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PRELIMINARY STUDY OF THE TRENDS IN MONOVACANCY FORMATION
ENERGY OF METALS

A. M. Ukpong and 1. A. Fuwape,
Department of Physics, Federal University of Technology, Akure, P. M. B. 704, Akure, Nigeria.

Abstract. The monovacancy formation energy has been calculated for the various metal series of the
periodic table within the local density approximation of the density functional theory. The calculations
were done using the full potential Kohn-Korringa-Rostoker (FP-KKR) approach and the ab initio relaxed
core pseudopotential in combination with the supercell approach. The results obtained from these
calculations are in good agreement with experimental values obtained from positron amnihilation rates.
An interpretation of the trends in the variation of the formation energies through these metal series is also

presented,

1. INTRODUCTION

The existence of defects in metals is of
considerable technological interest because metals
with defects show remarkable mechanical, thermal
and electronic properties. For instance, [} — 5]
assert that defects control plasticity in metals and
also give rise to energy levels in the band gap of
metals. Also in his recent study, {2] investigated the
contributions from inter-vacancy interactions to the
electrical  activity in  semiconductors, They
concluded that at equilibrium conditions, the defect
concentration at faults is high as a result of the low
formation energy suggesting that at non equilibrium
conditions, the fanlts act as sinks io point defects.

As a result, considerable efforts have been
directed towards the study of the formation energies
of vacancies and their effect on the bulk properties
of metals. The use of positron annihilation
measurements o determine the monovacancy
formation energy in metals has been adequately
documented [6,7]. On the other hand, a wide range
of computational techniques has been used to obtain
a good insight into the vacancy formation energy of
some metals to varying degrees of success. For
instance, [8] carried out studies on the self-
consistent electronic structure of a vacancy in
aluminium using the reciprocal lattice method and
obtained vacancy formation energy 2.9 times the
experimental value.

- Recently, [9] carried out first~principles study of
vacancy formation energy in transition and noble
metals using Green function method. They asserted
that the variation of the vacancy formation energy
through the transition metal series is similar to the
cases of cohesive surface energies that are usually
explained using Friedel’s rectangular state-density
approximation. Also, [10] used cluster method to
carty out ab initio investigation of point defects in
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bulk silicon and germanium. They coencluded that
the results of the calculations are sensitive to
structural effects such as the lattice constant at
which computations are carried out. Similarly, [11]
also carried out first principles study of vacancy
formation and migration energies in tantalum using
the plane-wave pseudopotential method in the
density functional theory. They emphasized that
including structural relaxations in the vacancy
calculations leads to a reduction of the formation
energy by as much as 14%. They also suggested
that this decrease depends on crystal structure.
Also, [12] evaluated the formation energies of
vacancies and adatom-vacancy pair using the
embedded-atom method (EAM) and the modified
embedded- atom method (MEAM) for some metals.
They concluded that including structural relaxations
and crystal structure effect yields underestimated
vacancy  formation  energies for  metals.
Furthermore, [13] used plane wave pseudopotential
of uranium in the Troullier-Martins form to study
the uranium and oxygen point defects in uranium
oxide using the supercell method. They interpreted
the results of vacancy calculation based on the point
defect model (PDM), and noted that the validity of
the PDM in obtaining a satisfactory description of
the population of defects in uranium dioxide is
doubtful.

In spite of all these however, no self-consistent
study of the trends in the variation of the
monovacancy formation energy along the various
metal series of the periodic table has been carried
out so far, Instead, [14,15] suggest a wide range of
theoretical predictions of vacancy formation energy
based on the theories of bonding in metals.
Consequently, this paper presents the results of a
self-consistent calculation of the monovacancy
formation energy in metals using the full potential
Kohn-Korriger-Rostoker (FP-KKR) approach and
the ab initio relaxed core pseudopotential. We also
present a preliminary interpretation of the trends in
the formation energies calculated using these
approaches.
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2. COMPUTATIONAL PROCEDURE
2.1 Total Energy

The electronic states and total energies were
calculated based on the density functional theory
(DFT) of the local density approximation (LDA)
using the full-potential Korringer-Kohn-Rostoker
(FP-KKR) results proposed by [16]. Also, the total
energy was calculated for a system of N interacting
electrons in a given ionic potential [17 — 19] as

LGL T
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Tsln(r)] is the exact kinetic energy of the non
interacting electron gas in its ground state with
density distribution n(r), the second term gives the
ionic potential, which is directly dependent on the
pseudopotential [20] as,
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¢y, represents the pseudopotential. The summations
are over all lattice vectors / in the infinite crystal
and number of atoms a in the unit cell,

The expression adopted for the bare-ion
pseudopotential is the Fourier transform of the local
form of the relaxed core pseudopotential [21],
generated in the ab initio approach is enumerated
and expressed using [22] as
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In this case, Z, e, r,, and q represent the valence, the
electronic charge, the radius of the Wigner-Seitz
primitive cell and momentum transfer vector
respectively, When the local form of this potential
is treated as a perturbation and the corresponding
shifts in valence electron energy are obtained from
the stationary state perturbation theory, the
eigenvalues are found to be identical with the free
atom eigenvalues in line with the free electron gas
approximation.

The third and the last terms of eqn. (1) denote
the classical Coulomb energy and the exchange-
correlation energy respectively. However, since the
exact form of the exchange-correlation energy is
not known exactly, we therefore adopt the
approximate exchange-correjation  functional of
[23] expressed as,

Vie = Vieln(r)] 4)

In the Kohn-Sham formalism, the ground state
electron density is the density that minimizes the
total energy Efn]. This is given by

OE[n] =0 )
on(r)

subject to the condition of
[n(r)dr = N (6)

In atomic units, setting 7 = m = 1, and replacing the
net potential by a self-consistent field potential in
the one-body Schroedinger equation leads to the
exact single particle Kohn-Sham equations which
were solved self-consistently.

Furthermore, the self-consistent results of the
FP-KKR calculations for metals were used within
the supercell approach to evaluate the electronic
states and total energy. Therefore, we do not require
an arbitrary cut off kinetic energy since all energy
terms are simulated in terms of the stationary state
perturbation theory by treating the pseudopotential
and the full potential as perturbations respectively.

2.2 Defect Calculation

In calculating the supercell energy, we adopted
the approach of. |8] as modified by [20]. The
computation of monovacancy properties is based on
the supercell approach as enumerated by [3,14,15].
In this approach, a bulk crystal is represented by a
supercell geometry in which all but one lattice sites
are occupied by atoms to represent the metal-
monovacancy system. Furthermore, since the total
energy convergence in defect calculations are
known to depend on supercell size, and in order to
make the effects of inter vacancy interactions
negligible, we select a large supercel]l of size N =
54 lattice sites, to ensure a rapid convergence of the
supercell energies to the bulk energies,

The supercell energies were first obtained
using the results of the FP-KKR calculation for
metals  and then with the relaxed core
pseudopotential. The energy of formation of
vacancies at constant pressure in a bulk crystal
system of total energy £(n), containing N atoms and
n, vacancies occupying N + n, lattice sites in a
crystal volume £2 has been evaluated by [8,9]

o N1
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where £y is the bulk equilibrium atomic volume
and Q(N,n, P) is the equilibrium volume of the
system of N atoms and n, vacancies at pressure P.
The first and second terms of equ. (7) represent the
bulk energy of the supercell with one vacancy and
the total energy of the bulk perfect crystal obtained
trom the self-consistent calculations respectively,

3. RESULTS AND DISCUSSIONS

The results of the monovacancy formation
energy calculated using the full-potential Kohn-
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Korringa-Rostoker (FP-KKR) approach and the ab
initio relaxed core pseudopotential (PP) are
presented as shown in Tables (1-6). A plot of the
monovacancy formation energy for the metal series
considered is presented in Figs. (1-6). It is observed
in figure 1 that monovacancy formation energies of
alkali metals calculated using the FP-KKR method
are higher than those cobtained using the relaxed
core pseudopotential. This trend persists for the
alkaline earths other than calcium and zinc as
observed in figure 2. However, since there are no
experimental values for most of the metals
considered, we compare our results with those of

Table 1: The monovacancy formation cnergy of
atkali metals obtained using a model potential and
the FP-KKR method.

Element Model FP-KKR
Calculation calculations
(eV) (eV)
Li 1.56 1.48
Na 1.96 1.88
K 2,70 2.62
Cs 2.89 2.63

other theories. It is noted that the results obtained
for transition metals show that the relaxed core
pseudopotential over estimates the monovacancy
formation energy.

We ascribe this trend to the large atomic and
ionic radii observed for the transition metal series,
which causes a depression in the transition metal
pseudopotential and further confirms the volume
and structural dependence of the calculated
energies. Specifically, the results obtained in this
study for indium using these approaches show a
strong correspondence with the experimental value
of [7].

Table 2: The monovacancy formation energy of
alkaline—earth metals obtained using a model
potential and the FP-KKR method.

Element Model FP-KKR
Calculation  caleulations
(eV) (V)
Ca 0.30 0.23
Zn 0.68 0.54
Mg 0.93 1.33
Ba 0.73 0.88

Table 3: The monovacancy formation encrgy of 3d- transition metals obtained using a model potential (PP) and
the FP-ICKR method, a are results of {9] for fec metals, b are results of previous full potential (FP) caleulations
for fcc metals. Results quoted in parenthesis are resulis for bee metals.

Element PP (eV) IFP-KKR (eV) Other Theories
fa/ b/

Sc 1.35 1.48 1.52 (1.21) 1.85

Ti 1.67 1.84 1.67 (1.63) 2.13

A% 1.25 1.38 2.03 (2.20) (3.06)

Cr 1.97 2.14 2,12 (2.70) (2.86)

Mn 1.06 1.33 2.51 (1.51)

Fe 1.52 1.94 2.65 (1.30)

Co 1.40 1.52 2.15 (1.52) 2.18

Ni 1.42 1.66 1.67 (1.65) 1.76,(1.77)
Cu 1.34 1.38 1.33 (1.23) 1.41, (1.33)

Table 4: The monovacancy formation energy of 44~ transition metals obtained using a mode! potential PP and

the (FP-KKR) method.

Element PP (eV) FP-KKR (¢V) Other Theories
/a/ b/
Y 1.56 1.48 1.51(1.12) 1.74
Zr 1.96 1.88 1.70 (1.68) 1.77
Nb 2.70 2.62 2.00 (2.32) (2.92)
Mo 2.89 2.63 2.17 (2.50) (3.13,2.90)
Te 2.46 2.33 2.46 (1.45) 2.56
Ag 1.23 1.03 0.96 (0.87) (120,1.24,1.06
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Table 5: The monovacancy formation energy of 5d- transition metals obtained using a model potential and the
FP-KKR method, ¢ is the result of the Full Potential Linear Muffin Tin Orbital (FP-LMTO) method, d is the

result obtained by [14], e is the result obtained by [11]

Element PP (eV)  FP-KKR (eV) Other Theories Experiment
el /d/ fef il (eV)

La 0.94 0.88 1.54 (1.08)

Hf 2.35 2.28 1.69 (1.56)

Ta 3.14 2.97 3.00 2.42(41) 3.0

w 3.36 3.24 3.27 344 368 2.49(3.04) 3.61+0.2, 3.51£0.2
Re 3.22 3.06 2.89(1.27)

Au 1.09 0.95 0.77 (0.82)

Table 6: The monovacancy formation energy of some polyvalent metals obtained using a model potential and the

FP-KKR method; g is the result of Suzuki et al. [7].

Element Model FP-KKR Other
Calculation calculations Theories
(eV) (eV) g/

Al 0.89 0.92

Ga 0.30 0.42

In 0.43 0.61 0.48+0.02

Tl 0.58 0.66

Re 3.22 3.06

Au 1.09 0.95
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Fig 1: The monevacancy formation energy of
alkali metals calculated using the relaxed core
pseudopotential and the FP-KKR method.

It is further noted that the observed trend in
these metals (Figs. 1-6) are similar to that of the
cohesive energy, which is usually explained in
terms of the Friedel’s rectangular state-density
model in the tight binding approximation [24].
Apart from the alkali metals, the Friedel model
when applied in calculating the monovacancy
formation energy yields a maximum at the centre of
the rare earth metals and transition metal series but
with large discrepancies in calculated values.
Therefore, since the cohesive energy varies
parabolically with the d occupation number, we
speculate that an implicit relationship exists
between the vacancy formation energy, the
cohesive energy and the spin orbit interaction for
metals.

Fig 2: The monovacancy formation encrgy for
some alkaline earth metals calculated using the
relaxed core pseudopotential and the FP-KKR
method.

Consequently, we asserl thai the irregularities
in the monovacancy formation energy observed
near the centre of the various transition metal series
could have arisen from spin polarizations associated
with Hund’s rule. This effect apparently causes an
extremum in the monovacancy formation energy
obtained at the centre of the transition metal series.
Furthermore, we ascribe this observed trend to the
gradual lessening in the difference in localization
between the o electrons and the s electrons
observed through the transition metal series.
Therefore, in line with [25], we note that in the left
end of the transition metal series, and as we move
down the transition metal series, the 3d, 4d and 5d
states are much more like the s and p valence states
and therefore contributes to honding.
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Fig 3: The monovacancy formation energy
for 3d transition metals caloulated using the
relaxed core pseudopfotential and the FP-
KKR method.
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Fig 4: The monovacancy formation energy for 4d
transition metals calculated using the relaxed
core pseudopotential and FP-KKR method,
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However, we note that in the alkali, alkaline
earth metals and the trivalent metals, the effect of
spin orbit interaction is not very large because of
the relatively small atomic cores associated with
metals of these groups. Therefore, this effect is not
very pronounced in these groups and consequently,
a minimum is observed in the monovacancy
formation energy at the middle of these series in
line with experimental results,

4, CONCLUSION

A preliminary study of the trends in the
monovacancy formation energy of metals has been
presented. The agreement of our results with
available experimental values is as good as other
theories, further confirming the validity of the
relaxed core pseudopotential.  We state in
conclusion, that the trends show that structural
effects such as equilibrium atomic volume, type of
crystal structure, d occupation number and laftice
parameter contribute significantly to the vacancy
formation energy in metals. As a result, we further
speculate that spin orbit interaction influences the

Monovacancy formation energy {eV)
™
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Fig 5: The monovacancy formation energy for 54
transition metals calculated using the relaxed core
pseudopotential and FP-KKR method.
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Fig 6: The monovacancy formation energy for trivalent
metals calculated using the relaxed core pseudopotential
and FP-KKR method.
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