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ABSTRACT

The temperature distribution of tissues under the skin surface was obtained using Penne’s
bio-heat equation and the separation of variables technique. The resulting solution indicated
a slight temperature difference between the recorded skin temperature and the temperature of
the tissue of interest (TOI), which is a direct indication of the TOI's temperature. According to
the graphical analysis, temperature is proportionally related to time and tissue distance from
the skin surface. As a result, the given analytic solution may be utilized to easily analyze deep-
rooted tissues while accounting for thermal properties.
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INTRODUCTION

The spatial distribution of temperature and
heat transmission in tissues is critical in
thermoregulation and many physiological
processes in living creatures since there is
a link between disease and temperature.
The disease condition causes an elevation
in temperature as a result of enhanced
vascularity, hormonal activity, and
metabolic activity. Researchers have
created many bio-heat transfer models to
estimate the temperature distribution in
biological live tissues and achieve precise
responses (Kabiri and Talaee, 2021). These
models are aimed at improving
temperature regulation during hypothermia
and hyperthermia, predicting temperature
distributions in core organs where direct
temperature measurement is intrusive, and
determining changes in organ temperature
as a result of changes in bodily activities.

Because of its simplicity, Penne's bio-heat
equation is one of the most well-known
models for studying heat exchange in
tissues. Heat transport is aided by thermal
conduction, convection, blood perfusion,
and metabolic heat production in tissue
(Ciesielski and Mochnacki, 2012). When
the temperature of the blood differs from
the temperature of the tissue through which
it flows, convective heat transmission
occurs, affecting the temperatures of both
the blood and the tissue. Many
physiological processes rely on perfusion-
based heat transport interactions, such as
thermoregulation  and inflammation.
Several factors influence the blood/tissue
thermal interaction, including perfusion
rate and vascular anatomy, which vary
substantially between tissues, organs, and
diseases. Furthermore, using the traditional
Fourier's rule of heat conduction, the
Pennes bioheat equation may be used to
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define the energy conservation equation for
biological heat transfer (Lillicrap et al.,
2017). In fact, key bioheat transfer results
have been published in recent decades such
as Pennes bioheat transfer equation
(Pennes, 1948) and further microstructure
bioheat transfer models (Weinbaum et
al.,1984; Chen and Holmes, 1980).
Modeling heat-related processes such as
bioheat transfer and heat-induced stress aid
in the development of biological and
biomedical  technologies  such  as
thermotherapy,  hyperthermia  cancer
treatment, thermal diagnostics, cryogenic
surgery, and other uses (Hassain and
Mohammadi, 2013). Quantitative and exact
measurements of bioheat transfer are
essential to completely know and
anticipate the biological system's heat
transfer mechanism. The intricacy of the
accurate thermal analysis process of living
tissues is due to its heterogeneity and
anisotropy, as well as conduction,
convection, and radiation heat flow, cell
metabolism, and blood perfusion, among
other factors. Because of its heterogeneity
and anisotropy, as well as conduction,
convection, and radiation heat flow, cell
metabolism, and blood perfusion, among
other aspects, the precise thermal analysis
procedure of living tissues is complicated.
As a result, building precise thermal

Mathematical Conceptualization

models is highly challenging, and the
majority of the suggested bio-heat
equations are extremely complex, albeit
not impossible to solve analytically. The
analytical solutions to these equations are
important in bio-heat transfer research
because they reflect the equations' genuine
physical properties and can be used to
evaluate numerical results and establish the
correctness of the in-vitro model analysis.
In the existing literature, several methods
for deriving analytical solutions to these
equations have been provided (Al-
Humedia and Al- Saadawi, 2021; Damor et
al., 2015;Grysa and Marciag,2019;Sakar et
al.,2015;Zhou and Chen,2009; Zhou and
Chen,2007;Tsu-Ching et
al.,2007;Gutierrez,2007;Romero et
al.,2009;Damor et al.,2013; Roca Oriaa et
al.,2019). The general heat equation for
conduction with extra elements for heat
sources is the linear bio-heat transfer
equation for tissue (Lakhssassi et al.,2010).
The primary goal of this study is to
develop an analytical solution for the
temperatures of tissues deep beneath the
skin utilizing the well-known bio-heat
equation while taking into account the
thermal properties of the tissues such as
density,  conductivity, and thermal
diffusivity.

Penne’s bio-heat equation is given by (Akpolile et al., 2021);

pc% = V(kVT) + Q + w,c, (T, — T)

(1)

where p, ¢ and k are the density (kg/m® ), the specific heat (J/kg.K) and the thermal
conductivity (W/m.K) of the tissue respectively. w,, is the mass flow rate of blood per unit
volume of tissue (kg/(s.m?)), Cp is the specific heat of the blood ; Q is the metabolic heat
produced per unit volume from the tissue (W/m?®); Ty, denotes the temperature of the arterial
blood (K); T represents the tissue temperature,0T/dt denotes the rate of temperature rise.
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The boundary conditions is described as follows;

(i) T(x,t)|.—o = f(x) , where f(x) is a characteristics of distance.

(i) T(x,t)ly=p001 = Tp + Qo

(i) 8(x, t)] =p0p = O (2)

(iv)  8(xt)l.=p = fx)
For a small volume of human tissue, assuming a one-dimensional situation, the equation 1
above can be expressed as;;

peZ = kI2+Q + (T, — T) (3)

For easy computation, the following variables are defined as (Akpolile et al., 2021);

() @ =B,Q, )
(i) By = w,C,, (5)
(inTr—-T,—Q,=0 (6)
(iv)Q, is a constant (7)

The equation 3 can be rewritten as;

aT 8T

chzkh_:+3bqo+3b(Tb_T) 8
aT 8°T

pcT = ki3 —B,T+B,Q, +5,T, (10)
8T _ , 8T

ch_km_:_ﬂb(T_Tb_Qo] (11)

Using equation 6;

pc%=k§—3b@ 12)
pc%— k§= —B,0 (13)
Using method of separation of variables;

O(x,t) = X(x) T(z) (14)
Differentiating equation 14 with respect to x and t gives equations (15 — 17);

@, = X(x)T'(t) (15)
0, =X'(x) T(t) (16)
0 = X"'(x) T(2) 17)
The homogenous part of equation 13 is

pc—kZ2=0 (18)

ar x>


https://dx.doi.org/10.4314/sa.v21i1.3

30

Akpolile, A.F., Mokobia,C.E., Ikubor, J.E., Ugbede, F.O. and Agbajor, G.K.:A Revised Mathematical Solution...

Substituting equations (15 — 17) into 18; it will yield,

pe(X()T' (1) — k(X"'(x) T(5) = 0 (19)
pe(X(X)T'(8)) = k(X"'(x) T(1)) (20)
From equation 20, collect like terms;
pe (T'(0) _ k(x"(x)

Tt  Xix) (21)

Assume that equation 21 is equivalent to a constant, which we will call —A4.

pe(T'(0) _ kx"(x) _

Ty Xk A (22)
The equation 22 implies that:
pe(T'(e) _ _

() A @3
k(x" ()
B (24)
Rearranging equation 23, we obtain:
T -A
T e (25)
By integrating equation25, we obtain:

T -2
Jro =150 (26)
1nT[t)=;—j‘r+c 7)

where C is the integration constant. Taking the natural logarithm of both sides of equation 27

will give;

—A
E

A
T(t) = epc 0 = gpet of
A

T(t) = 4, e’ (28)

where 4; is a constant. Considering equation 24;

X”':.r} =4

xx) K (29)

X" (x) = 2 X(x) (30)

X"(x) +5X(x) =0 (31)

Let X =r; then equation 31 will be

rP+ir=0 (32)
A

r(r+2)=0 (33)

1"1=|:|OI’1"::—% (34)

Substituting the roots of the equation, we have;
A

. . —x
X = ae™* + be™ = qe"™ L+ be ¥
A

X= a+be & (35)
where aand b are arbitrary constants.



31

Scientia Africana, Vol. 21 (No. 1), April, 2022. Pp 27-36 https://dx.doi.org/10.4314/sa.v21i1.3

© Faculty of Science, University of Port Harcourt, Printed in Nigeria ISSN 1118 — 1931
i —_J'-r

O(x, ) =(a:—|— be :ﬁ)ﬂﬁepr (36)

The equation 36 is the homogenous solution. Then the particular solution for @(x, t) is;
A

@(x,t) = —P,B,e ¥ (37)

where Py is a constant. The general solution for @(x, t) is;

bl =
O(x, t) = ( a+ be'?‘).q[, efc — P B,e”

A

¥*(38)

From equation 6, we have;

T=0+T,+Q, (39)

Applying equation 4, we have;

T(x,t) = 0(x,t) + T, +£
By
A

_i_r —t —i_r Q
T(x,t) =(a—|—be K )A[, et — PyBye ¥ +T, +

Bb
Applying equation 5, we have;
-3

A -t A
T(ot) = ((atbe ™) 4y e — Powyepe & 4T, 4 (40)
Whth

where a, b, P, and A, are arbitrary constants which can bo obtained by applying the boundary
conditions.
Applying equation 2 (iii) to equation 40, we have;

p.ooLd -3

( a—+ be_T)}lu, ers =0 (42)
= 4, e %0

a + b‘E_D D?I:I_IJ. =0

a=be T (42)
Applying equation 2 (iv) to equation 50, we have;

( a+ be‘s‘éf)ﬂu e5e® = £(x) (43)
( at be‘s‘é*),qﬁ = F(x)

= 4, = f(x) (44)
a+be ¥ = f(x) (45)
Substituting equation 42 into 45, it becomes;

Che ™ 4 b = f(x)

be ¥ —be "% = f(x)

b(e_f?r - e_DD;J) = f®) (46)

Taking the Log of both sides of equation 46;

A o.oond
lt:rgi.‘a(.e_?r —e & ) = logf(x)
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A o.ooLd

bloge ¥ —bloge  * = logf(x)
Fb.—%xlnge + b. 0.0011

A 0.0014
b

loge =logf(x)

——x _I_

L. D

Ab
- (—x + 0.001) =logf(x)
Ab(0.001 —x ) =klogf(x)

_ klogf(x)
T Alopol-x) (47)
substituting equation 47 into equation 42
. p.ooLd
__ klogf(x) -T2
4= T o= ° (48)

Applying equation 2(ii) to equation 44; we have:

—}

A
T(x,r)umm=Tb+QD=(a,+b -0ty ).4 et — Pyw,cye “”’“»c+Tb+— (49)

Applying equation 5 to equation 49

il LA
T, +“h5b =4, epcr( at be_D'DME) —Pyw,cye DDDl.{—|— T, + — (50)
=5 LA A
Ay ert ( a+ be_D'DME) —Pyw,ce R =0 (51)
-1 A A
Ay eF"?r(ﬂ,-I-b B ) Pywycye e 0% (52)
A,
=4, gpe = —Pyw,c e IE:'E'E'lrf(53)
2 A
a + e 000E = —Pyw,c,e ~0.001% (54)
Considering equation 53;
i
—4 EI:'_':'
Po=—""—3 (55)
Wy ChE Tk
=
P, = —f(x) P - (56)
whchs_n peLy
Substituting equations 56, 52, 51, 48 into 44;
A klogf(x)  _eood klog f(x) __2,
T(x,t) = pc - = k _ X
() =fx) e ( 2(0001—x)° ) A(0.001—x)°
A,
x) eprc A
—f( ) swyc,e * |+ Ty + ©
-0.001% Wy, €y
Wy, € k
—a(L4E)
=2, klog f(x) _poozd -2 flx)e toc ¥
r X
T(x,t) = po———— || —e & K — T,
() =f(x) e A(0.001 — x) ( ¢ )—l—e —0.001% T
Q

_|_

Wyl
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'y ( s o.ooLld a ) _}_|'L+£:|

Aloool—x ) —mooLT
g k

where f(x) is the source term, T is the tissue temperature is (°K), k is the thermal
conductivity (m?/s), A is the tissue thickness (m), x is the tissue's distance from the skin's
surface (m), and t is time (s). The equation (57) was used to model the temperature values for
deep-seated human tissues applying the maple V18.0 software. The obtained values are

presented in Table 1.

Table 1: Thermal parameters of tissues

TISSUE  k(W/m.K) pi(kg/m3)  Ci(J/kg/'K)
LIVER 0.520 1060 3600
KIDNEY 0.556 1060 3830

Mm) x(m) Q(W/m?) Cu(J/kglK) wpx103(s?)
0.02 700 3770 15
0.07 900 3770 61

Source: (Kabiri and Talaee,2021)

RESULTS AND DISCUSSION

The temperature of deep-seated tissues
could be determined using the defined
analytical solution of Penne's bio-heat
equation in equation 57. Thermal
parameters from known works of literature
were used in the computations, as stated in
Table 1 above. The fluctuation of
temperature (T) with time (t) and distance
(x) is illustrated in Figures 1, 2, 3, and 4.
They are all linear graphs, indicating that
temperature is proportional to time. In the
graphs below (1 and 3), an intercept at
311.2503 and 311.74037 on the T axis,
respectively, was observed, and also, T
increases in a constant proportion to t, but
the temperature, T, is the same at all points
in Figures 2 and 4 below. Also, from
figures 2 and 4, a slight variation was
observed for the temperature, suggesting

that different tissues have different
temperature values which could be
attributed to the properties of the tissue
under investigation. From the equation
under study and the diagrams obtained, it is
observed that tissue temperature is
dependent on the metabolic heat produced
in the tissue, tissue thickness, and distance
of the tissue from the skin surface,
suggesting that the skin temperature
measured using the 19 thermometer placed
under the armpit cannot be assumed to be
the exact temperature value of the tissue
under study, especially in cases of illnesses
like cancer. The temperature profile
appears to coincide with data from
previous works of literature (Damor et
al.,2013; Liu and Cheng. 2008), indicating
that the same model was used under
different situations.
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Figure 1: A plot of temperature (T)
against time ( t) for liver tissue
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Figure 3: A plot of temperature (T)
against time (' t) for kidney tissue

CONCLUSION

The goal of this research is to use the
approach of separable variables to solve
Penne's  bio-heat  transfer  equation
analytically and to apply the above solution
in estimating the temperature of deep-
seated tissues in the body. Tissue thickness
was successfully integrated into the bio-
heat transfer model in this work, providing
a solution that indicated that the
temperature distribution had a
proportionate increase in time and distance
from the skin. The estimated temperature
value for the tissue under examination was

250
+00]
350
T 300
250
200]
o 03 EXTNRCXERREES
Figure 2: A plot of temperature (T)
against distance (x) for liver tissue
450
200
350
T(E) 200
250
200
o 505 o010 o015 020

R

Figure 4: A plot of temperature (T)
against distance (x) for kidney tissue

found to be slightly different from skin
temperature in the theoretical analysis,
especially in cases of the disease. The

results obtained agreed with other
investigations in comparable areas for
medical applications such as

thermographic imaging of lesions. There
has been no mathematical derivation
relating to this subject.
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