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ABSTRACT

An aiternative eguation Is derived o
predict the variation of drawdown in a
well with time in an extensive, homoge-
negus and isotropic aguifer. The equa-
tion is in the form of a series involv-
ing Bessel functions of the 1ero and
first order. The predicted variation

of drawdown with time by this equation
is found to be in excellent agreement
with field data.

NOTATION

An = constant

BI' Bz - ronstants

Jo | | - Bassel function of zero
order .

J1 | - Bassel function of first
order

Q - pumping rate

r = distance from pumped
aefl

R = Jdlas at o b dis
uowt 15 neglicibie

5 - elray

s ’ 2

t

T 3

u - t2in ’ HE

K | A8

a i
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INTRODUCTION

The problem of groundwater flow
towards a well in both confined and un-
confined aquifers has been adequately
analysed by Theis (1) and others.
When an aquifer is pumped at a con-
stant rate the drawdown at any radius
increases with tima, Hence. a steady
state condition never develops in the
aquifer. Prediction of the time varia-
tion of drawdown in an aquifer due to
pumping is of great practical import-
ance in determining the safe yield of
an aquifer, Theis developed the
classical theory of unsteady confined
radial flow towards a well. His theory
is summarisedin the following paragraphs

The differential equation governing
unsteady confined groundwater flow
towards a single well in an extensive
buanuygeneous and isotroplc aquifer is
obtained by combining the Darcy and

the Continuity Equations. The resul~
ting equation is given by:
2
s .1 ¥ .13 .
2 rooAr a At (m
dr
in which

s is the drewdewn at radius r, as
illustrated in Figure 1,
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Figure 1: Definition Sketch for flow
towards a pumped well.
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e

Tk the e sinos pumping begen.
a'is equal to :.T._ where T is the
L transmigsivity and S is the
" storsge coefficient.
2THe=initial’ and boundery conditions
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fislee.t)=0 | J..(3)
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({Theis introduced the Boltzman

g = B 3
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“inth ‘Eef (V) 'and obtained "
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Iﬁt_.ﬂﬁr:atioq:f_-nf ‘Eq ‘{6). and the appli--
cation -of the-initial and boundary con-
- +ditiensyigavesthe. following ' solution for

CH -u . n H
¥ = j.— Wiu) ;
-, du G T .“”.j

Equation (7) is the well-known non
equilibrium equstion of Theis. Wlu) is
. the. Theis Well Function which may be
“expressed in the form of an infinite
series as follows:

"Wiul = =0.5772 - Inu + u-
u'z 3

'|+ Ve - ...18)
2.2!

3.3

~ In"this study an alternative
~approach 1o the analysis of unsteady
““fiow. towards_a well is presented. The
analysis is based on the same assump-
tions as the classical solution of Theis
- but considers. the drawdown as consis-
tingof-the final steady state solution
on which~a#transient or unsteady compo-

nent -is sugkrposed.

THEORETICAL ANALYSIS
The solution of Eq (1} is postulated

as consisting of the final steady state
solution, Fir), and the transient com-
ponent, f(r.t); that is e

s{r.t) = Fir) + f(r.t) ]

Substituting Eq. (9) into Eq. (1)
vields two equations; :

ﬁf ldF =ﬂi
dez "

... (10}

; R o
]

i

and

P .1 BF .1 by '
)2 g gl

The: boundary - conditions applicable ko
Eq (10} are derived-from Eqs. (3] and

{4) as follows: g
FI(R) =@ [12'
H *
and ' : v
limit dF ._-*L . f_ bk
r—so dr 2T R )

It should be noted that Eq. (7} pre~"
dicts that the cone of depression -
around the well develops instante- .,
nously when pumping commences and ke
extends to infinity. .However, for <+ .
practical purposes the drawdewn at.a
time, t, may be cons d negligible
at a finite radius R instead of infinity..
That is. R may be regarded as the -
radius at which the 'dravdown is say
1.0 cm or any other arbitrary value
that is appropriate for ‘the problem
under consideration. The radius
R is actually a function of time.
When Eq. (10) is.integrated and
Eqs. (12) and (13) applied. Fir) is
obtained as:

Fir) = Q@ inR
ITT r

This is the steady state equation

which is attributed to Thiem, (2],
The boundary conditions for

the transient component, fir,t], are

derived from Eqns. (2] and (3) as

follows:

AT

s{r,o0) = Flr] + flr.e] = 0
“or flr,el=- Q@ In R ..(15)
T or
and Rt =D ... 016)
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v Fir, o) = L 17)

Eq (17) implies that as t—+ <=2 the
transient component vanishes and
steady state conditions exist every-
where within the aguifer.

Equstion {11) is recognised as
Bessel's eguation of zero order and
the solution may be expressed accord-
ding to Chapman (3] as

2
flr.t] = A!E-a A t.[Biin{}'r}

+B,Y Ar)l ... $18)

in which
Aj.31.8Bp and Aare constants,

Jg (Ar). is Bessel funciion of the
first kind of 72ro order

o & y i
Yo tAr] is Bessel function of the
second kind of zero order

Since Yo (A r)—seoas r-»0 we have to
set By = 0, hence Eq. (18]

reduces to
flr.t} =A g2 ?‘thGE Arl.{19)

where A is a constant.

This equation_is automatically satisfied
by Eq. (17). Application of Eq. (16}
demands that :

ﬁe'ﬂazt Jo,{}\“l =0
The only way this iatter condition can
be satisfied for all t is for

lo {AR) =0

There is actually an infinite number
of A's satisfying Eq. (20), that is

Jo LAR) =0, n=1.2.3...(21]

Hence the general solution is the sum
of alk the solutiona corresponding to
each of the Pn 's; that is
-
fir.t) =E AnJu[ }inr’e-a}'it
n=1 e (22)
Finally, application of Eq.(15) gives
i

= Ando( Pnr) =- Q10 R
2T T s

and the unknown Ap 's are determined
as

..-120])

' -ﬁ"= g
n“"'ll*lz{ AnR 52 (AR ]

E_:L Ine 3y ( Apr) dr

INT R «ss 28]

where, o BT
Jit Z\nR) is Bessel function of the
first kind of first order. Noting that
45 [ >\nRi = f am.:i -.;utfstit_uting % for
%, Eq. (24) reduces to: '

Ap = 0
S sdn’ x ‘}:;O‘nﬂ x ldx
i

It is shown in Appendix | tha
] ;

[ xhn x (AR x Jdx ==t

(AnRY’
Li]
HE“W
A= - —38
2 . : L
R'rf};“gj?.,ai[')\nnl PR |k
Iﬂd -y _I W _-..>h.._ ?‘t ) i
. { :
flrt) =- =2 k":l S
n=T [ 2R let}.,nﬁl
The solition t6 Eq. (1) 45 thavafors ©
given by )1}..
9 lnR_ =g () rle®t 2
sir.t) = B _n
Twt| ¥ 2R L.(27)

F ~ ol
=1 (AnR)“ 1, (AR
subject to J A R) =0

Provided a {= T/S} is known Eq.(2.

can be used to predict the drawdown. »
in a confined aquifer at any time t

since pumping commenced.

VERIFICATION OF Eq (27) and. DIS-
CUSSION g el p

Data used to test Eq. [(27) was
taken from the pumping test conducted
by the 4.S. Geological Survey and re-.
ported by Todd (2). The data are given
Table 1 below.

3 JDUMMAL oF THE UMIVEHSITY OF SCIENCE AND TECHNOLOGY, VOL.9 NO.1 FERRUARY, 1389



UNSTEADY GROUNDWATER FLOW TOWARDS A WELL - E.O. ENGMANN

NOMENCLATURE - €', e', ¢' Species concentration. in the
boundary layer, at the plate
x', ! Co-ordinate system and away from the «plate
u', v Velocities in x! and y! direc- C‘; Specific heat at constant
tions pressure
TABLE 1:

VARIA 'F-Igu OF DRAWDOWN WiTH TIME IN OBSERVATION WELL

Pumping Rate. Q = 1.!5311;’3’111*;!
Distance of Observation Well from Pumped Well = 61m

Tima since Pumping Drawdown Time since Pumrlng Drawdown ... ,
v ogen, (mins) - s, {m) Began. (mins) . s;{m) . . -
"o B 1 0.671 ‘
1.0 a.201 = 24 0.719
1.5 0.265 30 0.759
2.0 0.302 40 0.808
2.5 0.338 50 0.847
3.0 0. 369 ’ 60 : 6.878
4 0.415 30 o 0.927
5 0.454 100 0.983
- 0.487 120 1.000
8 0.533 150 1.042
10 0.567 . 180 1P et
12 : 0.600 i 210 1.100 g b
1 0.634 240 1:119 G
3 £

1.1 Todd (4] anstysed the above data using the classical approach of Theis and - ©
' the.methods of Jacob (5) and Chow (6) which are modifications of the origi-

nal soljtien of Theis. The values of the Transmissivity, T, and the storage
Coefficient. S. obtained by the above methods are given in Table 2.
Lo TR RN oy e 1 v i wid
- HTA] OF T, S AND a ( =T/S] i
R DT R S R e R s TR s e elapead T
T ""; 1 g : ; : : i = P roozed Yo
i " Aquifer Constant
Mathoed 1. 1 ;8 a= T/S _
’ i : i
™ i e mZ /min
Theis >4 0:888 |- - 0:000198 ° 4485
‘Jacob |7 0880 | ' 0.000199 4532
Chow. 0.871 “ . 0.000205 4249
Average |- . 0.38 10000201 - 4385
I oy ; BT i
4 THa' average value of a (= 4385 mi?/min) was employed in Eq.(27) :
to predict 'the drawdown at different times during the pumping test and ;e
‘thess were compared with the field data. (see Table 3]. The computations

weare performed on a computer.
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“TABLE 3: COMPARISON OF MEASURED AND COMPUTED "
DRAWDOWN AT DIFFERENT TIMES, R=10,000m

Time Since Pumping Measured Predicted
Began {min) Drawdown, m Drawdown,.m
5 0.454 0.457
50 0. 847 0.848
100 0.963 0.967
200 1.119 1.118

The differences between the. predicted and measured values of drawdown
are less than 1.0§. Obviously such a comparison hinges on the accuracy with
which T and S are determined. The predicted values of drawdown were
checked using R = 20.000m and the differences obtained were less than 0.2mm
- which in practical situstions is insignificant.
Eq(27) predicts a reduced drawdown when R is relatively small. For
exampila, when R is reduced to 2000m the predicted drawdown st different
times was sbout 1.5% less than the measured vaiue. This error increases
with decressing R and for long periods of pumping because the drawdown
can no longer be considered nagligible at such small values of R. Consis~
tent resuits are obtained when R > 10,000m. For Jgr £ 0.20, 0.99 < Jo( ), r) £ 1.0
hence Jo (A r) in Eq. (27) may be assumed to be 1.0 without
much error. This simplification reduces the computational effort 1o some
extent. Where A,r > 0.20 the values of Jo ( A.r) can be obtained easily.
‘from tables of Bessel functions. One disadvantage common to Eg (27) and e
Theis' equation s that a large number of terms is required by both equa- :
tions for accurate computstion of the drawdown at short times after com-
mencement of pumping. For very long periods of pumping. however, both
:quntim: converge rapidly and only a few terms are nesded to predict the

Appendix |l gives a table of values for 1/ ')\nRII_J‘I (ApR)
to facilitate manual computation of drawdown using Eq.(27).

CONCLIUISION
The present study provides an 2. Thiem, G. (1906). Hydrologische

alternative approach to the analysis Methoden, Gebhardt, Laipzig 56pp

of unsteady flow towards a well in an 3. Chapman, A.J. (1074): Heat Transfer,

extensive isotropic and homogeneous Moomilleu Pibttshing. e

aquifer. The approach is not con- h “: " :I.naﬂbnpmy. -

strained to any particular time period — >

like the Jacob's method but requires ‘4, Todd, D.K. (1959). Ground Water

less computational effort for farge pump- Bydrology, John Wiley and sons

frg times. The predicted values of d;ﬂ\r' " Ine., New York, pp.90-96 :

down are in exceilent agresment wit . L e

the field data. ' 3. Jacebe Cefagfitanli Figy of ground-

. (H.Rouse, editor}, John Wiley and
REFERENCES Sons. II'I-I':-,. Naw Yﬂk; pp.ﬂl-Snﬁ
6. Chow, V.T. (1952), On the detarmi-

1. Theis, C.¥. (1935} The Relation nation of transmissibiiity and
betwean the lowering of the Pie- storage coefficients from pump-
zometric Surface and the Rate and ing test data. Trans.American
Duration of Discharge of a Well Geophysical Union, Vel.33,

Using Groundwater Storage,Trans. pp. 397 -404
Am. Geuphys. Union. vol.lH,
p.519-524
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APPENDIX I

Using the method of integration by parts.

1
'j- x4n x Jo ( A R.x)dx
-0 oy

-----

APPENDIX 1§ &
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