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Abstract

Mono-symmetric box girders are widely used in bridge construction for their
strength, durability, and design flexibility. Traditional single-variable analysis
methods, such as trigonometric series under simply supported (SS) conditions,
often oversimplify and converge slowly. This study addresses these limitations
using Vlasov theory combined with a multi-variable power series approach.
Varbanov's modified generalized displacement functions were applied to derive
the governing Vlasov differential equations, simplifying strain fields through the
unit displacement method at the pole and shear center. Enhanced product
integrals computed critical section properties, and power, trigonometric, and
Taylor-Maclaurin series shape functions solved the reduced equations, enabling
detailed analysis of flexural and distortional behaviors. The results revealed
significant deformation patterns and rapid convergence. In the power series,
maximum deflections occurred at 5 m and 45 m, attributed to localized bending
moments caused by eccentric loading. Minimum distortion points were observed
away from load concentrations, with reduced cross-sectional warping. Taylor-
Maclaurin series deflections peaked at mid-span, consistent with beam theory
predictions, while distortional curves showed linear trends with deformation
neutralization at mid-span due to opposing end constraints. Trigonometric
series displayed cyclic deformation patterns, reflecting the effects of fluctuating
loads, and distortional curves stabilized at mid-span. These findings emphasize
the ability of mono-symmetric box girders to mitigate torsional moments and
improve structural efficiency. The proposed multi-variable power series
approach provides precise deformation analysis and insights into localized
bending, shear forces, and distortional effects. This study validates the
methodology and demonstrates its potential to enhance bridge design practices
through accurate and efficient structural analysis, addressing critical
performance factors and advancing the understanding of mono-symmetric
girder behavior under various loading conditions.

1.0 INTRODUCTION

The behavior of mono-symmetric channel sections
differs from double-symmetric ones due to the
misalignment of the shear center (S) and center of
gravity (C). While loading through the shear center
causes pure bending, eccentric loading introduces
torsion and rotation, resulting in complex
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deformations, as noted by [1] and [2]. Thin-walled
mono-symmetric  sections experience additional
stresses when restrained from warping, [4] and [5].
These structures, valued for their high strength-to-
weight ratio, are widely used in engineering,
particularly in bridges and industrial buildings, [6].
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Mono-symmetric box girders are crucial for resisting
torsional moments in bridge construction, as described
by [6] and [7]. Theoretical models, such as those
developed by [8] and [9], provide tools for analyzing
these structures, early methods based on trigonometric
series (Fourier series) as in [6] have limitations for
complex geometries, alternative approaches, such as
Taylor-Maclaurin series, as explored by [10] and [11],
offer greater accuracy in analyzing plate stability. This
study derives differential equations for mono-
symmetric box girders, focusing on flexural-
distortional behavior under simple support conditions
using Vlasov’s theory and power series.

20 METHODOLOGY

The displacements in longitudinal (U(x,s)) and
transverse (V(x, s)) directions for thin-walled closed
structures under external torque are expressed as :
UCx,s) = I U ()@i(s); V(x,8) = Ty Vie (O (s) (1)

The elastic direct and shear strain on and between the
two planes, x and s are obtained as:

Direct Strain along the longitudinal direction: e, (x, s):
£,(x,5) = 2D = 3 U/ (1) (s) 2
Direct Strain along the transverse direction, ,(x,s):

£ (x,5) = T2 = 50 Ve GOPi(5) 3)
Shear Strain between the transverse and longitudinal
directions, y(x, s):

y(x, S) — 6U§:,s) Vv (x,s)

=X, U(0)9(s) +Ipo Vi)W, (s) (4)
In similar approach, the direct elastic longitudinal and
shear stresses associated with these strains are
obtained as follows, o(x,s):

o(x,s) = Ee,(x,5) = E%’” =EY™ U/ (0)pi(s) (5)
(x,5) = Gy(x,5) = G, U;()@i(s) +Zp, Vi@ (s) ) (6)

The strain energy U is derived using
U= % [fL J; <(@ + %) t(s) + —MZE(Z'S) ) dxds] @)

Expanding and simplifying ¢%*(x,s) and <%, using
summation properties:
0?(x,s) = E? L%y Uy Uj (%) - Ejo1 i($)p;(5) (8)
T = G (IR Vi) Uy () - I 97 ()9 () + X2 Ui (Vi () -
=1 @i ()P () +Xk=1 U () Ve (1) - ZiL1 9 (s) Pie(s) +
ENACIAOEYELAOINO) 9)

By applying the same technique to the moment
expression:
M(x,5) = Xy Mic ()M (5) - Zhtoy Vie ) Va(3) (10)

Using the total work done by external loads, w; =
—q [, [,V (x,s)dxds, the total potential energy becomes:

)
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2 2
M= U+W= % [fos ((% + %) + M) > t(s)dxds] -

Els

q fL fs V(x,s)dxds (11)
In simplifying form, substituting expansions
fors2,+2, M2, and strain energy contributions, n
becomes:

= %[(E it U('x)Uj’(x) )

Sy 0:(8)9())t(s)ds +(G(E, Uy () Uy () - B2 0 ()} () +
S Ui GOV - Sy @1 ()W (5) + Xpoy Uy Vi (x)

S 0(5) W) + Zioa Vi) V() - iy Wi ()W) ) t(s)dls +

1

T My ()M (5) - Doy Vi) Vi (0)dls = RV (o 9)] dx - (12)

El

Where, t(s)ds = dA

Taking the limits, i, j, k and h as an integers 1,2,3,4
representing the modes of interaction, we have:

S 0i(8)@;(s)dA = [ @i(s)p;(s)dA = a;; XL, 9i()pj(s) dA =

[ 0i(s)pj(s)dA = byj; Yoy 9i($)¥s (s)dA = [ @i (S)Yn(s)dAJ = cy;
S @i ()W (s)dA = [ @j()Ui($)dA = cjp; Yoy Ph ()Pi(s)dA =

M (s)Mp(s) 1 Mg(s)Mp(s)
JUn(Wi(8) = 1 By = - dA = L [ Z = s
(s) (s)

X anVn(x,s) = fqll‘hds =dn (13)

Thus, equation (12) becomes:
n==:y ayU{(OU; ()dx + 2 [z by U (X)U; () +

¥y cmui(x)v}'l 0] dx+ [z cjkuj(x)vl'c ©O+y rthI;(x)V},l ()] dx +
Vi GOV () dx — X qn Vadlx (14)

Therefore, equation (14) shows that the total potential
energy I1 is a functional of the form:
11 = F(U,U ViV U U ViV (15)

Here, in equation (14), ¢ and 1 represent generalized
warping and distortional strain modes; M is bending
moment while associated terms describe displacement
functions, bending moments, and distortion effects
influenced by material properties, E (modulus of
elasticity), G (shear modulus), and external load, gj,.
2.1 Governing Equation of Distortional
Equilibrium of Box — Girder

The governing equations of distortional equilibrium
for a box-girder are derived by minimizing the
functional equation using the Euler-Lagrange
technique in both the longitudinal and transverse
directions. In the longitudinal direction, the
equilibrium equation is

wwGr)=0 (16)
In the transverse direction, it is
i) =0 (17)

Here, F, is the first moment of area about, y — axis. F is
the area of section material,
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Carrying out the partial differential of equation (16)
with respect to U;, and equation (17) with respect toVy,,
using Euler-Lagrange, we have:

% byUi() + Lo Vi) — =N ay U (x) = 0 (18)

G dx

Where, x = £ =2(1 +y), we have:

G

kay; = U{(x) = by £ U; (x) = € ZVi(x) = 0 (19)
Cin TP U GO + Tion Tty V' () = kespge Zhey Vie @) + =X g = 0
(20)

Taking the bounds of the variables i, j and k for i and
j=1,2,3and k=1,2,3,4 and the limits of the variables
i,handkfori=1,2,3and h,k=1,2,3,4, and extending,
[6], determined certain coefficients with zero values
for mono-symmetrical cross-sections, emphasized the
interaction of torsional- distortional, flexural-
tortional, and flexural- distortional deformations, and
highlighted the importance of non-trivial coefficients
associated with deformation modes 2, 3 and 4.

a;1=0; a5, =0a3, =0;a;3=0a3, =0 1
biy = 0; b1y = byy =0;by;3=b3; =0 |
c11=0;,¢5,=0,;=0;¢c3=¢c31=0 (21)
=01, =7,=013="r;=0 l
lsn =0; 512 =521 = 05555 = 0; 513 =531 =0; S35 =53, = OJ

According to [6], the relative coefficients for bending-
deformation equilibrium are the coefficients for
deformation modes 2 and 4. By replacing the
irrelevant non-coefficients in the matrix equations
obtained after the expansion of equations (19) and
(20), while retaining the relative coefficient in
equation (21), the governing differential equations
(22a) and (22b) were obtained as follows:

Vi =K,

Vs’ + &V =BVt =K,

Where, €1 = Kay;Cap; €, = Kayotuy; B1 = (ba2Tas — C24Ca2);
K, = ( 22 )q_4 —( a2 )2 ; Ky = bzz% (23)

T24Ca2— C22Ta4) G T24Ca2— C22T44) G

(22a)
(22b)

2.2 Non-dimensional Differential Equilibrium
Equations

They are derived for deformation system (flexural-
distortional),by expressing the longitudinal coordinate
as a non-dimensional parameter within the structure’s
limits,

X=LR:0<R<1, (24)
Where, x is the directional coordinate of the thin-
walled structure along the span, L;r is the
corresponding non-dimensional surface or longitu-
dinal dimension of the structure in the limits O to 1,
[12].

L) = LWy - LR iy
Recall: vy (o) = Z5%5 v/ () = 2550 () =
d V4(x); Vf”(x) _ 4 (25)

dx? dx3

2
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From Equation (24),
X = LR; dx = LdR; dx? = (LdR)? = L2dR?; dx* = (LdR)* = L*dR*
(26)

Substituting equation (26) into equations (22a) and
(22b), we have:

u® _ g (27)
LZdl;‘fV (R)1 d*v,(R) d?v,(R)

4 4
1 Trars 2 Trare ~ Przare = Ke (28)
The solution to Vlasov's flexural-distortional

equilibrium equations for a mono-symmetric box
girder involves power series displacement functions.
It emphasizes transverse deformation and its energy
contribution through general solutions and boundary
conditions.

2.3 Power Series General Solution for
Displacement Functions:

The power series is a mathematical technique for
solving differential equations by representing a
function as an infinite sum of terms involving powers
of a variable, [13]. It is particularly useful for linear
ordinary differential equations, ODEs, allowing
solutions to be expressed as power series expansions
like;

w=w(x) = Xm0 8 (x — %)™ =8y + 81 (x — x0) + 8, (x —x9)* +
830 —x0)3 + 6,(x —xp)* + 85(x —x0)° + 8 (x — x)° + 6, (x —
x0)” + 8g(x —x0)8 + ... (29)

The function w(x) is expressed as a power series
centered at x,, with coefficients s,, representing real or
complex constants. If x, = o, the series simplifies to a
power series in powers of x, equation (30) and
differentiation of this series up to the seventh and

eighth times is discussed.
w=w(x) =38 _6mx™ = (8 + 61x + 5,x% + 83x3 + S,xt + 55x° +

Sx® + 8,x7 + 5gx®) (30)
wVll = 50408, + 40320 Sgx + .32, m (m—6) 5,,x™7  (31)
w1t = 4032085 + ... Tim—gm (M —7)8,x™° (32)

Into the ordinary equation
(81 + 28,x 4+ 385x% + - + 885x7) — (8 + §1x + 6x% +++ 4+ §,x7) =
0 (33)

Then we collect like powers of x, finding:
(81— 80) + (28, = 8)x + (383 — 8)%% + ... +(885 — 8,)x7 = 0
(34)

Equating the coefficient of each power of x to zero,
we have:
5, —8,=0,25,—-6,=0,30,—0,=0,..85,—8,=0 (35)

Solving these equations, we may express 6,,6,,6;,6, ...
8, in terms of s,, which remains arbitrary:
§i=0,8,=2=2,6=2=2g=2=% 5 =2=2(36)

403206, — 50408, = 0, 8= (37)
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With these values of the coefficients, the series
solution becomes the known general solution, viz.
general solution, That is,

W) =8, +8x + 27+ 200 = 5, (T4 x+ D+ T4 D4 Ty

8!
6 7

T 4D) = e (38)
2.4  Extension of a Single-Variable Power Series
to a Multi-Variable Finite Polynomial Displacem-
ent Function Incorporating Step Functions:

The potential energy of a thin-walled box girder under
flexural-distortional load is represented by the beam's
transverse deformation "w," which can be expressed
as a power series displacement function for simply
supported (SS) conditions.

STEP 1: Homogeneous Solution. From equation (38),
w(x) = §,e* (39)

Based on the binomial coefficients and theorem at a

point where m = 8, we have:
(6+1)™ =1.8, + 8.6, +28.8, + 56.8, + 70.8, + 56 8, + 285, +
88, + 8,1 =0 (40)

Then general solution of the homogenous ODE is
represented as a finite polynomial in x with
coefficients,s,,5,,8,, ... ,8,, multiplied by the series

expansion of e* as follow:
wp = (8; + 8,x 4+ 83%% + 5,x5 + 8sx* + 86x% + §,x° + 5gx7)e*

(41)

Therefore, in general, the logarithmic base (e), log.
e*is equal to me*,where x> 0. From the key properties
of the natural logarithm, it follows that, me*=x, hence,

equation (41) becomes:
Wy = 81X + 8,x% + 83x3 + 8,x* + 85x5 + §gx® + 8,x7 + Sgx®

(42)

Applying the properties of binomial expansion, we
obtain;

(6 + 1) =81+ 8,x% 4 83x5 + Sx* + 85x5 + 5gx° + §,x7 +

8gx8 (43)

The binomial expansion of (+1)¢ becomes binomial
expansion coefficients similar to the sum of
consecutive positive integers as follows:

81 82 53 A 8s 56 87 8g
LE+2.2 4324 424 5.2 4+ 655 + 7.7 +82 (44)
The hypothesis of equation (44) corresponds to the
following expression:

) 81 S8, 83 84 s 36 87

Zgle.K}il: 1.5—0+2.E+ 3£+ 45‘{'56—4 + 66_5 + 7.& +

Sg
8.5 (45)
Where, rR=1
Then, from the arithmetic series formula for the sum
of consecutive integers, we obtained the following
sum of the first 8 positive integers as follow:

)
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i8s+1)
2

=36 (46)

STEP 2: Particular Solution: From equation (38), let,
w, = §oxBe* (47)

wp|:(’)(,(8x7 + xx)eX
W=, (56x°+16x7+x* )X
Wit =3,(336x7+169x"+ 24x + x* ) e
Wiy =8,(1680x"+1350x +337x° + 32x"+x )e*
Wy =3,(6720x*+8430x*+3372x° +56 1x° +40x" +x* )X
W1 =8,(20160x7+40440x7+25290x* +6738x" +841x"+48x+x* )e*
Wyn1=5 (40320x+141480x"+141600x™+58980x"*+11784x"+1177x"+56x"+x* ) e*

Wi111=8,(40320+323280x+566280x>+377520x°+117900x" +18846x° +1569x +64x"+x*)e*

(48)

Here, equation (40), becomes;
1.8, + 8.8, + 28.8, + 56.8, + 70.8, + 56 8, + 285, + 85, +

5.1 = 36 (49)

Substituting equation (48) into equation (49), gave:
(6,(40320 + 323280x + 566280x + 377520x3 + 117900x* +
18846x5 + 1569x6 + & + 64x7 + x)+8,(40320x + 141480x2 +
141600x3 + 58980x* + 11784x° + 6738x5 + 841x° +
48x7+708,(1680x* + 1350x° + 337x6 + 32x7 + x8) +

568, (336x° + 169x°+ 24x7 + x® + 1177x° + x®)+568,(6720x° +
8430x* + 3372x> + 561x° + 40x7 + x8) + 56x7 + x8) +
286,(20160x> + 40440x3 + 25290 + 286,(56x° + 16x7 +

x®)x*+88,(8x7 + x°) + 5,(x%))e* = 36 (50)

Omitting the linear squares, the third, fourth, fiftieth,
sixtieth, seventieth, and eightieth terms, and omitting
the common factor, e*, we obtain;

403206, = 36 (51)
5, = 89286 x 107 (52)
w, = 89286 x 10™*x%e* (53)

STEP 3: Now, w(x) =w, + Wy,
w(x) = (8; + 8x + 83x% + 8,x3 + 5sx* + 8gx5 + 5,x° +
Sgx7)e® +8.9286 x 10~x8e* (54)

Equation (55) represents the generalized polynomial
displacement function that accurately models the
deformed shape of a thin-walled box girder under
combined loads wusing Bentham’s boundary
conditions.

2.5 Power Series, Taylor-Maclaurin Series, and
Trigonometric Series Displacement Functions for
a SS Beam:

P/Zl l p/2
Le_

P/2 l T P/2
PN
} \$ 1 I
0 I > 7
Flexural (V,), and distortional (V,)deformations

Figure 1:  Simply Supported (SS) beam along R —
AXxis subjected to different loading Superimposed the
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power series, Taylor Maclaurin series and
trigonometric series Boundary Conditions along n —
direction

Figure 1 shows a beam of simply supported (SS) end
conditions subjected to flexural — distortional loads.
The Benthem’s boundary conditions of the beam are
given beneath the figure [8].

2.5.1 Power series displacement function for SS
beam

From equation (54):

w(R = 0); wR(R=0) = O;w(R = 1); wR(R=1) = 0 (55)

From equation (54)
w(R) = 8z (R-1.1198R? + 0.1198R®) (56)

Here, s, =050, by invoking scaled version of the
original function, where each term has been multiplied
by a scaling factor of os., hence , equation (56),
becomes;

w(R) = Q(0.5R-0.6R3 + 0.1R®) (57)

Here, o = constant proportionality, v2(r) and v.(r) are
flexural and distortional deformations. Hence, the
corresponding equation of deformations, second and
fourth order derivatives, becomes:
V,(R) = 9,(0.5R — 0.6R? + 0.1R®); V5 (R); V,(R) = Q,(0.5R — 0.6> +
0.1R®) (58)
Vi(R) = L2 (R) = 0,(~3.6R + 5.6R%); Vi* (R) = L2 (R) = 1680,
Vit(R) = LY (R) = Q,(~3.6R + 5.6R%); V¥ (R) = T¥2.(R) = 1680,
(59)

2.5.2 Taylor maclaurin’s displacement function
for SS beam

By equating the moment and elasticity equations of
beam and integrating twice with respect to an arbitrary
direction 7, the displacement function is obtained as.
W, =Co+Cin- +Cn? +C3-n® + Cpon* (60)

Where, ¢, and c, are constants of integration, and ¢, =
L = ;—l’j; G, = f—D . For a uniformly distributed load,
the function is fourth-order, as the highest polynomial
degree is 4. Thus, in the Taylor-Maclaurin series
expansion for a beam strip along R, the maximum
term is m = 4. The series constants along the R are
denoted as A., [10], thus,

w(R) = ¥%_, A4,,R™ (61)
W(R) = ¥4 _; A,R™ = (Ag + AR+ A,R? 4+ A;R® + A,R%) (62)

The coefficients A, of the series are determined from
the boundary conditions at the edges of the beam.
Boundary Conditions along n — direction

w(R =0); wiR(R=0) = O;w(R = 1); wR(R=1)=0 (63)

2
© 2024 by the author(s). Licensee NIJOTECH.

This article is open access under the CC BY-NC-ND license.
http://creativecommons.org/licenses/by-nc-nd/4.0/

Using Equation (63):
V(R) = A,(R — 2R + R*) (64)

Let the constant proportionality, A, be taken as Q.
Equation (64) becomes:
V(R) = Q(R — 2R3 + R*) (65)

Equation (65) is the shape function for simply
supported ends of a mono — symmetric box girder.
Hence, the corresponding equation of deformations,
second and fourth order derivatives becomes:

V,(R) = Q,(R — 2R® + R%);V,(R) = Q,(R — 2R®* + RY) (66)

" _da*n _ 2 iv _a' —
Vy'(R) = e (R) = Q,(—12R+ 12R?) ; V(R) = Y (R) = 240,

" a2V, 2 iv atv,
ViR) = B (R) = Q,(-12R+ 12R?);  VP(R) = 2% (R) =

240, (67)

2.5.3 Trigonometric series displacement function
for SS beam

Let the approximate displacement or shape function
be,

w = sin (?) (68)

The corresponding second derivative of equation (68)
becomes:

wil = _a—zz sin (?) (69)

Boundary Conditions along» — direction becomes:
w(R =0); wR(R=0)=0;w(R=1); wBR=1)=0  (70)

Therefore, the assumed displacement functions
satisfied the boundary conditions, hence
w(R) = Qsin () (71)

Thus, the corresponding equations of deformation,
second and fourth order derivatives become:

V,(R) = Q,sin ("a—R) V,(R) = Q,Ssin (%) (72)
ViR) = 2 (R) = 0, (- Zsin (%)) v (R) = 2% =

dR? dR*

n* . (7mR
2, (Gsin (7))
2 a4s a
d*v,

Vil (R) = azv, R) =90, (_Z_zsin (%)), VPR) = =

dR? dR*

0, (Zsin (™)) (73)

a*

2.6 Application of Power Series Shape Function
to Vlasov Theory on Flexural-Distortional of

Mono-Symmetric Box Girder for Simply
Supported Ends
Substituting, the  flexural and distortional

deformations and their second and fourth order
derivatives in Equations (58) and (59) into the
governing differential equilibrium equation for thin —
walled systems under flexural - distortional loads in
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Equations (27) and (28), and solving simultaneously

we have:

Gyt =

G € P ) =l

04( 36RL+2—5 6R®) _ =k, (74)
% Cemee (75)

Substitute equation (75) into equation (28) to get Q,:
Q0,5+, (“”852 ~2(-3.6R + 5.6R6)> =k, (76)

L? L*

k1 16862 B1 6 )
ko= (- 36R+56R5)/L2( L LZ( 3.6R+5.6R°%)

Q'Z = 16861 (77)

IF

Using the equation (58), the flexural deformation v, (r)
and the distortional deformation, v,(r), for the mono-

symmetric box girder gave:
V,(R) = Q,(0.5R — 0.6R® + 0.1R?®)

kp—r——tL___(168€2_Bi(_36R+56RS)
Va(R) = — (‘3‘6’“5‘“‘6)/”(16’;; ” ) (0.5R — 0.6R® + 0.1R®)
I
(78)
k
Va(R) = Samresry (05R — 0.6R® + 0.1R®) (79)

2.7  Application of Taylor Maclaurin Polynomial
Shape Function to Vlasov Theory on Flexural-
Distortional of Mono-Symmetric Box Girder for
Simply Supported Ends
Substituting, the flexural and  distortional
deformations and their second and fourth order
derivatives in Equations (66) and (67) into the
governing differential equilibrium equation for thin —
walled systems under flexural - ditortional loads in
Equations (27) and (28) and solving simultaneously
we have:

( 12RL+212R2) k, (80)
Q, Z‘L‘jl+a4 (Z%——( 12R + 12R )) (81)
Certainly! Let’s isolate o, and o, from equations (80)
and (81). Equation (28) involves onlya,, so the
expression for q, is:

k1

% = e (82)
Substitute equation (82) into equation (81) to get Q,:
o ";(“ﬁ ~B(-12R+ 12R2)) =k, (83)

L* (—12R+12R?)/12 \ L*
k1 24€p P
k2= [& 12R+12R2)/L2( L* Lzl( 12R+12R2))

Qz = 24€1 (84)

%

Using the equation (66), the flexural deformation,
V,(®) and the distortional deformation,v,(r), for the
mono-symmetric box girder gave:

V,(R) = QZ(R—2R3+R4)

ﬁ 2 2( 12R+12R?)
Va(R) = - Comm (zfel - )(R—2R3+R4) (85)

e

il (R—2R3+R%) (86)

(-12R+12R?)/1?
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V.(R) =

2.8 Application of Trigonometric Series Shape
Function to Vlasov Theory on Flexural-
Distortional of Mono-Symmetric Box Girder for
Simply Supported Ends

Substituting, the flexural and distortional
deformations and their second and fourth order
derivatives in Equations (72) and (73) into the
governing differential equilibrium equation for thin —
walled systems under flexural - distortional loads in
Equations (27) and (28), and solving simultaneously
we have:

0 (- sin (7)) =k (87)
") )

Equation (28):

0 (S () 20 (S (1)) (- () =

Substitute equation (88) into equation (28) to get q,:

Q, L% (Z—z sin ("a—R)) €+ m (Ll4 (n4 sin (ﬂR)) 62) _

(@) )
o (esin () o) B4 o)
Q,= ) (90)

1 (m* . (7R
A g@sin(7))er

Using the equation (72), the flexural deformation
V,(R), and the distortional deformation, v,(r), for the
mono-symmetric box girder gave:

V2(R) = 0, sin () (91)

"Z‘mwism<"“>>e:>—%<—%m<”>>
< sin (?) (92)

V,(R) = —2 LIS

Lj(a4 sin(ZX )

V,(R) = sm( ) (93)
L
110KN 110KN
660 154 146 _|_ 146 154 660
9.3N/m
915 o1

R IR EREIRERTEETETEEY

R _/

?

274 366

Figure 2: Mono-symmetric box girder (the bridge is
span 50m between piers)

3.0 RESULTS AND DISCUSSION

3.1 Numerical Mono-Symmetric Box Girder
Bridge Problem

Consider a mono — symmetric box Girder Bridge of
two — ways — two — lanes carrying a live load of
9.3N/mm (HL — 93 loading according to AASHTO),
[14], in addition to tandem double axle loads of
110KN each lane. The live load is uniformly
distributed over the 7.32m transverse width of the
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bridge of two lanes — two — way. The loads are
positioned at the outermost possible location to
generate the maximum bending and distortional effect
as shown in Figure 2.

3.2 Computation of Vlasov Coefficients

The Vlasov coefficients; aj, bjj, Cij and sk are obtained
by multiplying, ¢;,y;and m, accordingly using the
product integral for unit thickness (i.e; t = 1) as
described by [6]. However, the modified product
integral according to [12] is used, where the constant
k value is unity, representing the thickness of the box
girdert.

3.3 Evaluation of the Flexural and Distortional
Coefficients
€1 = KgppCay = 2.5 % 123.5117 X 6.4170 = 1,981.446447 (94)

€, = kgpaTas = 2.5 X 123.5117 x 72.0033 = 22,233.12497  (95)
By = (byyTas — Cp3Caz) = (14.6931 X 72.0033 — 14.6931 X 6.4170) =

963.6661 (96)
k1=( C22 )q_4_( Caz )ﬂ;k1=
r24C42—C22T44/ G I24C42—C22T44/ G

( 14.6931 ) 1.4738x106

6.4170%6.4170-14.6931x72.0033/  9.6x109

6.4170 1.0820%10°

( ) = 114.4427732 97)

6.4170%6.4170-14.6931x72.0033/  9.6x10°

1.4738x10°
9.6x10°

kp = by, % = 146931 x ( ) = 2.2556969556 x 107 (98)
3.4 Flexural and Distortional Deformations of
Three Mathematical Tools or Series for Simply
Supported Ends

From Equation (78) and (79) and determination of the
associated Vlasov variables, the coefficients of the
flexural and distortional deformations for the Power
series are obtained as follows:

Vz(R) =
2.2556969556x1073 (_3;1::’:2;235502(158”2:;3'1“97 %35';2661(—3.6R+5.6R6))
168x1,981.446447 (O-SR -
50%
0.6R3 + 0.1R?) (99)
_ 114.4427732 _ 3 g
Va(R) = ~ oS nassseione (05K — 0.6R* + 0.1R®) (100)

From Equation (85) and (87) and determination of the
associated Vlasov variables, the coefficients of the
flexural and distortional deformations for the Taylor

Maclaurin’s series are obtained as follows:
V,(R) =

2.2556969556x1073 1144427752

" (~4.8x10~3R+4.8x10~3R?)
7.608754356x1073

(0.085375199—0.38546644(—12R+12R2))

(R—2R®*+RY
V4(R) = -

(101)
(102)

114.4427732
(-4.8x1073R+4.8x1073R2)

(R—2R?*+R%Y
From Equation (92) and (93) and determination of the
associated Vlasov variables, the coefficients of the
flexural and distortional deformations for the
Trigonometric series are obtained as follows:

V,(R) = 2.2556969556 x
%(ﬁ(%sin(%))x22,233.12497)—%(—2—2sin(nff))

1073 =2

4
;:(Z—A‘sin(ﬂ))xl,981.446447

sin (?)
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(103)

Vo(R) = —= (104)

= - sIn
m(‘ﬁ—zsi"(%)

114.4427732 . (T[R)

3.5 Discussion of Results

The power series method for multiple variables
effectively derives shape functions for mono-
symmetric box girder bridges, offering rapid
convergence and accurate multi-dimensional represe-
ntation. It adapts well to complex structures with
varied boundary and loading conditions, unlike single-
variable methods such as trigonometric and Taylor-
Maclaurin series. Hence, this study integrates Vlasov
theory with Varbanov's modified displacement
functions and a power series framework to overcome
limitations of slow convergence and
oversimplification. The results as shown in Figure 3,
revealed significant deformation patterns; Hence, in
the power series, maximum deflections occurred at 5m
and 45m, attributed to localized bending moments
caused by eccentric loading. Minimum distortion
points were observed away from load concentrations,
with reduced cross-sectional warping. Taylor-
Maclaurin series deflections peaked at mid-span,
consistent with beam theory predictions, while
distortional curves showed linear trends with
deformation neutralization at mid-span due to
opposing end constraints. Trigonometric series
displayed cyclic deformation patterns, reflecting the
effects of fluctuating loads, and distortional curves
stabilized at mid-span. These findings emphasize the
ability of mono-symmetric box girders to mitigate
torsional moments and improve structural efficiency.

Flexural and Distortional deformations (mm)

ply supperts, X(m)
c box girder along the longitudinal apan

40 CONCLUSIONS

Mono-symmetric box girder sections combine
strength, durability, and design flexibility, making
them ideal for modern bridge construction. The multi-
variable power series approach offers rapid
convergence and accurately captures complex
behaviors by accounting for both axial and transverse
deformations under combined bending and torsional
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loads. This method overcomes the oversimplifications
and slow convergence of single-variable techniques,
providing a precise representation of structural
responses. Its ability to address intricate deformations
and torsional moments establishes a robust framework
for designing efficient and reliable bridge girders.

Comparing

multi-variable and single-variable

methods highlights their fundamentally different
capabilities in structural analysis.
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