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SYMBOLS, ABBREVIATIONS AND UNITS 

 
qV

, dV
: q-d  axis voltages; 

qi
, di : q-d axis currents;  

q
, d : q-d flux linkages; where the q and d are the quadrature axis and the direct axix respectively. 

 sr :Stator phase resistance; r : Rotor angular position (radians); 

  𝛿 : is the load angle; 

  𝜀 : is the assumed displacement angle between 𝐴𝐵𝐶 winding and 𝑋𝑌𝑍 winding;  

mqL
, mdL

: Magnetizing inductance in q-axis and d-axis; 

 lsL
 : Stator winding leakage inductance; 

qL
 :q-axis synchronous inductance;  

dL
: d-axis synchronous inductance; 

'

kqr '

kdr
: equivalent q-axis and d-axis damper winding resistance; 

'

kq '

kd
:equivalent q-axis and d-axis damper 

flux linkage; 

'

kqL '

kdL
: equivalent q-axis and d-axis damper inductance; 

'

kqi
, 

'

kdi
: equivalent q-axis and d-axis damper current; 

'

mi  equivalent 

magnetizing current of permanent magnets; m  : Flux linkage due to permanent magnets; 


: Stator circumferential position (radians); 
( )aN 

,

( )bN 
,

( )cN 
: Winding function of stator phase a, b and c respectively; 

( )xN 
,

( )yN 
,

( )zN 
: Winding function of stator phase x, y and z 

respectively;  ssL
: Stator inductance matrix; 𝛽: Ratio of the pole arc to the pole pitch; 

1( , )rg  
: Inverse air gap function; 1g

: Minimum air-gap 

length; 2g
: Maximum air gap length; PM: Permanent magnet and Nd-Fe-B is Neodymium-Iron-Boron. 

ABSTRACT: This paper presents the modelling and performance analysis of a line-start three-phase interior 

permanent magnet synchronous motor (IPMSM) with dual stator windings. The machine has two sets of windings, 

main and auxiliary windings.  The main winding is connected to the supply while the auxiliary is connected to a 

balanced capacitor. The dynamic model equations are derived in the d-q rotor reference frame using the concept of 

winding function theory. The machine input impedance was construed from the steady-state equations, where the 

effects of capacitance on the performance of the motor were studied. An improved torque was obtained when a suitable 

capacitance was connected to the auxiliary winding. A point of good performance was established by enhancing its 

direct axis reactance and the quadrature axis reactance which depend on the size of the capacitor. It is shown that the 

new configuration has better performance characteristics when compared with those of the traditional configuration 

in terms of output power, torque density and efficiency. 
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I. INTRODUCTION 

The dwindling global energy resources and strict efficiency 

regulations dictate the need for energy efficiency practices in 

industrial settings. The sector utilizes energy to run lighting, 

machinery and high voltage AC equipment. As electric motors 

account for a larger proportion of global   industrial energy 

consumption, it become necessary to evolve strategies to 

minimize their consumption. 

Because of the high level of technology involved and the 

advancements made in permanent magnet materials, PMSM 

research has received a great deal of interest. Due to its 

considerably better efficiency, power factor, power density, 

and superior heat transfer ability, the machine becomes a 

desirable alternative to induction motor in a number of 

applications (Łukasz et al., 2020, Mousalreza et al., 2021) Its 

efficiency is higher than that of asynchronous motors, except 

that its price is somewhat higher owing to the addition of 

permanent magnets. 

Several researchers improved on the performance of 

induction and reluctance motors using dual stator winding. 

However, slight thought has been paid to PMSM except the 

works of (Chandrasekaran and Manigandan, 2011; Basak and 

Chakraborty, 2015; Ogunjuyigbe et al., 2017), Zhiwei Zhang, 

2021; Nazanin et al., 2021). Moreover, a portion of the 

research accomplishments on how to improve the performance 

of electrical machines with two stator winding connected with 

a balanced capacitor for synchronous reluctance machines 

were described in (Anih and Obe, 2009; Obe, 2010; Anih et 

al., 2015). In (Anih and Obe, 2009) the machine comprises two 

sets of winding, main and auxiliary winding with a rounded 

rotor. Although, the secondary windings of the machine were 

transposed and short-circuited, both (main and secondary) 

windings were connected in series configurations. The result 

shows the performance of the machine operating at half 

synchronous speed and torque. 

In (Ogunjuyigbe et al., 2009) the authors proposed an SRM 

that used the conventional rotor and three-phase 

supplementary winding, connected with a capacitor for power 

factor enhancement. Line-start interior permanent magnet 

synchronous motor (LSIPMSM) is an efficient motor that runs 

with a static line voltage and frequency as it is in an induction 

machine. However, by comparison, the motor power factor is 

higher and low losses at steady state (Almeida et al., 2011). At 

steady state, LSIPMSM has a higher efficiency and better 

power factor than induction motor (Barbara-Anne et al., 2021), 

(Mutize and Wang, 2013). The LSIPMSM face some 

significant challenges such as synchronisation and magnets 

braking torque which are noticeable especially during starting. 

On synchronisation, the optimal design of LSIPMSM with 

interior magnets and cage winding has been a trade-off 

between these challenges (Aliabad et al., 2010; Hassanpour et 

al.,2011). In (Hassanpour et al.,2011), the authors investigated 

the properties of magnetising inductance of LSPMSM on the 

starting characteristics, using the magnetising inductance, 

average and pulsating torques values in asynchronous action. 

Analysis revealed an improved start-up when concerted with 

high magnetisation inductance and high synchronisation 

ability with a resultant lower magnetisation inductance.  

In (Cintron-Rivera et al., 2012), the authors proposed a 

simplified characterization of permanent magnet synchronous 

machine which include the effects of saturation. The PMSM 

also gained its popularity everyday owing to the availability of 

permanent magnet (PM) materials of high energy density like 

Nd-Fe-B, Samarium Cobalt and Ferrite. Rahman and Osheiba 

(Rahman and Osheiba, 1990), presented the performance of a 

large power PMSM with Sm-Co5 and Nd-Fe-B magnets. They 

succeeded in finding an expression that takes into account both 

the performance and the buildup. However, a high power factor 

and over 94% full load efficiency were attained in a motor 

made of Nd-Fe-B PM material. 

Generally, winding function theory(WFT) adopted in many 

of the studies of modelling and analysis of electric machine (Di 

Nardo et al., 2022; Ni et al., 2022) to analyse the inductances 

of the windings and is relatively useful. WFT, as a tool for 

calculating the mmf, considers the winding layout in the 

modelling of the electrical machine. The concept (Obe, 2010) 

was used for the calculation of machine inductances with only 

the winding layout and air-gap geometry. 

In this paper, we will use the WFT procedures on a dual-

winding LSPMSM to enhance the output power using 

capacitance current injection to improve power factor. This 

improved performance will reduce the energy consumption of 

the motor, which saves cost and increases the lifespan of the 

motor. The permanent magnet synchronous motor (PMSMs) 

exhibits a higher torque density and a higher efficiency in 

comparison to induction machines of similar size. This paper 

is sub-divided into four sections. The background of the study 

has been presented in section I. The model machine description 

and the simulation results of the dynamic and detail steady-

state analysis is presented in section II. In addition, the results 

of steady-state analysis are discussed in detailed in section III. 

The paper’s section IV contains the conclusion. 

II. METHODS 

 

The machine windings were modified to comfortably 

carry two three-phase stator winding sets- main (ABC) and 

auxiliary (XYZ). The sets of windings, wherein magnetic axes 

displaced by an arbitrary angle ( ), share equal magnetic 

space and having poles of similar number residing in the same 

stator slots. Consequently, the windings are electrically 

isolated but magnetically coupled. The load current is on ABC 

winding whereas the XYZ winding is linked to a balanced 

capacitor. Attachment of the capacitor to XYZ winding 

consistently advances the power factor and torque. The moving 

member is simple dumb-bell salient pole rotor. Figure 1 shows 

the machine connection diagram. While the stator winding is 

reconfigured to fit the two sets of windings, the design kept the 

permanent magnet (PM), squirrel cage bar, and rotor in place. 

The windings in the 36-slot stator are curly and double-layered, 

with q=3 slots per pole and phase. The parameters of the model 

machine are of 4 HP, 4- pole, 230V, 50Hz as in (Tola et al., 

2017; Tola et al., 2022). 

 The voltage and flux linkage equations of the dual stator 

winding machine are expressed as: 
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𝐿𝐴𝐵𝐶𝑠 =

[
 
 
 
 𝐿𝑙𝐴 + 𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos(2𝜃𝑟) −

1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos (2𝜃𝑟 −

2𝜋

3
) −

1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos(2𝜃𝑟 +

2𝜋

3
)

−
1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos (2𝜃𝑟 −

2𝜋

3
) 𝐿𝑙𝐵 + 𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos (2𝜃𝑟 +

2𝜋

3
) −

1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos(2𝜃𝑟)

−
1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos (2𝜃𝑟 +

2𝜋

3
) −

1

2
𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos(2𝜃𝑟) 𝐿𝑙𝐶 + 𝐿𝐴𝐴0 − 𝐿𝐴𝐴1 cos(2𝜃𝑟 −+

2𝜋

3
)]
 
 
 
 

        (11) 

𝐿𝑋𝑌𝑍𝑠 =

[
 
 
 
 𝐿𝑙𝑋 + 𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos(2𝜃𝑟 − 𝜀) −

1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos (2𝜃𝑟 − 2𝜀 −

2𝜋

3
) −

1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos(2𝜃𝑟 − 2𝜀 +

2𝜋

3
)

−
1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos(2𝜃𝑟 − 2𝜀 −

2𝜋

3
) 𝐿𝑙𝑌 + 𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos (2𝜃𝑟 − 𝜀 +

2𝜋

3
) −

1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos(2𝜃𝑟 − 2𝜀)

−
1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos (2𝜃𝑟 − 2𝜀 +

2𝜋

3
) , −

1

2
𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos(2𝜃𝑟 − 2𝜀),  𝐿𝑙𝑍 + 𝐿𝑋𝑋0 − 𝐿𝑋𝑋1 cos (2𝜃𝑟 − 𝜀 − +

2𝜋

3
)]
 
 
 
 

    (12) 

 

𝐿12 =

[
 
 
 
 𝐿𝐴𝑋0 cos 𝜀 − 𝐿𝐴𝑋1 cos(2𝜃𝑟 − 𝜀) 𝐿𝐴𝑋0 cos(𝜀 +

2𝜋

3
) − 𝐿𝐴𝑋1 cos (2𝜃𝑟 − 𝜀 −

2𝜋

3
) 𝐿𝐴𝑋0 cos(𝜀 −

2𝜋

3
) − 𝐿𝐴𝑋1 cos (2𝜃𝑟 − 𝜀 +

2𝜋

3
)

𝐿𝐴𝑋0 cos (𝜀 −
2𝜋

3
) − 𝐿𝐴𝑋1 cos (2𝜃𝑟 − 𝜀 +

2𝜋

3
) 𝐿𝐴𝑋0 cos (𝜀 +

2𝜋

3
) − 𝐿𝐴𝑋1 cos (2𝜃𝑟 − 𝜀 +

2𝜋

3
) 𝐿𝐴𝑋0 cos (𝜀 −

2𝜋

3
) − 𝐿𝐴𝑋1 cos(2𝜃𝑟 − 𝜀)

𝐿𝐴𝑋0 cos𝜀 − 𝐿𝐴𝑋1 cos(2𝜃𝑟 − 𝜀 +
2𝜋

3
) 𝐿𝐴𝑋0 cos(𝜀 −

2𝜋

3
) − 𝐿𝐴𝑋1 cos(2𝜃𝑟 − 𝜀) 𝐿𝐴𝑋0 cos 𝜀 − 𝐿𝐴𝑋1 cos (2𝜃𝑟 − 𝜀 −

2𝜋

3
) ]

 
 
 
 

   (13) 

 

𝐿1𝑟 =

[
 
 
 

𝐿1𝑞 cos 𝜃𝑟 𝐿1𝑑 sin 𝜃𝑟

𝐿1𝑞 cos (𝜃𝑟 −
2𝜋

3
) 𝐿1𝑑 sin (𝜃𝑟 −

2𝜋

3
)

𝐿1𝑞 cos (𝜃𝑟 +
2𝜋

3
) 𝐿1𝑑 sin (𝜃𝑟 +

2𝜋

3
)]
 
 
 

          (14) 

𝐿2𝑟 =

[
 
 
 
 

𝐿2𝑞 cos(𝜃𝑟 − 𝜀)       𝐿2𝑑 cos(𝜃𝑟 − 𝜀)

𝐿2𝑞 cos (𝜃𝑟 − 𝜀 −
2𝜋

3
)       𝐿2𝑑 sin (𝜃𝑟 − 𝜀 −

2𝜋

3
)

𝐿2𝑞 cos (𝜃𝑟 − 𝜀 +
2𝜋

3
)       𝐿2𝑑 sin (𝜃𝑟 − 𝜀 +

2𝜋

3
)]
 
 
 
 

                (15) 

{

𝑉𝐴𝐵𝐶𝑠 = 𝑅𝐴𝐵𝐶𝑖𝐴𝐵𝐶𝑠 + 𝜌𝜆𝐴𝐵𝐶𝑠
0 = 𝑅𝑋𝑌𝑍𝑖𝑋𝑌𝑍𝑠 + 𝜌𝜆𝑋𝑌𝑍𝑠 + 𝑉𝐶𝑋𝑌𝑍𝑠

𝑉𝑑𝑞𝑟 = 𝑅𝑑𝑞𝑟𝑖𝑑𝑞𝑟 + 𝜌𝜆𝑑𝑞𝑟

                       (1) 

 

The main and auxiliary windings are defined by the 

subscripts ABC and XYZ respectively, while the stator and 

rotor variables are denoted by subscripts s and r. The 

equivalent resistances for the ABC and XYZ windings are 

𝑅𝐴𝐵𝐶  and 𝑅𝑋𝑌𝑍respectively. The flux linkage expressions are 

shown as; 

{

𝜆𝐴𝐵𝐶𝑠 = 𝐿𝐴𝐵𝐶 𝑖𝐴𝐵𝐶𝑠 + 𝐿𝐴𝐵𝐶𝑋𝑌𝑍𝑖𝑋𝑌𝑍𝑠 + 𝐿1𝑟𝑖𝑑𝑞 + 𝜆𝑃𝑀

𝜆𝑋𝑌𝑍𝑠 = 𝐿𝐴𝐵𝐶𝑋𝑌𝑍
𝑇 𝑖𝐴𝐵𝐶𝑠 + 𝐿𝑋𝑌𝑍𝑖𝑋𝑌𝑍𝑠 + 𝐿2𝑟𝑖𝑑𝑞 + 𝜆𝑃𝑀

𝜆𝑑𝑞𝑟 = 𝐿1𝑟
𝑇 𝑖𝐴𝐵𝐶𝑠 + 𝐿2𝑟

𝑇 𝑖𝑋𝑌𝑍𝑠 + 𝐿𝑟𝑖𝑑𝑞𝑟 + 𝜆𝑃𝑀

      (2) 

 

The inductances are represented in matrix form as: 

𝐿𝑆𝑆 = [

𝐿𝐴𝐵𝐶          𝐿𝐴𝐵𝐶𝑋𝑌𝑍       𝐿1𝑟
𝐿𝐴𝐵𝐶𝑋𝑌𝑍        𝐿𝑋𝑌𝑍        𝐿2𝑟
 𝐿1𝑟              𝐿2𝑟             𝐿𝑟

]                             (3) 

𝐿𝐴𝐵𝐶𝑋𝑌𝑍 = 𝐿12 + 𝐿𝑙12  

where 𝜆𝑃𝑀 is the PM material flux, which is connected to 

the stator and the two-rotor damper winding, and 𝐿12 and  𝐿𝑙12 

are the mutual inductances and leakage inductances between 

the two windings, respectively. In view of the sinusoida 

distribution flux linkages, the PM flux linkages are defined as; 

 

𝜆𝑃𝑀 = [
𝜆𝑝𝑚𝑞
𝜆𝑝𝑚𝑑

] = [
𝜆𝑚 cos 𝜃𝑟
𝜆𝑚 sin 𝜃𝑟

]                                    (4) 

These corresponding inductance values are calculated 

using winding function expressed as: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐿𝑖𝑗 = 𝜇0𝑟𝐿 ∫ 𝑔−1(𝜙, 𝜃𝑟)𝑁𝑟(𝜙, 𝜃𝑟)𝑁𝑗(𝜙, 𝜃𝑟)𝑑𝜙
2𝜋

0
     (5) 

In Eqn. (5), the average radius of the air gap is r, L is the 

machine stack length, 𝜇0 is the permeability of free space, 

𝑁𝑖(𝜙)  and 𝑁𝑗(𝜙) are winding function of the 𝑖𝑡ℎ and 𝑗𝑡ℎ 

winding respectively and 𝑔−1 is the inverse air gap function of 

the machine. The inverse air gap function can be expressed 

(Obe and Senjyu, 2006) as: 

𝑔−1(𝜙, 𝜃𝑟) = 𝑚 + 𝑛 cos 2(𝜙 − 𝜃𝑟)                       (6) 

Where 

{
𝑚 =

𝛽

𝑔1
+

(1−𝛽)

𝑔2

𝑛 =
2

𝜋
(
1

𝑔1
−

1

𝑔2
) sin(𝜋𝛽)

                                       (7) 

 

where 𝑔1 and 𝑔2 are the minimum and maximum air gap 

lengths respectively and 𝛽 is the pole arc-to-pitch ratio. With 

sinusoidally distributed windings, the WF in (5), contain only 

fundamental components. Therefore the ABC and XYZ 

winding sets expressed (Tola et al., 2017) can be shown as: 

𝑁𝑖𝑗(𝜙) =
𝑁𝑖𝑗

2
cos(𝜙 − 𝛼𝑖𝑗)                                     (8) 

𝑁𝑖𝑗(𝜙) =
𝑁𝑖𝑗

2
cos(𝜙 − 𝛼𝑖𝑗 − 𝜀𝑖𝑗)                            (9) 

where, the number of turns per pole per phase is: 𝑁𝑖𝑗 =

𝑁𝑗𝑖 = 𝑁. Substitute (6) in (5) 

𝐿𝑖𝑗 = 𝐿𝑗𝑖 =
𝑁𝑖𝑁𝑗𝜇0𝑟𝑙

4
∫ cos(𝜙)(𝑚 + 𝑛 cos 2(𝜙 −
2𝜋

0

𝜃𝑟))𝑑𝜙                                                                           (10) 

 

By integrating (10) the self and mutual inductances of 

ABC and XYZ windings are expressed. 

 

 

 

 

 

 

 

 

 

 

 

Likewise, the coupling inductance between ABC and 

XYZ windings are expressed as: 

 

 

 

 

 

Also, the stator-rotor inductance terms are: 
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{
  
 

  
 

𝑉𝑞1
𝑟 = 𝑟1𝑖𝑞1

𝑟 + 𝜔𝑟𝜆𝑑1
𝑟 + 𝜌𝜆𝑞1

𝑟

𝑉𝑑1
𝑟 = 𝑟1𝑖𝑑1

𝑟 − 𝜔𝑟𝜆𝑞1
𝑟 + 𝜌𝜆𝑑1

𝑟

𝑉′𝑞2
𝑟 = 𝑟2

′𝑟𝑖′𝑞2
𝑟 +𝜔𝑟𝜆′𝑑2

𝑟 + 𝜌𝜆′𝑞2
𝑟 + 𝑉𝐶𝑞

′𝑟

𝑉′𝑑2
𝑟 = 𝑟2

′𝑟𝑖′𝑑2
𝑟 −𝜔𝑟𝜆′𝑞2

𝑟 + 𝜌𝜆′𝑑2
𝑟 + 𝑉𝐶𝑑

′𝑟

𝑉𝑞𝑟 = 𝑟𝑘𝑞𝑖𝑞𝑟 + 𝜌𝜆𝑞𝑟 = 0

𝑉𝑑𝑟 = 𝑟𝑘𝑑𝑖𝑑𝑟 + 𝜌𝜆𝑑𝑟 = 0

                                      (16)        

{
  
 

  
 

𝜆𝑞1
𝑟 = 𝐿𝑙𝑠1𝑖𝑞1

𝑟 + 𝐿𝑚𝑞(𝑖𝑞1
𝑟 + 𝑖𝑞2

𝑟 + 𝑖𝑘𝑞)

𝜆𝑑1
𝑟 = 𝐿𝑙𝑠1𝑖𝑑1

𝑟 + 𝐿𝑚𝑑(𝑖𝑑1
𝑟 + 𝑖𝑑2

𝑟 + 𝑖𝑘𝑑) + 𝜆𝑃𝑀
𝜆𝑞2
𝑟 = 𝐿𝑙𝑠2𝑖𝑞2

𝑟 + 𝐿𝑚𝑞(𝑖𝑞1
𝑟 + 𝑖𝑞2

𝑟 + 𝑖𝑘𝑞)

𝜆𝑑2
𝑟 = 𝐿𝑙𝑠2𝑖𝑑2

𝑟 + 𝐿𝑚𝑑(𝑖𝑑1
𝑟 + 𝑖𝑑2

𝑟 + 𝑖𝑘𝑑) + 𝜆𝑃𝑀
𝜆𝑘𝑞 = 𝐿′𝑙𝑘𝑞

′ 𝑖𝑘𝑞 + 𝐿𝑚𝑞(𝑖𝑞1 + 𝑖𝑞2 + 𝑖𝑘𝑞)

𝜆𝑘𝑑 = 𝐿′𝑙𝑘𝑑
′ 𝑖𝑘𝑑 + 𝐿𝑚𝑑(𝑖𝑑1 + 𝑖𝑑2 + 𝑖𝑘𝑑) + 𝜆𝑃𝑀

                                (17) 

{
𝜌𝑉𝐶𝑑

′𝑟 =
𝑖𝑑
′𝑟

𝐶
+𝜔𝑟𝑉𝐶𝑞

′𝑟

𝜌𝑉𝐶𝑞
′𝑟 =

𝑖𝑞
′𝑟

𝐶
−𝜔𝑟𝑉𝐶𝑑

′𝑟
                                                                  (18) 

{
  
 

  
 

𝑇1 = (𝐿𝑑1 − 𝐿𝑞1)𝑖𝑑1
𝑟 𝑖𝑞1

𝑟

𝑇2 = (𝐿𝑑2 − 𝐿𝑞2)𝑖𝑑2
𝑟 𝑖𝑞2

𝑟

𝑇3 = (𝑖𝑞1
𝑟 − 𝑖𝑞2

𝑟 )𝜆𝑃𝑀

𝑇4 = (𝐿𝑚𝑑 − 𝐿𝑚𝑞)𝑖𝑑1
𝑟 𝑖𝑞2

𝑟 + (𝐿𝑚𝑑 − 𝐿𝑚𝑞)𝑖11
𝑟 𝑖𝑑2

𝑟

𝑇5 = (𝐿1𝑑𝑖𝑘𝑑𝑖𝑞1
𝑟 − 𝐿1𝑞𝑖𝑘𝑞𝑖𝑑1

𝑟 ) + (𝐿2𝑑𝑖𝑘𝑑𝑖𝑞2
𝑟 − 𝐿2𝑞𝑖𝑘𝑞𝑖𝑑2

𝑟 )

                 (21) 

The voltage equations can be written with a referred 

parameter in rotor reference frame variable as: 

 

 

 

 

 

 

 

 

Where 

 

 

 

 

 

 

 

Moreover, the voltage of the capacitor in the rotor 

reference frame is expressed as: 

 

 

 

 

The expression for electromagnetic torque is given by: 

 𝑇𝑒 =
3𝑛

4
[(𝜆𝑑1

𝑟 𝑖𝑞1
𝑟 − 𝜆𝑞1

𝑟 𝑖𝑑1
𝑟 ) + (𝜆𝑑2

𝑟 𝑖𝑞2
𝑟 − 𝜆𝑞2

𝑟 𝑖𝑑2
𝑟 )]   (19) 

where n is the number of poles of the machine.  

 Substituting flux linkage equations (17) in (19), we have:    

𝑇𝑒 =
3𝑛

4
[𝑇1 + 𝑇2 + 𝑇3 + 𝑇4 + 𝑇5]                            (20) 

Where 

 

 

 

 

 

 

In (20), T1 represent reluctance torque by abc winding, T2 

also represent reluctance torque by xyz winding. T3 is the 

torque owing to PM material excitation. T4 depicts torque 

expression owing to interaction between abc and xyz winding. 

Finally, T5 depicts torque owing to interaction between abc, 

xyz and cage windings. 

The use of exponential fits of a known machine accounted 

for saturation effects. The machine parameters which were 

expressed as a function of flux linkages were used to analyze 

the inductances in place of constant inductance values. The 

expressions given by (Ojo and cox, 1996) are: 

{
𝐿𝑞 = 0.492𝑒(−0.87𝑖𝑠+0.23𝑖𝑠

2−0.03𝑖𝑠
3)

𝐿𝑑 = 0.221𝑒
(−0.91𝑖𝑠+0.21𝑖𝑠

2−0.025𝑖𝑠
3)

                        (22) 

 

Magnetic flux due to PM material is assumed to be 

unchanged by saturation effects, whereas a change in 

reluctance due to parameter variations caused by saturation 

effects. The magnetic flux caused by PM and the subsequent 

impacts of saturation-related parameter fluctuations were used 

to analyze the torque production. 

 

A. Dynamic simulation 

Eqns. (16 - 22) represent the machine's dynamic model. 

When the machine was fully loaded, the starting performance 

is shown in Figure 3, and the rotor speed fluctuated for just 

0.35 seconds at a speed of 314 rad/s. Compared to a 

conventional machine, the machine stabilizes at a load of 20 

Nm at 6 seconds in 0.9 seconds. The rotor's speed, however, 

was equal to synchronous at the synchronization point. Figure 

4 displays the electromagnetic torque in (21) along with other 

torque components. It has been noted that the induction torque, 

shown in Figure 4(e), provides the greatest torque input.  

B. Steady-state Analysis 

The performance of the machine with respect to the steady 

state was examined under the condition that time-varying 

terms of Eqn. (16) are set to zero, assuming the cage current is 

negligible and using the rotor reference frame.  

{
 
 

 
 

𝑉𝑞1
𝑟 = 𝑟1𝐼𝑞1

𝑟 +𝜔𝑟𝜆𝑑1
𝑟

𝑉𝑑1
𝑟 = 𝑟1𝐼𝑑1

𝑟 −𝜔𝑟𝜆𝑞1
𝑟

𝑉𝑞2
𝑟 = 𝑟2𝐼𝑞2

𝑟 +𝜔𝑟𝜆𝑑2
𝑟 + 𝑉𝑐𝑞

𝑉𝑑2
𝑟 = 𝑟2𝐼𝑑2

𝑟 −𝜔𝑟𝜆𝑞2
𝑟 + 𝑉𝑐𝑑

                (23) 

Considering the general expression for Α𝐵𝐶 and 𝑋𝑌𝑍 

winding as [8]: 

{
𝐹𝑎𝑒

−𝑗𝛿 = 𝐹𝑞1
𝑟 − 𝑗𝐹𝑑1

𝑟

𝐹𝑥𝑒
−𝑗(𝛿−𝜀) = 𝐹𝑞2

𝑟 − 𝑗𝐹𝑑2
𝑟

                       (24) 

Where F may be flux linkage, current or voltage, 𝛿 is the 

load angle and 𝜀 is the assumed displacement angle between 

𝐴𝐵𝐶 winding and 𝑋𝑌𝑍 winding.  

Although, 𝐴𝐵𝐶 winding has no supply voltage, 𝐴𝐵𝐶 

winding voltage is: 

{
𝑉𝑞1
𝑟 = 𝑉 cos 𝛿

𝑉𝑑1
𝑟 = −𝑉 sin 𝛿

                                   (25) 

The phasor form of the steady-state voltage equations can 

be expressed by substituting Eqn. (25) in (23) and simplifying 

with (24) and gives: 

{
𝑉𝑎 = (𝑅1 + 𝑗𝑋𝐴)𝐼𝐴 + 𝑗𝑋𝑚𝑞(𝐼𝐴 − 𝐼𝑋)𝑒

𝑗𝜀 + 𝑈1

0 = (𝑅2 + 𝑗𝑋𝐵)𝐼𝑋 + 𝑗𝑋𝑚𝑞(𝐼𝐴 − 𝐼𝑋)𝑒
𝑗𝜀 + 𝑈2

        (26) 

Where 

{
 
 

 
 𝑈1 = 𝑈𝐴 + 𝐸𝑃𝑀𝑒

𝑗𝛿

𝑋𝐴 = 𝑋𝐿 + 𝑋𝑚𝑞𝑒
𝑗𝛿

𝑋𝐵 = 𝑈𝐴 − 𝑋𝐶
𝑈2 = 𝑈𝐵 + 𝐸𝑃𝑀𝑒

𝑗(𝛿−𝜀)

                                            (27) 

 

(𝑋𝑙1 + 𝑋𝑚𝑞) = (𝑋𝑙2 + 𝑋𝑚𝑞) = (𝑋𝑙1 + 𝑋𝑚𝑑) = (𝑋𝑙2 +

𝑋𝑚𝑑) = 𝑋𝐿  

{
𝑈𝐴 = ((𝑋𝑚𝑑 − 𝑋𝑚𝑞)𝐼𝑑2) 𝑒

𝑗𝛿

𝑈𝐵 = ((𝑋𝑚𝑑 − 𝑋𝑚𝑞)𝐼𝑑1) 𝑒
𝑗(𝛿−𝜀)

   

𝐸𝑃𝑀 is the permanent magnet voltage. 

{
𝐼𝑎𝑒

−𝑗𝛿 = 𝐼𝑞1
𝑟 − 𝑗𝐼𝑑1

𝑟

𝐼𝑋𝑒
−𝑗(𝛿−𝜀) = 𝐼𝑞2

𝑟 − 𝑗𝐼𝑑2
𝑟

                                         (28) 

Eqns. (26) can be used to draw the steady-state equivalent 

circuit of the machine as depicted in Figure 2. 

From Figure 2, the input impedance of the machine, 

neglecting resistances given by: 
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𝑍𝑖𝑛 =
𝑉𝑎

𝐼𝐴
=

(𝑉𝑞1−𝑗𝑉𝑑1)𝑒
𝑗𝛿

(𝐼𝑞1−𝑗𝐼𝑑1)𝑒
𝑗𝛿 =

𝑉𝑠𝑒
𝑗𝛿

𝑉𝑠(𝑋𝐶−𝑋𝑞) sin𝛿

𝑋𝑚𝑞
2 −𝑋𝑞

2+𝑋𝐶𝑋𝑞
+
(𝐸𝑃𝑀𝑋𝐶−𝐸𝑃𝑀𝑋𝑑+𝐸𝑃𝑀𝑋𝑚𝑑−𝑉𝑠𝑋𝐶 cos𝛿+𝑉𝑠𝑋𝑑 cos𝛿)𝑗

𝑋𝑚𝑑
2 −𝑋𝑑

2+𝑋𝐶𝑋𝑑

             (29) 

 

Figure 2:  Steady-state equivalent circuit of the model machine. 

Figure 1:  Physical arrangement of the model machine. 

   𝑇𝑒 =
3𝑛

4𝜔
[
𝑉𝑠 sin𝛿(𝐸𝑃𝑀𝑋𝐶−𝐸𝑃𝑀𝑋𝑑+𝐸𝑃𝑀𝑋𝑚𝑑−𝑉𝑠𝑋𝐶 cos 𝛿+𝑉𝑠𝑋𝑑 cos 𝛿)

𝑋𝑚𝑑
2 +𝑋𝑑(𝑋𝐶−𝑋𝑑)

+

1

2
(
𝑉𝑠
2 sin 2𝛿(𝑋𝐶−𝑋𝑞)

𝑋𝑚𝑞
2 +𝑋𝑞(𝑋𝐶−𝑋𝑞)

)]                                                      (32)             

Figure 3:  Rotor speed during starting of the Model and the 

Conventional Machine. 

4(a) 

4(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The capacitor value of the machine selected is by 

considering (29) for the following conditions. 

 

 

 

 

 

 

When the rotor coincides with the d-axis, 𝛿 = 0 then d-

axis reactance is given as: 

𝑋𝑑 = −
𝑗𝑉𝑠(𝑋𝑚𝑑

2 −𝑋𝑑
2+𝑋𝐶𝑋𝑑)

𝑉𝑠𝑋𝑑−𝑉𝑠𝑋𝐶+𝐸𝑃𝑀𝑋𝐶−𝐸𝑃𝑀𝑋𝑑+𝐸𝑃𝑀𝑋𝑚𝑑
        (30) 

 

when the rotor coincides with the q-axis, 𝛿 =
𝜋

2
  then q-

axis reactance is given as: 

𝑋𝑞 =
𝑗𝑉𝑠

𝑗(𝐸𝑃𝑀𝑋𝐶−𝐸𝑃𝑀𝑋𝑑+𝐸𝑃𝑀𝑋𝑚𝑑)

𝑋𝑚𝑑
2 −𝑋𝑑

2+𝑋𝐶𝑋𝑑
+

𝑉𝑠(𝑋𝐶−𝑋𝑞)

𝑋𝑚𝑞
2 −𝑋𝑞

2+𝑋𝐶𝑋𝑞

              (31) 

 

The expression for electromagnetic torque developed in a 

steady state of the machine is: 

 

 

 

 

 

 

 

The power factor obtained of the model machine by 

considering the real and the imaginary part of the input 

impedance as expressed in (Anih et al., 2015): 

cos 𝜑 =
𝑟𝑒𝑎𝑙𝑍𝑖𝑛

√(𝑟𝑒𝑎𝑙𝑍𝑖𝑛)
2+(𝑖𝑚𝑔𝑍𝑖𝑛)

2
                                   (33) 
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4(c) 

4(d) 

4(e) 

4(f) 

Figure 4: Torque developed by of the model machine (a) 

Electromagnetic torque, (4b) Excitation torque due to PM, (4c) 

Reluctance torque due to ABC windings, (4d) Reluctance torque due 

to XYZ windings, (4e) Induction torque due to dual windings and (4f) 

Torque due to interaction between (dual and Cage) windings. 

Figure 5: Variation of the Effective Reactance with Capacitive 

Reactance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

III. RESULTS AND DISCUSSION 

The choice of capacitor value is made possible, by the plot 

of equations (29) and (30) with respect to the capacitive 

reactance as shown in Figure 5. Note that the plots include the 

winding resistance to avoid the singularities arising from 

plotting the expression of Xd and Xq directly. The plots of direct 

and quadrature axes reactance and the ratio 
𝑋𝑞

𝑋𝑑
 against capacitor 

are shown in Figure 5. It can be readily shown from the graph 

that the resonant peak occurs at 𝑋𝐶 = 40Ω.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A. Performance Analysis  

1)     Performance using Impedance and Current Loci 

In (Anih et al., 2015) , there is a thorough discussion of 

the analysis using the circle diagram of a salient pole machine. 

The issue of connecting the impedance and capacitive 

reactance values of the electric machine has a visual solution 

in the form of the circle diagram. To analyze the performance 

in terms of torque, power factor, and stator current losses, the 

information from the circle diagrams was used. 

Selective capacitance values from Figure 5 can be used to 

analyze the impedance and current loci, including values for 

open circuit (𝑋𝐶 = ∞) and short-circuit (𝑋𝐶 = 0). A family of 

circles with radii [0,
1

2
(𝑋𝑞 + 𝑋𝑑)  ] and centre [

1

2
(𝑋𝑞 +

𝑋𝑑)]were produced by the locus of (29) when the load angle 

varied from 0 to 2π for different capacitor values, as illustrated 

in Figures 10a and 10b. 𝑋𝑑 and 𝑋𝑞  depend on the capacitor 

value. It is important to note that a machine's output power 

corresponds to the impedance circle's diameter. Figure 10b 

illustrates the current locus, which is a circle and is the inverse 

of the impedance locus. 

 

2) Verification of Power Loss using Transient Parameters 

Extraction 

In order to ascertain and confirm the machine power losses 

with regard to load angle, a dynamic simulation of the stator 

current main and auxiliary winding as well as the cage rotor  



138                                                                   NIGERIAN JOURNAL OF TECHNOLOGICAL DEVELOPMENT, VOL. 20, NO.3, SEPTEMBER 2023 

Figure 6: Torque - angle plot of the machine.  

 

Figure 7: Main winding current - angle plot of the machine.  

Figure 8: Auxiliary winding current - angle plot of the machine. 
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Figure 9: The power factor - angle plot of the machine. 

(a) 

(b) 

Figure 10:  The Locus Plot of the model machine (a) Impedance (b) Current. 
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 Figure 11: Power losses against load angle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

current with a balanced 40μF capacitor connected across the 

auxiliary is analysed. 

The torque-angle relationship obtained for short-

circuiting, open-circuit, and different values of 𝑋𝐶 is shown in 

Figure 6, where the maximum torque of the machine is seen. 

The largest maximum torque value is provided by 𝑋𝐶 = 40, 

but the current drawn is intolerably high and could endanger 

the stator winding insulation, as seen in Figures 7 and 8. The 

torque values for 𝑋𝐶 = 80, 𝑋𝐶 = 40, 𝑋𝐶 = 70 and 𝑋𝐶 = ∞,  

are large, however the current against these values is lower 

than that of of 𝑋𝐶 = 40. However, the torque values for 𝑋𝐶 =
80, 𝑋𝐶 = 40, and 𝑋𝐶 = 70, are all higher than those for the 

conventional machine. An observed power factor in Figure 9 

that is close to unity is 𝑋𝐶 = 40. The machine's total ohmic 

losses are depicted in Figure 11. In comparison to the 

machine's rated power (2.941 kW), the overall losses brought 

on by the stator winding and rotor cage winding are frequently 

negligible. The machine's output power and the overall losses 

exhibit fair agreement. 

 

IV. CONCLUSION 

The possibility of using dual winding together with 

capacitance current injection to improve the torque, and power 

factor, which tend to improve the overall performance 

characteristics of the LSIPMSM with dual stator windings as 

validated in this study. The development of the mathematical 

model for transient and steady-state analysis of the model 

machine as well as the equivalent circuit as presented. The 

equations suggest that the output torque is high with the highest 

torque contribution from the induction torque. The equivalent 

circuit and the circle diagram were used to analyse the 

selection of the optimal capacitor value. Moreover, the 

performance characteristics of the dual-winding line-start 

interior permanent magnet synchronous motor deduced from 

the input impedance under the condition that rotor coincides 

with d-axis, δ=0 and the rotor coincides with q-axis, 𝛿 =
𝜋

2
. 

Four capacitance points as a point of good performance 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

established to correspond to 𝑋𝐶 = 40, 𝑋𝐶 = 80, 𝑋𝐶 = 40, 

𝑋𝐶 = 70. From the results presented, the model machine 

provides enhanced torque and a good power factor by 

connecting a capacitive reactance 𝑋𝐶 = 40 to the auxiliary 

winding. The appropriate capacitor value selection revealed 

the potential application of the machine as a power factor near 

unity is observed. 
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