(s2+3s)
2 −1)r+4

2
, .

Proof. The proof for (i) to (iv) have similar steps to the ones in Proposition 3.3.

(v) For p = 2, the equation | [A]
p(

(s2+3s)
2 )r−1

−λI
p(

(s2+3s)
2 )r−1

|= 0 yields the characteristic

equation for the adjacency matrix [A]
p(

(s2+3s)
2 )r−1

. Let the eigenvalues of [A]
p(

(s2+3s)
2 )r−1

be λ1, λ2, · · · , λ
p(

(s2+3s)
2 )r−1

. We can obtain the characteristic equation of the adjacency

matrix as

−λp(
(s2+3s)

2 −1)r−1(1 + λ)p
r

(λ2 − 2λ− (p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r)) = 0.

⇒ −λp(
(s2+3s)

2 −1)r−1 = 0 ⇒ λ = 0 of multiplicity p(
(s2+3s)

2
−1)r − 1, (1 + λ)p

r
= 0 ⇒ λ =

−1 of multiplicity pr. By solving the quadratic equation
λ2 − 2λ− (p(

(s2+3s)
2

)r + p(
(s2+3s)

2
−1)r) = 0 in the last factor, we obtain

λ =
2±

√
4 + 4p(

(s2+3s)
2

)r + 4p(
(s2+3s)

2
−1)r

2
=

2±
√

4(p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r + 1)

2

=
2± 2

√
p(

(s2+3s)
2

)r + p(
(s2+3s)

2
−1)r + 1

2
= 1±

√
p(

(s2+3s)
2

)r + p(
(s2+3s)

2
−1)r + 1.

For p ̸= 2, we generally obtain the polynomial equation which when factorized

results to λ2p(
(s2+3s)

2 −1)r−1(1+λ)p
(
(s2+3s)

2 −1)r−2((λ2−(p(
(s2+3s)

2
−1)r−2)λ−(2p(

(s2+3s)
2

+1)r−
p(

(s2+3s)
2

)r − p(
(s2+3s)

2
−1)r)) = 0. Solving the equation gives the eigenvalues as

λ2p(
(s2+3s)

2 −1)r−1 = 0 ⇒ λ = 0 of multiplicity 2p(
(s2+3s)

2
−1)r − 1. The second factor

(1 + λ)p
(
(s2+3s)

2 −1)r−2 = 0 ⇒ λ = −1 of multiplicity p(
(s2+3s)

2
−1)r − 2. Finally, solving

the quadratic part results to

λ =
(p(

(s2+3s)
2

−1)r − 2)±
√

(p(
(s2+3s)

2
−1)r − 2)2 + 4(2p(

(s2+3s)
2

+1)r − p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r)

2
.
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Expanding the discriminant yields the expression
p(

(s2+3s)
2

+1)r − 4p(
(s2+3s)

2
−1)r + 4 + 8p(

(s2+3s)
2

+1)r − 4p(
(s2+3s)

2
)r − 4p(

(s2+3s)
2

−1)r so that

λ =
(p(

(s2+3s)
2

−1)r − 2)±
√

9p(
(s2+3s)

2
+1)r − 4p(

(s2+3s)
2

)r − 8p(
(s2+3s)

2
−1)r + 4

2
.

Proposition 3.5. Consider [L]
p(

(s2+3s)
2 )r−1

, the Laplacian matrix associated with Γ(R) of

the ring in Construction I. Then for any positive integer r, prime integer p, the following
properties hold:

(i) [L]
p(

(s2+3s)
2 )r−1

is symmetric.

(ii) rank([L]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
)r − 2.

(iii) Tr([L]
p(

(s2+3s)
2 )r−1

) =

{
4, when s = 1, p = 2;

(pr − 1)(2p(
(s2+3s)

2
)r − pr − 2), for any s, p ≥ 2.

(iv) Det([L]
p(

(s2+3s)
2 )r−1

) = 0.

(v) The eigenvalues λ[L]
p(

(s2+3s)
2 )r−1

are 0, 1 and 3 when s = 1, p = 2.

For any s, p ≥ 2 the eigenvalues λ[L]
p(

(s2+3s)
2 )r−1

=


0,

p(
(s2+3s)

2
)r − 1, of multiplicity pr − 1;

pr − 1, of multiplicity 2pr − 1.

Proof. (i) Can be drawn from the previous proposition since the steps are similar.
(ii) We conduct a row operation on [L]

p(
(s2+3s)

2 )r−1
to obtain the matrix

1 0 0 0 . . −1
0 1 0 0 . . −1

0 .
. . . 0 . . −1

... . . 1
p(

(s2+3s)
2 )r−2

0 1 −1

0 0 . . . 0 0

 .
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This results to p(
(s2+3s)

2
)r − 2 non-zero rows in [L]

p(
(s2+3s)

2 )r−1
, hence its rank.

(iii) For p = 2 and s = 1, the Γ(R) obtained has only 1 vertex of maximum degree 2
and 2 vertices of minimum degree 1. This leads to a Laplacian matrix of order 3 × 3
whose main diagonal entries are 2, 1 and 1 hence a trace of 4.
For any s, p ≥ 2,

| Z(R)∗ |= p(
(s2+3s)

2
)r − 1 and each vi ∈ Ann(Z(R)∗) has degree p(

(s2+3s)
2

)r − 2 and
| Ann(Z(R)∗) |= pr − 1. Therefore any vj /∈ Ann(Z(R)∗) is of degree pr − 1 because
every such vj /∈ Ann(Z(R)∗) is only adjacent to vi ∈ Ann(Z(R)∗).
Partitioning the vertices of Γ(R) into disjoint subsets V1 and V2 such that
V1 = {vj|vj /∈ Ann(Z(R)∗)} and V2 = {vi|vi ∈ Ann(Z(R)∗)},
| V2 |= pr − 1 and | V1 |= p(

(s2+3s)
2

)r − 1 − (pr − 1) = p(
(s2+3s)

2
)r − pr. Since the trace,

Tr([L]
p(

(s2+3s)
2 )r−1

) =
∑p(

(s2+3s)
2 )r−1

i=1 lii, where every lii is an element of the diagonal

matrix [D]
p(

(s2+3s)
2 )r−1

whose entries are degrees of vertices in Γ(R), we have that

Tr([L]
p(

(s2+3s)
2 )r−1

) = (p(
(s2+3s)

2
)r − 2)(pr − 1) + (pr − 1)(p(

(s2+3s)
2

)r − pr). This results to

(pr − 1)(p(
(s2+3s)

2
)r − 2 + p(

(s2+3s)
2

)r + pr) = (pr − 1)(2p(
(s2+3s)

2
)r − pr − 2).

(iv) Steps in obtaining the singularity of [L]
p(

(s2+3s)
2 )r−1

are similar to the one in proposition

3.4.
(v) For p = 2, s = 1, the eigenvalues for the 3× 3 Laplacian matrix are easy to obtain.
When p ≥ 2 for any s, the equation | (λI

p(
(s2+3s)

2 )r−1
− [L]

p(
(s2+3s)

2 )r−1
) |= 0 gives the

characteristic polynomial equation of the form −λ((−(p(
(s2+3s)

2
)r − 1) + λ)p

r−1(−(pr −
1) + λ)2p

r−1) = 0. On solving each factor, we obtain −λ = 0 =⇒ λ = 0. For the factor

(−(p(
(s2+3s)

2
)r − 1) + λ)p

r−1 = 0, we have that λ = (p(
(s2+3s)

2
)r − 1) of multiplicity pr − 1.

Finally, (−(pr − 1) + λ)2p
r−1 = 0 =⇒ λ = pr − 1, of multiplicity 2pr − 1. This establishes

(v).

Next, we take an analysis of the distance matrix of Γ(R) of the ring in Construction
I. Recall that the distance matrix of a graph G having n vertices is a symmetric matrix

[dij] whose entry dij is defined as dij =

{
d(vi, vj), if i ̸= j;
0, if i = j.

The following result describes the matrix algebraic properties of [dij] of this class of
rings.

Proposition 3.6. Consider [dij]
p(

(s2+3s)
2 )r−1

, distance matrix associated with Γ(R) of R

Licensed Under Creative Commons Attribution (CC BY-NC)

160



Vol.4 (Iss.1),pp.149-180, 2024 ISSN:2788-5844 http://sciencemundi.net

in Construction I. For r ∈ Z+, p prime,

(i) Det([dij]
p(

(s2+3s)
2 )r−1

) =

{
4, when p = 2, s = 1;

−(p(
(s2+3s)

2
)r − 1)2, for any s, p ≥ 2.

(ii) Tr([dij]
p(

(s2+3s)
2 )r−1

) = 0.

(iii) rank([dij]
p(

(s2+3s)
2 )r−1

) =

{
3, when p = 2, s = 1;

p(
(s2+3s)

2
)r − 1, for any s, p ≥ 2.

.

(iv) When p = 2, s = 1 the eigenvalues λ[dij]
p(

(s2+3s)
2 )r−1

are 1±
√
3 and 2

For any s, p ≥ 2, the eigenvalues λ[dij]
p(

(s2+3s)
2 )r−1

=


−1,

1− pr, multiplicity p(
(s2+3s)

2
)r + (pr + 1);

1
2
((p(

(s2+3s)
2

)r + 2)±
√
p(

2(s2+3s)
2

)r + 4p(
(s2+3s)

2
)r + 4pr) .

Proof. (i) When p = 2, s = 1, we obtain the distance matrix

 0 1 1
1 0 2
1 2 0

 .

Expanding the matrix along the first row, we clearly obtain the determinant to be 4.
When p ≥ 2 for any fixed s, we obtain the distance matrix to be of the form

0 1 · · · · · · · · · 1 1
p(

(s2+3s)
2 )r−1

1 0 1 · · · 1 · · · · · ·
... · · · . . . 1

p(
(s2+3s)

2 )r−1

1 1 2 0 2 · · · 2
... · · · ... · · · . . . ...
1 1 · · · 2 · · · 0


.

Expanding along the first row, we obtain the determinant to be −(p(
(s2+3s)

2
)r−1)(p(

(s2+3s)
2

)r−
1) = −(p(

(s2+3s)
2

)r − 1)2.
(ii) Due to the fact that d(vi, vi) = 0, this results to a distance matrix [dij]

p(
(s2+3s)

2 )r−1
with
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0′s entirely in the main diagonal. Therefore, Tr([dij]
p(

(s2+3s)
2 )r−1

) =
∑p(

(s2+3s)
2 )r−1

i=1 d(vi, vi) =

0.
(iii) When p = 2, s = 1, the rank of the matrix in (i) is clearly 3.
When p ≥ 2 for any fixed s, we can obtain the rank of the distance matrix [dij]

p(
(s2+3s)

2 )r−1

by conducting a row operation on it which reduces to the echelon form

1 0 0 0 · · · · · · 0 2
0 1 0 0 · · · · · · 0 2
... . . . ...

...
...

0 · · · 0 1 · · · · · · 0 2
0 0 0 · · · 1 0 · · · −1
... . . . ...
0 0 · · · · · · 0 1 −1

p(
(s2+3s)

2 )r−2

0 0 0 · · · · · · 0 · · · 1
p(

(s2+3s)
2 )r−1


.

From the reduced echelon form above, there are p(
(s2+3s)

2
)r − 1 linearly independent

vectors which span the row space of [dij]
p(

(s2+3s)
2 )r−1

resulting to p(
(s2+3s)

2
)r − 1 nonzero

rows, hence its rank.
(iv) Solving the equation | λI−[dij]

p(
(s2+3s)

2 )r−1
|= 0, results to the characteristic equation

(1 + λ)((pr − 1) + λ)p
(
(s2+3s)

2 )r+(pr+1)(λ2 − (p(
(s2+3s)

2
)r + 2)λ− (pr − 1)) = 0. We obtain the

eigenvalues by finding the solution for λ in every factor of the equation as follows:

Clearly, (λ + 1) = 0 =⇒ λ = −1. Further, ((pr − 1) + λ)p
(
(s2+3s)

2 )r+(pr+1) = 0, we obtain

λ = 1− pr of multiplicity p(
(s2+3s)

2
)r + (pr + 1).

Finally, for the quadratic part (λ2 − (p(
(s2+3s)

2
)r + 2)λ− (pr − 1)) = 0, we can obtain

λ = 1
2
((p(

(s2+3s)
2

)r + 2)±
√
(p(

(s2+3s)
2

)r + 2)2 + 4(pr − 1))

which on expansion yields λ = 1
2
((p(

(s2+3s)
2

)r+2)±
√

p(
2(s2+3s)

2
)r + 4p(

(s2+3s)
2

)r + 4 + 4(pr − 1))

and simplifies to λ = 1
2
((p(

(s2+3s)
2

)r + 2)±
√

p(
2(s2+3s)

2
)r + 4p(

(s2+3s)
2

)r + 4pr).
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4 The 3-Radical Zero Finite Completely Primary Rings
of characteristic p2

4.1 Construction II

Let R′ = GR(p2r, p2) be a Galois ring of order p2r and of characteristic p2. Let U and
V be finitely generated R′-modules with {u1, u2, · · · , us} and {v1, v2, · · · , vt} being the
generating set such that the nonnegative integers s, t are the number of elements in
the generating sets. Then for fixed s and t = s(s+1)

2
, R = R′ ⊕

∑s
i=1R

′ui ⊕
∑s

i,j=1R
′uiuj

is an additive abelian group. Define multiplication in R by

(a◦ +
s∑

i=1

aiui +
s∑

i,j=1

ajuiuj)(b◦ +
s∑

i=1

biui +
s∑

i,j=1

bjuiuj) =

a◦b◦ +
s∑

i=1

((a◦ + pR′)bi + ai(b◦ + pR′)σi)ui +
s∑

i,j=1

(a◦bj + aj(b◦)
σi +

s∑
i,j=1

αk
ijai(bj)

σi)uiuj.

R is thus turned by the multiplication into a commutative ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄).

For the rings discussed in this section, we shall consider σi = idR′ . The following
Proposition and its proof can be obtained from [5]. Case I: when pui = 0

Proposition 4.1. Consider R from Construction II and let pui = 0. Then zero divisors
set Z(R) satisfies the following properties:

(i) Z(R) = pR′ ⊕
∑s

i=1 R
′ui ⊕

∑s
i,j=1R

′uiuj.

(ii) (Z(R))2 =
∑s

i,j=1R
′uiuj.

(iii) (Z(R))3 = (0).

4.2 The Graphs Γ(R) and Matrices obtained from Classes of Rings
in Construction II

Proposition 4.2. Consider R from Construction II. Then for p prime, r ∈ Z+ and pui =
0, Γ(R) has the following properties:
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(i) | V (Γ(R)) |= p(
(s2+3s+2)

2
)r − 1.

(ii) Γ(R) is an incomplete graph.

(iii) diam((Γ(R)) = 2.

(iv) The minimum degree, δ(Γ(R)) = p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r − 1.

(v) girth(Γ(R)) = 3.

Proof. (i) Since char(R) = p2, pui = 0, and we have that | R′ui |= pr, | R′uiuj |=
pr, | pR′ |= pr which is true for every i, j = 1, · · · s. We obtain | Z(R) |= p(

(s2+3s+2)
2

)r.

Therefore, | Z(R)\{0} |= p(
(s2+3s+2)

2
)r − 1 since | Z(R)∗ |=| V (Γ(R)) |=⇒| V (Γ(R)) |=

p(
(s2+3s+2)

2
)r − 1.

(ii) Follows eaasily from the fact that (Z(R))2 ̸= (0).
(iii) From the incompleteness of Γ(R) in (ii), Ann(Z(R)) = (Z(R))2, there exist some two
non adjacent vertices x, y ∈ V (Γ(R)) so that for some z ∈ Ann(Z(R)), the supremum
distance d{x, y} = 2 hence the diameter.
(iv) Let V = {v1, v2, · · · , v

p(
(s2+3s+2)

2 )r−1
} be the vertex set for Γ(R). Let K,S ⊆ V such

that K ⊆ ann(Z(R))∗. This implies | K |= p(
(s2+3s)

2
)r − 1 and | S |= (p(

(s2+3s+2)
2

)r − 1) −
(p(

(s2+3s)
2

)r−1) = p(
(s2+3s+2)

2
)r−1−p(

(s2+3s)
2

)r+1 which simplifies to p(
(s2+3s+2)

2
)r−p(

(s2+3s)
2

)r.

Therefore, δ(Γ(R)) = (p(
(s2+3s+2)

2
)r−p(

(s2+3s)
2

)r)−1 = p(
(s2+3s+2)

2
)r−p(

(s2+3s)
2

)r−1 due to the
minimal degree of the elements of S and for the avoidance of self loop for each vertex
v ∈ S. Hence minimum degree δ(Γ(R)).
(v) Follows from Proof (v) in Proposition 3.2.

Proposition 4.3. Consider [A]
p(

(s2+3s+2)
2 )r−1

, the adjacency matrix associated with Γ(R)

for R in Construction II. Then for any fixed s, r ∈ Z+ and p prime,

(i) [A]
p(

(s2+3s+2)
2 )r−1

is symmetric.

(ii) rank ([A]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s)

2
)r − 1.

(iii) Tr ([A]
p(

(s2+3s+2)
2 )r−1

) = 0.
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(iv) Det([A]
p(

(s2+3s+2)
2 )r−1

) = 0.

(v) For p = 2, the eigenvalues λ[A]
p(

(s2+3s+2)
2 )r−1

=


−1, of multiplicity pr;

0, of multiplicity p(
(s2+3s)

2
)r − 1;

1±
√

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r + 1, .

For p ̸= 2, eigenvalues λ[A]
p(

(s2+3s+2)
2 )r−1

=


−1, of multiplicity p(

(s2+3s)
2

)r − 2;

0, of multiplicity 2p(
(s2+3s)

2
)r − 1;

(p(
(s2+3s)

2 )r−2)±

√
p2(

(s2+3s)
2 )r−8p(

(s2+3s)
2 )r+4p(

(s2+3s+2)
2 )r+4

2
, .

Proof. (i) The steps in the proof for (i),(iii) and (iv) are clear. We provide proofs for (ii)
and (v) as follows:
(ii) Upon carrying out a row operation on

[A]
p(

(s2+3s+2)
2 )r−1

=



0 1 1 1 · · · 1
1 0 1 1 · · · 1
...

... 0 1 · · · ...
1 1 1 0 0 · · · 0

p(
(s2+3s)

2 )r

...
...

... 0 · · · ...
0 0 · · · · · · · · · 0


,

we obtain its reduced echelon form matrix as

1 0 0 0 · · · 0
0 1 0 0 · · · 0
... 0 1 0 · · · 0
... 0 0 1 0 · · · 0

p(
(s2+3s)

2 )r

...
...

... 0 · · · ...
0
p(

(s2+3s+2)
2 )r−2

0 · · · · · · · · · 0
p(

(s2+3s+2)
2 )r−1


.
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Let V = {v1, v2, v3, · · · , v
p(

(s2+3s)
2 )r

} be the linearly independent set of vectors such that

v1 =



1
0
...
...
...
0


, v2 =



0
1
0
...
...
0


, v3 =



0
0
1
0
...
0


, · · · , v

p(
(s2+3s)

2 )r
=



0
...

1
p(

(s2+3s)
2 )r−1

0
...

0
p(

(s2+3s+2)
2 )r−1


. Clearly,

the set V spans the whole of the matrix space. Therefore the rank([A]
p(

(s2+3s+2)
2 )r−1

) =

p(
(s2+3s)

2
)r − 1.

(v) For p = 2, | λI
p(

(s2+3s+2)
2 )r−1

− [A]
p(

(s2+3s+2)
2 )r−1

|= 0 yields the characteristic equation

for the adjacency matrix [A]
p(

(s2+3s+2)
2 )r−1

. Let the eigenvalues of [A]
p(

(s2+3s+2)
2 )r−1

be

λ1, λ2, · · · , λ
p(

(s2+3s+2)
2 )r−1

. We can obtain the characteristic equation of the adjacency

matrix as

−λp(
(s2+3s)

2 )r−1(1 + λ)p
r
(λ2 − 2λ − (p(

(s2+3s+2)
2

)r + p(
(s2+3s)

2
)r)) = 0. ⇒ −λp(

(s2+3s)
2 )r−1 =

0 ⇒ λ = 0 of multiplicity p(
(s2+3s)

2
)r − 1, (1 + λ)p

r
= 0 ⇒ λ = −1 of multiplicity

pr. By solving the quadratic equation λ2 − 2λ − (p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r) = 0 in the

last factor, we obtain λ =
2±

√
4+4p(

(s2+3s+2)
2 )r+4p(

(s2+3s)
2 )r

2
=

2±

√
4(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r+1)

2
=

2±2

√
p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r+1

2
= 1±

√
p(

(s2+3s+2)
2

)r + p(
(s2+3s)

2
)r + 1.

For p ̸= 2,
we generally obtain the polynomial equation which when factorized results to

λ2p(
(s2+3s)

2 )r−1(1 + λ)p
(
(s2+3s)

2 )r−2((λ2 − (p(
(s2+3s)

2
)r − 2)λ − (p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r)) = 0.

Solving the equation gives the eigenvalues as λ2p(
(s2+3s)

2 )r−1 = 0 ⇒ λ = 0 of multiplicity

2p(
(s2+3s)

2
)r − 1. The second factor (1 + λ)p

(
(s2+3s)

2 )r−2 = 0 ⇒ λ = −1 of multiplicity

p(
(s2+3s)

2
)r − 2. Finally, solving the quadratic part results to

λ =
(p(

(s2+3s)
2 )r−2)±

√
(p(

(s2+3s)
2 )r−2)2+4(p(

(s2+3s+2)
2 )r−p(

(s2+3s)
2 )r)

2
.

Expanding the discriminant yields the expression p2(
(s2+3s)

2
)r−4p(

(s2+3s)
2

)r+4+4p(
(s2+3s+2)

2
)r−

4p(
(s2+3s)

2
)r so that
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λ =
(p(

(s2+3s)
2 )r−2)±

√
p2(

(s2+3s)
2 )r−8p(

(s2+3s)
2 )r+4p(

(s2+3s+2)
2 )r+4

2
.

Proposition 4.4. Consider [L]
p(

(s2+3s+2)
2 )r−1

, the Laplacian matrix associated with Γ(R)

in Construction II such that pui = 0. Then for r ∈ Z+, p prime and for a fixed s,

(i) [L]
p(

(s2+3s+2)
2 )r−1

is symmetric.

(ii) rank ([L]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r − 2.

(iii) Tr([L]
p(

(s2+3s+2)
2 )r−1)

= 2p(
2(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r − 2p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r + 2.

(iv) Det([L]
p(

(s2+3s+2)
2 )r−1

) = 0.

(v) The eigenvalues λ[L]
p(

(s2+3s+2)
2 )r−1

=


0,

p(
(s2+3s+2)

2
)r − 1, of multiplicity p(

(s2+3s)
2

)r − 1;

p(
(s2+3s)

2
)r − 1, of multiplicity p(

(s2+3s)
2

)r − 1.

Proof. (i) We prove (ii) to (v) as follows, (i) is clear.
(ii) Carrying out an elementary row operation on [L]

p(
(s2+3s+2)

2 )r−1
we obtain a matrix

with an echelon form

1 0 · · · · · · · · · · · · · · · 0 −1
0 1 0 · · · · · · · · · · · · 0 −1

p(
(s2+3s)

2 )r−2

0 0 1 0 · · · · · · · · · 0 −1
p(

(s2+3s)
2 )r−1

0 0 0 1 0 · · · · · · 0 −1
p(

(s2+3s)
2 )r

0 0 0 0 1 0 · · · 0 −1
p(

(s2+3s+2)
2 )r−3

0 0 0 0 0 1 0 · · · −1
p(

(s2+3s+2)
2 )r−2

0 0 0 0 0 0 0 0 0
...

0 0 0 0 0 0 0 0 0



.
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This results to p(
(s2+3s+2)

2
)r − 2 non-zero rows in [L]

p(
(s2+3s+2)

2 )r−1
, hence the rank.

(iii) Since | Z(R)∗ |= p(
(s2+3s+2)

2
)r − 1, each vi ∈ Ann(Z(R)∗) has degree

p(
(s2+3s+2)

2
)r − 2 and | Ann(Z(R)∗) |= p(

(s2+3s)
2

)r − 1. Therefore any vj /∈ Ann(Z(R)∗)

is of degree p(
(s2+3s)

2
)r − 1 because every such vj /∈ Ann(Z(R)∗) is only adjacent to

vi ∈ Ann(Z(R)∗).
Partitioning V ∈ Γ(R) into disjoint subsets V1 and V2 such that
V1 = {vj|vj /∈ Ann(Z(R)∗)} and V2 = {vi|vi ∈ Ann(Z(R)∗)}.
Therefore, | V2 |= p(

(s2+3s)
2

)r − 1 and | V1 |= p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r.

Since the trace, Tr([L]
p(

(s2+3s+2)
2 )r−1

) =
∑p(

(s2+3s+2)
2 )r−1

i=1 dii, and every dii is an entry

of the diagonal matrix [D]
p(

(s2+3s+2)
2 )r−1

whose diagonal are entries of the degrees of

vi ∈ V (Γ(R)) thus

Tr([L]
p(

(s2+3s+2)
2 )r−1

) = (p(
(s2+3s+2)

2
)r−2)(p(

(s2+3s)
2

)r−1)+(p(
(s2+3s)

2
)r−1)(p(

(s2+3s+2)
2

)r−p(
(s2+3s)

2
)r).

Upon expansion and simplification of this equation, we obtain

p(
2(s2+3s)

2
)r−p(

(s2+3s+2)
2

)r−2p(
(s2+3s)

2
)r+2+p(

2(s2+3s)
2

)r−p(2
(s2+3s)

2
)r−p(

(s2+3s+2)
2

)r+p(
(s2+3s)

2
)r =

2p(
2(s2+3s)

2
)r − 2p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r + 2 = 2p(
2(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r −

2p(
(s2+3s+2)

2
)r−p(

(s2+3s)
2

)r+2. (iv) Simplifying | [L]
p(

(s2+3s+2)
2 )r−1

|=
∑p(

(s2+3s+2)
2 )r−1

i,j=1 aij(−1)i+j |
lij | on the Laplacian matrix where lij are minors to [L]

p(
(s2+3s+2)

2 )r−1
and aij are the row

or column elements from the row or the column of operation, we then establish the
singularity of [L]

p(
(s2+3s+2)

2 )r−1
.

(v) Solving | (λI
p(

(s2+3s+2)
2 )r−1

− [L]
p(

(s2+3s+2)
2 )r−1

) |= 0 gives the characteristic polynomial

equation of the form;

−λ((−p(
(s2+3s+2)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1(−(p(
(s2+3s)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1) = 0.

On solving each factor, we obtain −λ = 0 =⇒ λ = 0. For the factor

(−(p(
(s2+3s+2)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1 = 0, we have that λ = (p(
(s2+3s+2)

2
)r − 1) of multiplicity

p(
(s2+3s)

2
)r − 1. Finally, (−(p(

(s2+3s)
2

)r − 1) + λ) = 0 =⇒ λ = p(
(s2+3s)

2
)r − 1, this establishes
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(v).

Proposition 4.5. Consider [dij]
p(

(s2+3s+2)
2 )r−1

, the distance matrix associated with Γ(R)

for the ring in Construction II such that pui = 0. Then for r ∈ Z+, p, prime and s fixed,

(i) [dij]
p(

(s2+3s+2)
2 )r−1

is a singular matrix.

(ii) Tr([dij]
p(

(s2+3s+2)
2 )r−1

) = 0.

(iii) rank([dij]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r − 2.

(iv) Eigenvalues λ[dij]
p(

(s2+3s+2)
2 )r−1

=


0,

p(
(s2+3s+2)

2
)r,

−1, of multiplicity pr,
−pr, of multiplicity pr + 1.

Proof. (i) The proofs for (i), (ii) and (iii) are clear.
(iv) Solving the equation | λI − [dij]

p(
(s2+3s+2)

2 )r−1
|= 0 results to the characteristic

equation
−(−p(

(s2+3s+2)
2

)r + λ)λ(1 + λ)p
r
(pr + λ)p

r+1 = 0. We obtain the eigenvalues by solving

every factor of the equation as follows: Clearly, λ = 0. Further, −(−p(
(s2+3s+2)

2
)r + λ) =

0 =⇒ λ = p(
(s2+3s+2)

2
)r. For (1 + λ)p

r
= 0, λ = −1 of multiplicity pr. Finally, (pr + λ)p

r+1 =
0 =⇒ λ = −pr of multiplicity pr + 1.

Case II: when pui ̸= 0

Proposition 4.6. Consider R from Construction II such that pui ̸= 0. Then the zero
divisors set Z(R) satisfy the following properties;

(i) Z(R) = pR′ ⊕
∑s

i=1 R
′ui ⊕

∑s
i,j=1R

′uiuj.

(ii) (Z(R))2 = pR′ ⊕
∑s

i,j=1R
′uiuj.

(iii) (Z(R))3 = (0).

Licensed Under Creative Commons Attribution (CC BY-NC)

169



Vol.4 (Iss.1),pp.149-180, 2024 ISSN:2788-5844 http://sciencemundi.net

Proposition 4.7. Let R be the 3-radical zero completely primary finite ring of characteristic
p2 in Construction II such that pui ̸= 0 and Γ(R) be its zero divisor graph. Then for
r ∈ Z+, p prime and s fixed,

(i) | V (Γ(R)) |= p(
(s2+5s+2)

2
)r − 1.

(ii) Γ(R) is incomplete.

(iii) diam(Γ(R)) = 2.

(iv) δ(Γ(R)) = p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r − 1.

(v) girth(Γ(R)) = 3.

Proof. (i). Given that Z(R) = pR′ ⊕
∑s

i=1 R
′ui ⊕

∑s
i,j=1R

′uiuj and since
| R′ |= p2r, | R′ui |= p2r, | R′uiuj |= pr for i, j = 1, 2, · · · , s it implies that | Z(R) |=
p(

(s2+5s+2)
2

)r. Moreover, since | Z(R)∗ |=| Z(R) − {0} | it means that | V (Γ(R)) |=|
Z(R)∗ |= p(

(s2+5s+2)
2

)r − 1.
(ii). Since (Z(R))2 ̸= (0), it follows that not all vertices vi, vj ∈ V (Γ(R)) are connected
by an edge. This expalins incompleteness of Γ(R).
(iii). There exist non adjacent vertices vi, vk ∈ V (Γ(R)) due to (ii) so that for some
vertex
vj ∈ Ann(Z(R)) = (Z(R))2, the longest path of the graph is vi − vj − vk. Which
establishes (iii).
(iv). As established in (i), | V (Γ(R)) |= p(

(s2+5s+2)
2

)r − 1. Clearly | Ann(Z(R))− {0} |=
| Ann(Z(R))∗ |= p(

(s2+3s+2)
2

)r − 1. The minimum degree from the graph can be obtained

by computing the order | V (Γ(R))\Ann(Z(R))∗ |= (p(
(s2+5s+2)

2
)r−1)−(p(

(s2+3s+2)
2

)r−1) =

p(
(s2+5s+2)

2
)r − 1 − p(

(s2+3s+2)
2

)r + 1 = p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r. For avoidance of self loop,
we have that δ(Γ(R)) = p(

(s2+5s+2)
2

)r − p(
(s2+3s+2)

2
)r − 1.

(v) Follows from Proof (v) in Proposition 3.2.

Proposition 4.8. Consider [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

to be respectively the

adjacency and Laplacian matrices for Γ(R) for the ring in Construction II such that
pui ̸= 0, r ∈ Z+, p prime and s fixed. Then
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(i) [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

are both symmetric.

(ii) rank([A]
p(

(s2+5s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r and rank([L]

p(
(s2+5s+2)

2 )r−1
) = p(

(s2+5s+2)
2

)r − 2.

(iii) Det([A]
p(

(s2+5s+2)
2 )r−1

) = Det([L]
p(

(s2+5s+2)
2 )r−1

) = 0.

(iv) Tr([A]
p(

(s2+5s+2)
2 )r−1

) = 0,

T r([L]
p(

(s2+5s+2)
2 )r−1

) = 2p(
2(s2+5s+2)

2
)r − 2p(

(s2+5s+2)
2

)r − p(
2(s2+3s+2)

2
)r − p(

(s2+3s+2)
2

)r + 2.

(v) The eigenvalues λ[A]
p(

(s2+5s+2)
2 )r−1

=


−1, of multiplicity p(

(s2+3s+2)
2

)r − 2,

0, of multiplicity p(
(s2+3s+2)

2
)r − 1,

(pr + 1)±
√
Ω .

where Ω = (pr + 1)2 + p(
(s2+3s+2)

2
)r + p(

(s2+5s+2)
2

)r + p(h+2)r.

(vi) The eigenvalues of [L]
p(

(s2+5s+2)
2 )r−1

=


0,

p(
(s2+5s+2)

2
)r − 1, of multiplicity p(

(s2+3s+2)
2

)r − 1,

(p(
(s2+3s+2)

2
)r − 1), of multiplicity p(

(s2+3s+2)
2

)r − 1.

Proof. Proofs for Properties (i) to (iii) of [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

are clear.

We proceed to provide proof for (iv), (v) and (vi) as follows.
(iv). For the adjacency matrix, [A]

p(
(s2+5s+2)

2 )r−1
, the result is clear since diagonal entries

are all 0′s. Since the order is p(
(s2+5s+2)

2
)r − 1, it follows that

∑p(
(s2+5s+2)

2 )r−1
i=1 aii = 0 where

aii are the diagonal elements of the matrix [A]
p(

(s2+5s+2)
2 )r−1

.
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We show that Tr([L]
p(

(s2+5s+2)
2 )r−1

) = 2p(
2(s2+5s+2)

2
)r−2p(

(s2+5s+2)
2

)r−p(
(s2+3s+2)

2
)r−p(

(s2+3s+2)
2

)r+

2. Since | Z(R)∗ |= p(
(s2+5s+2)

2
)r − 1 =| V (Γ(R)) |, it is established that | Ann(Z(R)∗) |=

p(
(s2+3s+2)

2
)r − 1 and any vi /∈ Ann(Z(R)∗) is of degree p(

(s2+3s+2)
2

)r − 1 since vi is only
adjacent to the vertices in Ann(Z(R)∗). In the same manner, each vj in the set Ann(Z(R)∗)

is connected by an edge with vi ∈ V (Γ(R)). Therefore, deg(vj) = p(
(s2+5s+2)

2
)r − 2 for

avoidance of self loop.
Let the partitions of the vertex set in Γ(R) be V1 and V2 such that
V1 = {vi ∈ Z(R)∗|vi /∈ Ann(Z(R)∗)} and V2 = {vj ∈ Z(R)∗|vj ∈ Ann(Z(R)∗)} =⇒
| V1 |= p(

(s2+3s+2)
2

)r − 1 and | V2 |= p(
(s2+5s+2)

2
)r − 1 − (p(

(s2+3s+2)
2

)r − 1) = p(
(s2+5s+2)

2
)r −

p(
(s2+3s+2)

2
)r.

Since the trace of [L]
p(

(s2+5s+2)
2 )r−1

is the sum of the diagonal entries of the degree matrix

[D]
p(

(s2+5s+2)
2 )r−1

, that is Tr([L]
p(

(s2+5s+2)
2 )r−1

) =
∑p(

(s2+5s+2)
2 )r−1

i=1 dii which is equivalent to

sum of degrees of the vertices in Γ(R) where dii are the diagonal entries of [D]
p(

(s2+5s+2)
2 )r−1

.

We have that

(p(
(s2+3s+2)

2
)r − 1)(p(

(s2+5s+2)
2

)r − 2) + (p(
(s2+3s+2)

2
)r − 1)(p(

(s2+5s+2)
2

)r − p(
(s2+3s+2)

2
)r) =

p(
2(s2+5s+2)

2
)r − 2p(

(s2+3s+2)
2

)r − p(
(s2+5s+2)

2
)r + 2 + p(

2(s2+5s+2)
2

)r − p(
2(s2+3s+2)

2
)r − p(

(s2+5s+2)
2

)r +

p(
(s2+3s+2)

2
)r

which simplifies to
2p(

2(s2+5s+2)
2

)r−2p(
(s2+5s+2)

2
)r−p(

(s2+3s+2)
2

)r−p(
2(s2+3s+2)

2
)r+2. Hence the trace of [L]

p(
(s2+5s+2)

2 )r−1
.

(v). Simplifying the equation | λI
p(

(s2+5s+2)
2 )r−1

− [A]
p(

(s2+5s+2)
2 )r−1

|= 0 results to the

characteristic polynomial equation

−λp(
(s2+3s+2)

2 )r−1(1+λ)p
(
(s2+3s+2)

2 )r−2(λ2−2(pr+1)λ−(p(
(s2+5s+4)

2
)r+p(

(s2+5s+2)
2

)r+p(
(s2+3s+2)

2
)r)) = 0.

From the factorization components, −λp(
(s2+3s+2)

2 )r−1 = 0 ⇒ λ = 0 of multiplicity p(
(s2+3s+2)

2
)r−

1.

Similarly, (1 + λ)p
(
(s2+3s+2)

2 )r−2 = 0 ⇒ λ = −1 of multiplicity p(
(s2+3s+2)

2
)r − 2.

For the quadratic part, λ2 − 2(pr + 1)λ− (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r) = 0 ⇒
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λ =
2(pr + 1)±

√
4(pr + 1)2 + 4p(

(s2+5s+2)
2

)r + 4p(
(s2+5s+2)

2
)r + 4p(

(s2+3s+2)
2

)r

2

=
2(pr + 1)±

√
4((pr + 1)2 + p(

(s2+5s+4)
2

)r + p(
(s2+5s+2)

2
)r + p(

(s2+3s+2)
2

)r)

2

= (pr + 1)±
√

(pr + 1)2 + p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r

= (pr + 1)±
√

(pr + 1)2 + p(
(s2+3s+2)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+5s+4)

2
)r.

(vi). From the characteristic equation | λI
p(

(s2+5s+2)
2 )r−1

− [L]
p(

(s2+5s+2)
2 )r−1

|= 0, we obtain

−((−(p(
(s2+5s+2)

2
)r − 1) + λ)p

(
(s2+3s+2)

2 )r−1(−(p(
(s2+3s+2)

2
)r − 1) + λ)p

hr−1)λ = 0. Solving λ for

each factor results to (−(p(
(s2+5s+2)

2
)r − 1) + λ)p

(
(s2+3s+2)

2 )r−1 = 0 =⇒ λ = p(
(s2+5s+2)

2
)r − 1

of multiplicity

p(
(s2+3s+2)

2
)r − 1. Further, (−(p(

(s2+3s+2)
2

)r − 1) + λ)p
(
(s2+3s+2)

2 )r−1 = 0 =⇒ λ = p(
(s2+3s+2)

2
)r −

1 with a multiplicity of p(
(s2+3s+2)

2
)r − 1, and finally, λ = 0. Hence the eigenvalues of

[L]
p(

(s2+5s+2)
2 )r−1

.

Proposition 4.9. Given [dij]
p(

(s2+5s+2)
2 )r−1

, the distance matrix of associated with Γ(R)

of the ring in Construction II. The point spectrum, σpoint([dij]
p(

(s2+5s+2)
2 )r−1

) is described

by the following eigenvalues:

λ =


−1, of multiplicity p(

(s2+3s+2)
2

)r − 2;

−pr, of multiplicity p(
(s2+3s+2)

2
)r − 1;

(p(
(s2+3s+2)

2
)r + 2)±

√
p(

2(s2+3s+2)
2

)r + p(
(s2+3s+2)

2
)r,

Proof. Simplifying the equation | λI − [dij]
p(

(s2+5s+2)
2 )r−1

|= 0 results to the polynomial

equation of the form

−(1 + λ)p
(
(s2+3s+2)

2 )r−2(pr + λ)p
(
(s2+3s+2)

2 )r−1(λ2 − (2p(
(s2+3s+2)

2
)r)λ) + (3p(

(s2+3s+2)
2

)r +4)) = 0.

Finding the values of λ in each factor yields −(1 + λ)p
(
(s2+3s+2)

2 )r−2 = 0 =⇒ λ = −1 of
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multiplicity p(
(s2+3s+2)

2
)r − 2. Further, (pr + λ)p

(
(s2+3s+2)

2 )r−1 = 0 =⇒ λ = −pr of multiplicity

p(
(s2+3s+2)

2
)r − 1.

For the quadratic part λ2 − (2p(
(s2+3s+2)

2
)r)λ+ (3p(

(s2+3s+2)
2

)r + 4) = 0, we obtain

λ =
(2p(

(s2+3s+2)
2 )r+4)±

√
(2p(

(s2+3s+2)
2 )r+4)2−4(3p(

(s2+3s+2)
2 )r+4)

2

=
(2p(

(s2+3s+2)
2 )r+4)±

√
(4p(

2(s2+3s+2)
2 )r+8p(

(s2+3s+2)
2 )r+8p(

(s2+3s+2)
2 )r+16−12p(

(s2+3s+2)
2 )r−16)

2

=
(2p(

(s2+3s+2)
2 )r+4)±

√
4p(

2(s2+3s+2)
2 )r+16p(

(s2+3s+2)
2 )r−12p(

(s2+3s+2)
2 )r

2

=
(2p(

(s2+3s+2)
2

)r + 4)±
√

4p(
2(s2+3s+2)

2
)r + 4p(

(s2+3s+2)
2

)r

2

=
(2p(

(s2+3s+2)
2

)r + 4)± 2

√
p(

2(s2+3s+2)
2

)r + p(
(s2+3s+2)

2
)r

2

= (p(
(s2+3s+2)

2
)r + 2)±

√
p(

2(s2+3s+2)
2

)r + p(
(s2+3s+2)

2
)r.

5 The 3-Radical Zero Finite Completely Primary Rings
of Characteristic p3

5.1 Construction III

Let R′ = GR(p3r, p3) be a Galois ring of order p3r and characteristic p3. Let U and V be
finitely generated R′-modules with the generating sets {u1, u2, · · · , us} and {v1, v2, · · · , vt}
respectively such that s and t are the number of elements in the generating sets.
Suppose t = s(s+1)

2
for a fixed s, R = R′ ⊕

∑s
i=1R

′ui ⊕
∑s

i,j=1R
′uiuj is an additive

abelian group. Define multiplication on R by

(x◦ +
s∑

i=1

xiui +
s∑

i,j=1

xjuiuj)(y◦ +
s∑

i=1

yiui +
s∑

i,j=1

yjuiuj) =
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x◦y◦ +
s∑

i=1

((x◦ + pR′)yi + xi(y◦ + pR′)σi)ui +
s∑

i,j=1

(x◦yj + xj(y◦)
σi +

s∑
i,j=1

aijxi(yj)
σi)uiuj.

The multiplication given turns R into a commutative ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄)
if σi = idF. From this multiplication, the set Z(R) of zero divisors satisfy the following
properties;

(i) Z(R) = pR′ ⊕
∑s

i=1 R
′ui +

∑s
i,j=1R

′uiuj,

(ii) (Z(R))2 = p2R′ ⊕
∑s

i,j=1R
′uiuj,

(iii) (Z(R))3 = (0).

For the rings considered in this section, σi = idF.

5.2 The Graphs Γ(R) and Matrices from Classes of Rings in
Construction III

Proposition 5.1. Given R, the ring of Construction III and Γ(R) be the associated zero
divisor graph. Then for any prime integer p, r ∈ Z+ and s-fixed.

(i) | V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1.

(ii) ∆(Γ(R)) = p(
(s2+5s+4)

2
)r − 2 and δ(Γ(R)) = p(

(s2+5s)
2

)r.

(iii) Γ(R) is incomplete.

(iv) diam(Γ(R)) = 2.

(v) girth(Γ(R)) = 3.

Proof. (i) Since char(R) = p3, | R′ |= p3r and | pR′ |= p2r. Consider pui = 0 for

i = 1, 2, · · · , s and | R′uiuj |= pr, i, j = 1, 2, · · · , s we have that | Z(R) |= p(
(s2+5s+4)

2
)r

and | Z(R) \ {0} |=
| (Z(R))∗ |=| V (Γ(R)) |= p(

(s2+5s+4)
2

)r − 1.
(ii) Let γ1, γ2, · · · , γr ∈ R′ with γ1 = 1 such that γ1, · · · , γr ∈ R′ forms a basis for R′ over
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its prime subfield R′/pR′. From the multiplication defined on R,
Ann(Z(R)) = {p2r◦ +

∑s
i=1 aiγiui +

∑s
i=1 biγiuiuj|ai, bi ∈ R′, ai + bi ∼= 0(mod p)}. With

the fact that | V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1, any vertex vi ∈ Ann(Z(R))∗ is of degree

p(
(s2+5s+4)

2
)r − 2 due to avoidance of self loop. Hence the maximum degree ∆(Γ(R)).

Partitioning V (Γ(R)) into disjoint subsets V1 and V2 such that V1 = {vi|vi ∈ Ann(Z(R))∗}
and V2 = {vj|vj /∈ Ann(Z(R))∗}, | V1 |= p(

(s2+5s)
2

)r. This implies that the vertices of

minimum degree are only adjacent to vi ∈ Ann(Z(R))∗ and since | V1 |= p(
(s2+5s)

2
)r, δ(Γ(R)) =

p(
(s2+5s)

2
)r.

(iii) to (v) are clear.

The results in the sequel describe the algebraic properties of the matrices associated
with Γ(R) of the ring in Construction III.

Proposition 5.2. Given [A]
p(

(s2+5s+4)
2 )r−1

and [L]
p(

(s2+5s+4)
2 )r−1

, the adjacency and Laplacian

matrices of Γ(R) respectively for the ring in Construction III. Then for a prime integer
p, r ∈ Z+ and s fixed,

(i) Det([A]
p(

(s2+5s+4)
2 )r−1

) = Det([L]
p(

(s2+5s+4)
2 )r−1

) = 0.

(ii) rank([A]
p(

(s2+5s+4)
2 )r−1

) = p(
(s2+3s+2)

2
)r + 2 and rank([L]

p(
(s2+5s+4)

2 )r−1
) = p(

(s2+5s+2)
2

)r +

p(
(s2+3s+2)

2
)r + 1.

(iii) Eigenvalues λ[A]
p(

(s2+5s+4)
2 )r−1

=


0, of multiplicity p(

(s2+5s+2)
2

)r + pr + 1;

−1, of multiplicity p(
(s2+3s+2)

2
)r − 2;

−p(
(s2+3s+2)

2
)r, of multiplicity pr;

p(
(s2+3s+2)

2
)r + pr + 1± ρ.

Where

ρ =

√
(p(

(s2+3s+2)
2

)r + pr + 1)2 − (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r).
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(iv) Eigenvalues λ[L]
p(

(s2+5s+4)
2 )r−1

=


0, of multiplicity p(

(s2+3s+2)
2

)r − 2;

1, of multiplicity p(
(s2+5s+2)

2
)r + p(

(s2+3s)
2

)r + 1;

1− p(
(s2+3s+2)

2
)r, of multiplicity pr;

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r ± ϵ.

Where

ϵ =

√
(p(

(s2+3s+2)
2

)r + p(
(s2+3s)

2
)r)2 − (p(

(s2+5s+4)
2

)r + 2p(
(s2+5s+2)

2
)r + 2p(

(s2+3s+2)
2

)r − 1).

Proof. We provide proofs for (iii) and (iv) since the steps for proofs in (i) and (ii) are
clear.

(iii) Solving the determinant | λI − [A]
p(

(s2+5s+4)
2 )r−1

|= 0, we obtain the characteristic

polynomial equation of the form

−λ(p(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1)(1+λ)p
(
(s2+3s+2)

2 )r−2(p(
(s2+3s+2)

2
)r +λ)p

r
(λ2− 2(p(

(s2+3s+2)
2

)r + pr +

1)λ+ (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r)) = 0.

Finding the value of λ from each factor in the above equation results to

−λp(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1 = 0 =⇒ λ = 0 of multiplicity p(
(s2+5s+2)

2
)r + p(

(s2+3s)
2

)r + 1.

(1 + λ)p
(
(s2+3s+2)

2 )r−2 = 0 =⇒ λ = −1 of multiplicity p(
(s2+3s+2)

2
)r − 2 and the factor

(p(
(s2+3s+2)

2
)r + λ)p

r
= 0 =⇒ λ = −p(

(s2+3s+2)
2

)r of multiplicity pr.

The quadratic part λ2−2(p(
(s2+3s+2)

2
)r+pr+1)λ+(p(

(s2+5s+4)
2

)r+p(
(s2+5s+2)

2
)r+p(

(s2+3s+2)
2

)r) = 0
can be solved as

λ =
2(p(

(s2+3s+2)
2 )r+pr+1)±

√
4(p(

(s2+3s+2)
2 )r+pr+1)2−4(p(

(s2+5s+4)
2 )r+p(

(s2+5s+2)
2 )r+p(

(s2+3s+2)
2 )r)

2
.

=
2(p(

(s2+3s+2)
2 )r+pr+1)±

√
4((p(

(s2+3s+2)
2 )r+pr+1)2−(p(

(s2+5s+2)
2 )r+p(

(s2+5s+2)
2 )r+p(

(s2+3s+2)
2 )r))

2
.

Simplifying this equation yields
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λ = (p(
(s2+3s+2)

2
)r+pr+1)±

√
(p(

(s2+3s+2)
2

)r + pr + 1)2 − (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r).

(iv) Similarly, we can provide proof for eigenvalues of [L]
p(

(s2+5s+4)
2 )r−1

by solving the

equation | λI − [L]
p(

(s2+5s+4)
2 )r−1

|= 0 which results to the polynomial equation

−((−1+λ)p
(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1λp(
(s2+3s+2)

2 )r−2((p(
(s2+3s+2)

2
)r−1)+λ)p(λ2−2(p(

(s2+3s+2)
2

)r+

p(
(s2+3s)

2
)r)λ+ (p(

(s2+5s+4)
2

)r + 2p(
(s2+5s+2)

2
)r + 2p(

(s2+3s+2)
2

)r − 1)) = 0.

Solving the equation leads to (−1+λ)p
(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1 = 0 =⇒ λ = 1 of multiplicity

p(
(s2+5s+2)

2
)r+p(

(s2+3s)
2

)r+1, λp(
(s2+3s+2)

2 )r−2 = 0 =⇒ λ = 0 of algebraic multiplicity p(
(s2+3s+2)

2
)r−

2. Similarly, ((p(
(s2+3s+2)

2
)r − 1) + λ)p

r
= 0 =⇒ λ = 1 − p(

(s2+3s+2)
2

)r of multiplicity pr. The
quadratic part
λ2 − 2(p(

(s2+3s+2)
2

)r + p(
(s2+3s)

2
)r)λ+ (p(

(s2+5s+4)
2

)r + 2p(
(s2+3s+2)

2
)r + 2p(

(s2+3s+2)
2

)r − 1) = 0 can
be solved as follows;

λ =
2(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)±

√
4(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)2−4(p(

(s2+5s+4)
2 )r+2p(

(s2+5s+4)
2 )r+2p(

(s2+3s+2)
2 )r−1)

2

=
2(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)±2

√
(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)2−(p(

(s2+5s+4)
2 )r+2p(

(s2+5s+2)
2 )r+2p(

(s2+3s+2)
2 )r−1)

2

= (p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)± ϵ.

where ϵ =

√
(p(

(s2+3s+2)
2

)r + p(
(s2+3s)

2
)r)2 − (p(

(s2+5s+4)
2

)r + 2p(
(s2+5s+2)

2
)r + 2p(

(s2+3s+2)
2

)r − 1).

6 Conclusion

This research has succeeded in representing the zero divisor graphs Γ(R) from classes
of 3-radical zero completely primary finite rings using the Adjacency, Laplacian and
Distance Matrices which have been analyzed for some of their algebraic properties.
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