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ABSTRACT

In this paper, we proposed a numerical method called the improved Elzaki transform method
for solving singular initial value problems in second order ordinary differential equations.
The method is used in handling a generalization of this kind of problem. For this purpose, an
Elzaki linear operator is defined and evaluated using certain Elzaki transforms properties.
The method was experimented for linear and nonlinear singular initial value problems, and
the resulting numerical evidences show that the method converges to the exact solution
usually in the first iteration. The method requires less computational rigor such that
computational, round-off and truncation errors are eliminated. Similarly, results obtained by
the improved Elzaki transform method converge favourably to same results obtained using
the modified ADM. Also, the standard Elzaki transform method was treated for the same
examples considered, and the results obtained were compared with the improved Elzaki
transform method to verify the claim that the improved Elzaki transform method is far
superior. All computations were performed with the aid of the computer application
programme Maple 18 software.

Key words: Elzaki transform method, Ordinary differential equations, Singular initial value
problems, Adomian polynomials, Maple 18 software.

INTRODUCTION quasilinearization method (Mandelzweig
In recent years, there have been many  and Tabakin, 2001), linearization method
numerical methods for solving singular  (Ramos, 2003), modified Adomian
initial value problems in second order decomposition method (Hasan and Zhu,
ordinary differential equations. This is  2008; Wazwaz, 1999), etc.

largely due to the significance of these

problems to the world of mathematical In this paper, we aim at solving these
models. Popular numerical methods include, singular initial value problems using the
the Adomian decomposition method (ADM) improved version of Elzaki transform
(Adomian, 1990; Rach et. al., 1992, method. The proposed method is used in
Wazwaz, 1997; Hosseini, 2006), Homotopy  handling a generalization of this kind of
analysis method (HAM) (Bataineh et. al., problem. For this purpose, an Elzaki linear
2009), perturbation method (Bender, 1989), operator is defined for the singular ordinary
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differential equations. The proposed method
was experimented for linear and nonlinear
singular initial value problems. The
improved  Elzaki  transform  method
converges to the exact solution usually at
the first iteration compared to the standard
Elzaki method which requires more iteration

before converging. Also, the improved
Elzaki transform method requires less
computational rigor such that

computational, round-off and truncation
errors are totally eliminated.

MATERIALS AND METHODS

Basic Definitions and Notations

I. Letf(x) for x =0, then the Elzaki
transform (see Elzaki and Ezaki, 2011a;
Elzaki and Ezaki, 2011b; Elzaki, 2012;
Ziane and Cherif, 2015) of f(x) is a
function of s defined by

E[f(x)] = sf(:of(x)e_idx.

ii. The Elzaki transform (Elzaki and Ezaki,
2011a) of DDE derivative is obtained by
integration by part. That is,

E[u(0)] = 1T(r) = ru(0),
E[u"(@)] = 5 T() = ru'(0) — u(0),

Where
n—-1
T(r
T.(r) = (n) - Z p2-ntmy (m) (),
r m=0

iii. Some of the Elzaki transform properties
can be found in the references Elzaki and
Ezaki (2011a), Elzaki and Ezaki (2011b),
Elzaki (2012), Ziane and Cherif (2015), and
are given as;

a. E[1] =12

b. E[x"] =n!r"t?

1 2 x"
c. E7 [T'n+ ] :;.

Improved Elzaki Transform Method
Algorithm 1: Consider the generalized
initial value problem of the form (Hasan and
Zhu, 2008; Wazwaz, 1999)

u B Dy

X X
Nu(x) = g(x), n =0, (1)
with initial conditions
u(0)=a,  u'(0) =4,

where  g(x)and Nu(x)are given real
functions and « and S are constants.
The above problem has been solved by
Hassan and Zhu (2008) using modified
ADM.
Here, we proposes the Elzaki linear operator
L, as below

L= x‘";—;x"u, (2
such that problem (1) can be written as
Lu + Nu(x) = g(x). (3)

Applying the Elzaki transform method
(Elzaki and Ezaki, 2011a; Elzaki and Ezaki,
2011b), equation (3) can be written as
E[Lu] = E[g(x)] — E[Nu(x)]. 4

To aid convergence we rewrite (4) as,

E[Lu] = x™™(E[g(x)] — E[Nu(x)]). (5)
where

E[Lu] = x"E[Lu], E[g(x)] = E[x" g (x)]

and
E[Nu(x)] = E[x"Nu(x)].

Equation (5) is the formation of the
improved Elzaki transform method for
solving singular initial value problems
whose solution is achievable by employing
the special properties of the

Elzaki transform method which has been
outlined in the Basic Definitions and
Notations section of this work.

By definition ii, equation (5) can be written
as
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ETu(x)] =
x7 (Zhao T2 S u0) + r2E[x"g ()] -
r2ExnNu(x), (6)

which implies that,
Elu()] =x"(ar? + pré+
r2fxng(x)-ExnVu(x). (7)

Taking Elzaki inverse operator E*on (7),
u(x) = E"Yx(ar? + pré +
r2kang(x)-ExnVu(x). (8)

By definition iii c, equation (8) can be
written as

u(x) = [x‘" (a + fx +
£=1r2Fxng(x)- EanNu(x) (9)

The Elzaki transform method introduces the

solution u(x) and the nonlinear
termNu(x)as

u(x) = Xp=oun(x) , (10)
and

Nu(x) = Xn=04n , (11)

where A, are the Adomian polynomials
which are derived recursively using the
relation (see Adomian, 1990; Rach et. al.,
1992; Wazwaz, 1997; Hosseini, 2006)

A= lmCay)] o @@

If the nonlinear term is expressed as
Nu(x) = F(uy), then the first few Adomian
polynomials are arranged into the form

AO = F(uO)l
Ay = uiF (up),
2
Ay = uyF (ug) + 2 F' (up), (13)
3
Az = uzF (up) + wuF (up) + %F”(uo)

The components of
determined recursively.

u,n=0, are

Substituting (10) and (11) into (9),
Yn=oUn(X) =

[x‘" (a + Bx + ETY(r3(E[x"g(x)] —
Eaxnn=00An . (14)

The improved Elzaki transform method
requires that the terms
x(a+ px + ETLr?(E[x"g(x)]))

are first evaluated and substituted back in
(14). That is, if evaluating
x(a+ Bx + ETLrA(E[x"g(x)]))

yields F(x)and G(x), then (14) can be
written as

Ln=oUn(x) = F(x) +
G(x) —x "ETYr?E[x" X5_0Anl].  (15)

To compute the componentsu,,n =0,
recursively we decompose F(x) + G(x)
into equal parts such that by comparing both
sides of (15) we have,

up(x) = F(x),
U1 (¥) = G(x) = xETMr?E[x" Yoo Anl], k20
(16)
which subsequently yield the result
u(x) = Xn=o Un(x).
Algorithm 2: Going by the Elzaki

transform method, we compare both sides of
(14) such that the components u,,,n = 0, are
determined recursively,

ug(x) = x™™ (a + Bx + E‘l(rz(E[x”g(x)]))),
Upey1(X) = —xTETr2E[x" TnsoAnl], k20
17)
which also yield the result
u(x) = Y=o un ().



Njoseh I. N. and Mamadu E. J.: Improved Elzaki Transform Method for Singular Initial Value Problems in Second Order ...

Numerical Examples

In this section, problems considered are
solved with the improved Elzaki transform
method and the standard Elzaki method to
demonstrate their accuracy over one
another. Results obtained here are compared
with modified ADM found in Hasan and
Zhu (2008).

Example 1: (Hasan and Zhu, 2008)
Consider the nonlinear singular initial value
problem
u’ + %u +u3 =6+ 6x°, (18)
with initial conditions
u(0) = 0,u'(0) =0,

Here, n=1L,a=0=0 gkx)=6+
6x° and Nu(x) = us.

Substituting the above parameters in (14) ,
we have,

Y=o Un(X) = [X‘1 (E_l(rZ(E[6x +
6x7] - E[xu®]))| .

By definition iiib, we have
Y oUn(x) = xT1ETH6r® + 71711 —
xLEr2E[xu?]].

By definition iiic, we have,

Srino n (x) =

x? + :—2 —xE7Yr2E[xu?]] .

By the improved Elzaki transform method,
we have

uo(x) = le
8

Upqq (%) = :_2 - x_lE_l[TzE[x Zf{:oAn]]; k = 0.
(19)

For k = 0, we have,
8

u(x) = )76—2 —xE7r2E[xA,]],

where 4, = x°©.
Hence,

8
u, (x) = ’7‘—2 —xTETH7Ir ] =

x~1 (; x9) =0.
This implies that
Upp1(x) =0,k = 0.
Hence,
u(x) = x2

is the solution of (18) which is the exact
solution. The same solution was obtained in
Hasan and Zhu (2008) using modified
ADM.

Alternatively, if we have used the Elzaki
transform method (ETM), the

approximations would be
x8

— 42
ug(x) = x% + =
24 1 18 1

t851760° T 5460

1
w () = - [333135504"

and so on.

Example 2: (Hasan and Zhu, 2008)
Consider the nonlinear singular initial value
problem
u"+§u'+u =6+ 12x + x%2 + x3, (20)
with initial conditions

u(0) = 0,u'(0) =0,
Here, n=1a=0=0 gkx)=6+
12x + x? + x3 and u(x) = u.

Substituting the above parameters in (14) ,
we have,

Ticotn(x) =[x~ (E7(r2(El6x +
12x2 + % + x*] - E[xu])))] _

By definition iiib, we have
Yr_oUn(x) = xTTET[6r° + 4176 +
3177 + 4178] — x1E~r2E [xu?]].

By definition iiic, we have,

5
SroUn(x) = x% +x3 + ;C_o +
xETHr2E[xud]] .

6

x
30

By the improved Elzaki transform method,
we have

1
x12 + —x*
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u(x) = x? + x5,
x5  x
Uy () = 2030~ xLE7r2E[xul]],
For k > 0, we have,
Upp1(x) =0,k = 0.
Hence,

u(x) = x% +x3

is the solution of (20) which is the exact
solution. The same solution was obtained in
Hasan and Zhu (2008) using modified
ADM.

Alternatively, if we have used the Elzaki
transform method (ETM), the

approximations would be
5 x6
— 2 342 4
Ug(x) = x*+x +20+30,

Upp1(x) = =xE7Yr2E[xu’]], k=0,
and so on.

DISCUSSION

From the implementation of the improved
ETM on the numerical examples
considered, the results obtained by the
improved ETM converge favourably to the
exact solution usually at the first iteration.
This agrees with the similar result obtained
in Hasan and Zhu (2008) using modified
ADM. In contrast, the standard ETM
requires more iteration to converge.

In this paper, we have improved on the
standard Elzaki transform method for
solving singular initial value problems for
linear and nonlinear cases. The standard
Elzaki transform method was employed to
solve same problems for effective
comparison with the improved method. The
improved Elzaki transform method requires
less computational rigor such that
computational, round-off and truncation
errors are totally eliminated.

k>0 (21)
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