Scientia Africana, Vol. 23 (No. 4), October, 2024. Pp 117-122

© Faculty of Science, University of Port Harcourt, Printed in Nigeria

ISSN 1118 - 1931

FIXED POINT THEORY WITH PARTIALLY ORDERED METRIC SPACES AND
HOMOTOPY

Issakal, I., Obeng — Denteh?, W., Bainson?, B. O., and Dontwi*, I. K.
1234Department of Mathematics, Kwame Nkrumah University of Science and Technology, Kumasi, Ghana.
*Email of corresponding author: issahimé@gmail.com, +233249913278

Received: 16-08-2024
Accepted: 03-10-2024

https://dx.doi.org/10.4314/sa.v23i4.10

http://creativecommons.org/licenses/by-nc-nd/4.0.

This is an Open Access article distributed under the terms of the Creative Commons Licenses [CC BY-NC-ND 4.0]

Journal Homepage: http://www.scientia-african.uniportjournal.info

Publisher: Faculty of Science, University of Port Harcourt.

ABSTRACT

The importance of fixed point theory and for that matter metric spaces have significantly manifested
in sciences and in many branches of mathematical analysis over the years. The paper presents fixed
point theory on a complete metric space with contractive mappings. Provision of some fixed point
results of contraction mappings on a partially metric spaces with example. However, generalization
of findings using the contraction mappings on partially metric spaces with application to Homotopy

theory is provided.
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INTRODUCTION

Fixed point theorem has gained a wide range
of applications. The contraction mapping
principle Banach (1922) and in Pant (1994) is
mainly used in classical functional analysis
and generally accepted to be the origin of
metric fixed point theory. Some generalization
of fixed point theory have been applied in
many fields (Petrov & Bisht, 2023; Petrov,
2023; Dehici et al., 2019; Kumari et al., 2023)
as in differential equations, functional
analysis, nonlinear analysis, engineering,
game theory, operator theory etc. The study of
fixed points of mappings satisfying certain
metric contractive conditions have been
attracted by many researchers, see (Rao et al.,
2020; Ege & Alaca, 2015; Pant, 1994,
Gholidahneh et al., 2017). This paper is aimed
at providing prove to unique fixed point
theorem for contractive conditions in partially
ordered metric spaces (Beg et al., 2024; Rao et

al. 2020; Rao et al. 2021; Prasad et al. 2018;
Kyukim et al., 2017; Sedghi et al., 2015;
Fadakar et al., 2021 and Mathews, 1994).
Also, application using the technique in (Ege
& Alaca, 2015; Ciric et al., 2011) and to
Homotopy theory is highlighted. In algebraic
topology, two continuous functions say u, v: X
—Y are homotopic, if there exists a continuous
family of functions H: Xx[0, 1] -, such that
H (x, 0)=u(x) and H(x, 1)=v(x). Where this is
represented as u=v. The homotopy theory
studies spaces and maps up to continuous
deformation called homotopy. The theory has
also been applied to solving linear and
nonlinear equations such as differential and
integral equations as in (Ahmed et al., 2023)
homotopy analysis method which has been use
to solve the nonlinear system of volterra
integral equations. Here are some definitions
and lemma.
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DEFINITION

Definition 1. Mathews (1994). A metric space
(X, d) is a set X and a function d: XxX - [0,
o) such that

i. d(x,y) =0ord(x,y) =0if and only if
x=y for all x, y eX.

ii.  d(x,y) =d(y, x) forall x,y € X

ii. d(x,y) <d(x,z)+d(z,y) forall x,y,z €
X.

Definition 2.(Aggarwal & Kohli, 2022) Let u
be a point in a metric space (X, d), with a
positive, real number r. An open ball centered
at u with radius r is a set

B(u; r) = {xeX: d(x, u)<r} Vv uex

And a closed ball centered at u with radius r is
the set

Blu; r] = {xeX: d(x, u)<r} v uex.

Definition 3. Let (X, d) be a metric space. A
sequence (x,,) in X converges to the limit u as
n— oo, where

X, =2uorlimx, =u

n—-oo

and for every € >0, there exist Ne N such that
|x, —u| < ev n=N.

Definition 4. Given a metric space (X, d). A
sequence (x,) in X is said to be Cauchy
sequence if for every & >0, there exist for m,
n > N as Ne N such that |x,,, — x,| < e.

Definition 5. A function g :R->R is
continuous at some point ue R if

limg(x) = g(w)

Definition 6. A function g :R - R has the
limit u as x—a, we write

g(x) »L or

lim g(x) =L

X—a

If for every € >0, there exist § >0 such that
lg(x) — L| < e and for |[x — a| < §.

Definition 7. Mathews (1994). Let X be a
nonempty set. A partial metric on X is a
function d: XxX - R forall x, y, zeX

i) x=yifand only if d(x, X)=d(y, y)=d(X, y)
i) d(x, y)=d(y, x)

i) d(x, y)<d(x, z) + d(z, x) —d(z, z)

hence the ordered pair (X, d) is called a partial
metric space

Lemma 8: (Prasad et al., 2018). Let (X, d) be
a metric space and ¢: R — R. Suppose that
{x,,} is convergent to x, then we have ¢d(X,
Xn) < rlll_r)lgo infd(x, x,) < ,lg?o sup d(x,

xXn) < d(X, x,,) for all XeX,

The result is proved, given x,= X as
lim d(x,,Xx)=0

n—oo

MATERIALS AND METHODS

Theorem 1. Given a complete metric space
(X, d). Let g: X =X be a map such that

dg(x), 9(y) =dx, y) - ¢d(g(x), a(y))
(1.1)

and¢ : R — R is a real function satisfying
t< ¢(t) for t>0 (1.2)

Then, the map g has a unique fixed point yeX
and g"x -y

as n — oo for each xeX

RESULTS AND DISCUSSION

Then we have, form > n

an, =d(g™(x) , g"(x))

<d(g™ ™19, g" (X)) —¢ (d(g™(X), g™ (X))
<d(g™™(x), 9" (X)) — (d(g™(x) , g"(x)))
< 306", 9" )

<

N =

n—1

Reading from the last statement, it is clearly
shown that a,_; > a,. We can therefore
conclude that {a,} is a non — increasing
sequence and has a limit a.

Considering a > 0 and continuity of ¢, we
have

¢(a)< lim infg(a,) < limsup ¢(a,) < a
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but this contradicts (1.2) and we get
lim d(g™ *(x), 9" (x)) =0.
n—-oo

Let now show that {g" x } is Cauchy but on
the contrary let’s show {g" x} is not Cauchy.
We have

&> 0 for every n € N and m > n such that,
d(g"x,g"x) =z ¢

Choosing the smallest integer of m for which
x hold, we obtain

d(g"x, g™ x)<e¢
By triangular inequality, we have,
e <d(g"x,gmx)

< d(g"x,g™ %) +d (g™ tx,9g™x)
—d (gm—lx ,gm—lx)
—¢d (g"x,g™x)

= d(g"x,g™ %) +d (g™ *x, g™x)
—¢d (g"x,g9™x)

< d(@g"'x,g™ %) — ¢d (g"x, g™x)
< d (gn—lx ’gm—lx)

—d(g™"x,g™x)
1
< Ed (9" 1x,g™ 1x)

< ¢(e)

And as n, m — oo, the right hand side of
inequality moves to zero, for t< ¢(t).

so there exist yeX such that g"x -y, as n—

oo, XEX, we have

dly, x) =limd(y,g"x) = lim d(g"x,
n—-oo n,m—oo

gmx) = 1)

At this point, we observe that by

(1),lim d(g"x,y) =0, we are required to

n—-oo

demonstrate that y is a fixed point of g, we
have

d(g™x, g"x)< d(g"x,y)

and since d(g™x, y) =0 means d(g™x, g™x) =0
as d(y, x) =0. Thus, we have

d(g™x, g™x)=d(g"x,y) = d(y, y)

Since ¢ is continuous and by lemma (8), we
have

¢(e) < lim infd(g"x,g™x)
n,m—>oo

< lim supd(g™"x,g™x)
n,m—co

<e&

And this statement contradicts with (1.2).
Since {g™x} is a Cauchy and X is complete.
Then we have for {g"x} converging to y €X.
As g is continuous from (1.1) and (1.2),

J(x) = limg™'x = lim g(g"x)
n—-oo n—-oo
=glim(g"x) =y
n—-oo

we have gx, =Y, hence this limit point y of
{ox,} is a fixed point of g.

For uniqueness of the fixed point, let v be
another fixed point of g. hence

d(v, x¢) < d(gv, gxo) < ¢d(v, xo) < d(v, x0)

is a contradiction, hence v = x, , implies g has
a unique fixed point.

Example 1: Given T: E - Eand v, u € [0, %[
,we have

X ,if x € O,l
g09= 113 f [0, S[
14

Letv, u € [0, %[. Thus
d(9(x), 9(y)) =d(x, y) - ¢d(g(x), g(y)

860 — g0l = Pa— 2| = = fx ]
& ION =137 31 = 13% 7Y
for
|x —y| =d(x,y)
And
=yl = x =y
x—yl-lx-y
Where

1. 12 d 1. 12
X—1—3X—1—3X61n —y+1—3y——Ey
Which implies that
8 —g)| = Zlx—yl<Zlx—yl =
d(x, y) - ¢d(9(x), 9(y))
Now, if xe [0, %[ and y= % we get
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196 — 9] = | — =
gX) = IYN= 113714
for
|x — 1]
And
x A f2x_13
|x_1|_ﬁ_ﬁ_|13 14

Consequently, we have x, y€ [0, %], and thus

1 12x

1969 =90 = |5 - | <

13

13 14
DISCUSSION

Theorem 2. Let (X, d) be a complete metric
space and U be an open subset of X where V
be closed in X such that U c V. Suppose we
have an operator H:V X [0,1] - X meet
these conditions

i)  Given x # H (x,t) for x € V\U where
t €[0,1]

i) |If ¢: R ->R is a given non-
decreasing continuous function as
t < @(t), we have t € [0,1] for each
x,y €V, then
d(H(x, t), H(y, t)) <d(x,y)—
¢d(x,y).

Given M > 0, where,
d(H(x, t), H(x, s)) < M|A— yf

Forevery A, u,t € [0,1] and for every x € U.
Hence H(., 0) has a fixed point if and only if

H(., 1) has a fixed point.
RESULTS AND DISCUSSION

Take set S = {A € [0, 1] such that x = (%, A)
for x € U} and given H (., 0) possesses a fixed
pointin U. And with O € S indicates S isanon
— empty set.

i)

At this stage we show S is open as well as
closed in [0, 1] and by means of connectedness
of [0,1], we get set S=[0,1]

First, we begin by showing S is open in [0,1].

Let {1, }n=1 &S with 4, - 42 €[0,1], as
n »o for x,€e U and t €S with x, =
H (xg, A9)-

There exists r > 0 such that B, (x,,7) € U as
U isopeninX. For

o) <t

Let € > 0 and considering{A € [0,1] | M|A —
Aol} < &= By(xq,1). We have for x,y € U

d(H(x,4),%0) = d(H(x, ), H(xo, 0))

<d(H(x,A),H(x,1y) +
d(H(x,Ay) + H(xy,1p)

< d(x,)’) - ¢d(xf)/) +
ML — Ay

<d(xy)—d(x,y) + M|A— 4|
= M|A— |

AndH(x,A) € V.Therefore H (-,A) : V > V.
As a result, since all the hypothesis of theorem
1 hold, H (-, 1) has a fixed point in V, where
by connectedness of V.and U,H (-,1) has a
fixed pointin U. So U < S and hence G is open
in [0, 1].

Let’s now show that S is closed in [0,1]. And
let {1,},n be a sequence in S for 4, -
Ay €[0,1]asn — oo. Here, we are required to
show

A, € S . There exists x, € U with x, =
H (x,,A,) forall n e N, from the definition of
G.

Moreover,

<e¢

d (Xn , Xm) =
d(H (%, A) , H (X , Am)

<
d(H (le ’/‘ln) 1H(x7’l lﬂ‘m) +
d(H(le ’/‘lm) ) H(xm ’/‘lm)

= d(xn ;An) - ¢(d(xn ,An) + M
|xn - Am'

< d(xn :An) - d(xn r/ln) + Mlxn -
Aml

= M|x, — Aml
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<¢

And from the last statement, we have
d(x, ,x,) < eforallm,n e N and this gives
rise to,

d(xn 'xm) < Mlxn_ /1m|

By continuity of M >0,and given
convergence of {1,}, N} With n, m — oo,
obtain,

lim d(x,,4,) =0.

n,m-oo

Thus, we have {x,},.n Cauchy sequence in
X. As X is complete, there exist x,, € V such
that

lim d(x,,x,) =0.
n-+4+ o

And by letting n — + oo, we have,
d(xnrH(xx :Ax) = d(H(xn :An)1
H(xy, Ay)

< d(H(xp, 1),
H(xp, ) + d(H(xp , A) + H(xy , Ay)

< d(xn ,An) -
¢d(xnlln) + Mlxn - Axl

< d(xn ,An) -
d(xn r/ln) + Mlxn - /1x|

= M|x, — A4l

Taking liT d(xy ,H(Xx, 1) =0
n- + oo

Hence
d(xx ’ H(Xx, Ax)
= lim d(xn ’ H(xx; Ax)
n-+ oo
=0

And as aresult, x,, = H(x,, A,) and by (i), we
have x, € V and given 4, € S.

Implies S is close in [0, 1] and H (., 1) has a
fixed point in V.

CONCLUSION

In conclusion, the result of partially ordered
metric spaces is investigated. The partially
ordered metric spaces provide us with a
powerful framework for delving into order

relation and metric properties. Generalization
of the findings with examples and to homotopy
theory is provided. Where the homotopy
allows for deformation of functions within
spaces and for continuity of functions. The
results are achieved using topological
properties such as compactness and
connectedness with regards to close and open
unit interval.
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