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We know that, when a metric is induced with
Gromov-Hausdorff distance dgg, the family of all
isometry classes of compact metric spaces X and Y,
say, is a complete and separable metric space.
Gromov-Hausdorff distance on metric spaces was
formally presented in (Gromov, 1981). Since then, his
work has been applied in studying convergence and
collapsing theory in a field called Riemannian
geometry, see (Cheeger and Tobias, 1996).
Particularly, (Cheeger, et.al, 1992) introduced the
notion of equivalent Gromov-Hausdorff convergence
for isometric actions of topological groups on
Riemannian manifolds to study collapsing of
Riemannian manifold under bounded curvature and
diameter, and fundamental groups of almost
negatively curved manifolds.
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Conversely, from the concepts of Perelman’s stability
results in geometry, Alexandrov, we understand that
forevery k € R,n € N, every compact Alexandrov n-
space Y of curvature >k with dgy(X,Y) <e¢ is
certainly homeomorphic to metric space X, and every
e-Gromov-Hausorff approximation can be estimated
by a homeomorphism map (Nhan — Phu and Chung,
2019). (Rong and Xu, 2012) explored this idea to study
stability of exponential Lipschitz and co-Lipschitz
maps in Gromov-Hausdorff topology. Recently,
(Arbieto and Morales, 2017) established stability
under Gromov-Hausdorff topology for expansive
maps having pseudo-orbit tracing property, see (Dong,
2021). Combining the ideas of (Dong, 2018) and
(Nhan — Phu and Keonhee, 2018); (Arbieto and
Morales, 2017) result has been stretched for such
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actions of a finitely generated group G in (Metzgeretal,
2020) and (Dong, 2021). In another dimension, several
stability results of Gromov-Hausdorff topology were
also proved for certain isometric actions, see (Inavov
and Tuizhilin, 2019), (Sturm, 2020) and (Victor et al,
2021,). In this paper, results of stability under
Gromov-Hausdorff distance for compact metric
spaces X, Y and Z were established and idea of
(Facundo, M and Zhengchao, X 2021) were used to
establish Gromov — Hausdorff Convergence results for
isometric actions on Wasserstein hyperspaces of
topological groups associated with compact metric
spaces.

Definition of Some Important Terms

Definition 1 (Donjuan et.al, 2021): Suppose X is a
metric space with metric d and lete > 0. Asubset S <
X is called an e-net if B',(S) = X, i.e for every x € X,
Js € S such that d(x,s) < «.

Definition 2 (Jiwon, 2019): Given that Z is a metric
space with metric C and let X, Y be subsets of Z. The
Hausdorff distance between X and Y, denoted by
dye = inf(e) > 0 suchthat X ¢ B'.(Y) c B'.(X).

Definition 3 (Atonyan, 2020): Let X and Y be metric
spaces. The Gromov-Hausdorff (G#) distance
between X and Y, denoted by dg;(X,Y), is the
inf(r) > 0 such that 3 a metric space Z with metric d
and its subspaces X’ and Y’ being isometricto X and Y
respectively such that d (X', Y') <.

Definition 4 (Atonyan, 2020): The Gromov -
Hausdorff distance, dgj is a metric on the set of all
isometry classes of compact metric spaces.

Definition 5 (Inavov and Tuzhilin, 2019): Let (X, dy)
and (Y,dy,) be metric spaces and let € > 0. An ¢-
isometric map between X and Y isamap f:X - Y
satisfying |dy (f(xp), f(x2)) — dy (xy, x,)| < € for
every x;,x, €X. We call a map f:X —->Y an e-
isometry if it is an e-isometric map and Y =
B'.(f(X)). In this case, the map f is also called an -
GH approximation from X to Y.

Definition 6 (Nhan-phu, 2019): For any e-GH
approximation f:X — Y, there is an approximation
inverse f":Y — X made, for example; Let y € Y, and
x € X such that dy(f(x),y) <& and approximate
inverse of the function f: X — Y is defined as f'(y) =
x. Then, the approximate inverse f":Y — X is a 3e-
GH approximation. From the construction of
approximate inverse f’, it is clear that

3816

Supxexdx(x, (f'o f)(x)) < 2¢and
supyerdy (¥, (f 0 fH)) < €.

For every € >0, if dgy(X,Y) <& then 32e-GH
approximation from X to Y; and 3 an e-GH
approximation f: X — Y so that dgs (X, Y) < 2e.

Definition 7 (Nhan-phu, 2019): Let X and Y be metric
spaces with metric d . We define an alternative GH -
distance between X and Ydg (X,Y), as follows;
dgy(X,Y) := inf{e > 0 : there are € —

GH approximations f: X -»Y,g:Y - X} if the
infimum exists, and dgy(X,Y) = oo, if the infimum
does not exist.

Definition 8 (Nhan-phu, 2019): Suppose X and Y are
metric spaces and &,6 > 0. Then, X and Y are (¢, §)-
approximations of each other if there exists an e-net
{x1,..,xn} In X and an e-net {y,,..,yn} in Y
satisfying;

ldx (x1, %) — dy (i, y;)| < 8, forevery 1 < i,j <m.

Definition 9 (Funcondo, M and Zhengchao, X, 2021):
Let X a metric space and W,(X) = (B,(X),dy ).
Then W, (X) is [P —Wasserstein hyperspace of X. Note
that when X is compact, P,(X) = P(X) for any p €
[1,00), where P(X) is the family of all Borel
probability measures on metric space X.

Definition 10 (Panareto, 2020): Optimal transport is a
process of transferring one probability distribution to
another.

MATERIALS AND METHODS

According to Dong (2021). The Gromov — Hausdorff
distance between two maps g: X - X and h:Y — Y of
metric spaces X and Y is defined and designate by

dgsc (g, h) =
€ > 0:3 € —isometrics i: X - Y and
inf j:Y = X such that d(hoi, iog) o (D)
< eand d(joh, goj) <€

From equation (1), we get a notion of convergence for
maps: If X, is a sequence of metric spaces, we say that
a sequence of maps h;:X; — X, converges to map
g:Y = Y of a metric space X, shortly designated as
h, = g, ileiqn(r)l0 dgy(g,hy) = 0. But, h; — g does not

indicate that map h; converges to g in the sence of
Gromov. In fact, the constant sequence h; = g always
satisfies h;, - g while h; converges to g in the
Gromov sense only if g is continuous. By (Donjuan
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et.al, 2021) let (X, d) be a metric space. For any p €
[1,00), the set of probability Borel measures u is
designated by P,(X), which satisies that there exists

some x,, € X suchthat [, dP(x, x,)du(x) < oo. Note
that if X is bounded, then P,(X)corresponds with
P(X), the set of all probability Borel measures of X.
For every probability Borel measures u, v on X, the
set of all probability Borel measures on X X X with
marginal u and v is designated byIl(y, v). This means
that m € T(u, v) if and only if  is a Borel subsets
A,B € X.

By (Facundo, M and Zhengchao, X, 2021), for every
p>0, every pve€P,(X), and m€I(yv),

My,(m) = [, d” (x1,x,)dm(xy, x,) and the map WP
is defined on product P,(X) x B,(X) by W,(u,v) =
renuMp () , where p, v € P, (X) map W, defined a
metric on B,(X) (Xu, et.al, 2019). Note that if X is
compact, then B, (X) is also compact (Facundo M and
Zhengchao, X, 2021), then, for every u, v € P,(X), the

set of all mell(u,v) such that M, (m,) =

ren(umMy (m)could be designated by Opt, (1, v). So,
if X is a polish space endowed with a metric d, then

Opt,(u,v) # @ for every u,v € P,(X).

By (Demetci et.al, 2020), let (X,dy) and (Y, dy) be
compact metric spaces and ¢: X — Y be a Borel map.
Then, we have induced (pushforward) map
¢.:P(X) > P(Y),u— ¢p.u, where  ¢pu(Ad) =
u(d=1(A)), for every Borel set A c Y.

We are going to consider the following properties as
in (Alexander, et.al, 2018)

For every map f: X — X and g:Y — Y of the metric
spaces X and Y respectively to achieve some of our
results:

0] If X =Y, then dg(g,h) < d(g,h).

(ii) dgye (X, Y) < d(f,g) and dgg (X, Y) =

dgy (Idy, Idy) where Idy and Idy are identity of X
and Y respectively.

(iii) If X and Y are compact and h is isometry,
then dgy (g, h) = 0.

(iv) Symmetry  property
(v) Forany map t: T — T, onany metric space T,
one has the triangle inequality dgs(g,h) <
dgsc (g, t) + dgsc (t, ).

(vi) Definite property hold, dgs-(g, h) = 0 and if
X and Y are bounded, then dg; (g, h) < oo.

hold, that s,
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(vii) If X is compact and there is a sequence of
isometrics h,:Y, — Y, such that lim dg; (g, h,) =0
n—-oo

then g is also an isometry.

RESULTS AND DISCUSSION

Suppose X is a metric space and Wasserstein
hyperspace, W, (X) = (W, (X),d,, ). Then, the space
W, (X) is known as the [P- Wasserstein hyperspace of
metric space X. If P,(X) = P(X), it implies that X is
compact. Then, for every p > 1, the set P,(X) is the
collection of all Borel probability measures on X. The
following two Theorems 1 and 2 are existing results
concerning Wasserstein hyperspaces, see (Villani,
2018) for proofs.

Theorem 1: For p =1, if X is Polish , then the
Wasserstein space W, (X) is also a Polish space.

Theorem 2: For p =1, if X is compact, then the
Wasserstein space WW,,(X) is also a compact space.

Theorem 3 (Mikhailov, 2018): SupposeX and Y are
compact metric spaces such that there exists a (non -
necessarily compact) metric space Z and isometric
embedding ¢x: X = Z and ¢y:Y — Z. Then, we have
the following equation of Hausdorff distance with
respect to embeddingsey:X - Z and ¢@y:Y -

2,45 ((px).(HX), (). (HY)) =
dJZ{ (px(X), @y (Y))

Lemma 1 (Nhan, 2019): Let (X, d,) and (Y, d,) be two
compact metric spaces and the maps f,g: X - Y are
measurable. Then for every p € [1, ), 1 € P(X), we

have W (f.u, g.1) < [, dy(f (x1), g(x1)) dpe(xy)
Since the Wasserstein extensor W, sends the metric
space X € Minto Wasserstein hyperspace W,(X) €
M, then this Wasserstein extensor defines a map from
M to M analogously to the case of Gromov -
Hausdorff such that W,: M — M. Moreover, the map
W, sending x to Dirac measure &, € P(X) is a
isometric embedding from X into P (X). Therefore, the
map W,: M — M is a metric extensor, which we call
the [P- Wasserstein extensor in the consequence.
Inspired by Theorem 3 and Lemma 1, we obtained the
following results:

Theorem 1: Given that « and B are actions of a
topological group G on a compact metric spaces X and
Y, respectively. If f: X — Y is an e-measurable GH —
approximation, then for any p €[1,00), the
pushforward map f,: W,(X) - W, (Y) is
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&~ -measurable GH — approximation, where

=8¢+ \/Op(DX)P~1 + D(Y)P~D)e}........ (1)

Proof: Let @4,@, € P(X) and u € OPt(®,,®,) be
any coupling. Then the pushforward map (f x f).u €
M(f.9,, f.9,) and hence

4% (f.01,£.07) < ( f 42 (1, y)d(f

XY

X f)*#)(xzd’z)> =
Loy @8 (F ), fF () du(x1, 1) oo (2)
As the function
) = AP, X = 0nereeeeeeeeee 3)
and by differentiating equation (3), we have
£10) = APV (4)

Then, by equation (3) and (4), we have for every
x,y = 0:

|xP — yP| < Plx — ylmax{x?~!,y?7'} < Plx —
YIGP T+ yP ) (5)

Therefore, for every x;,y;, € X,Lemma 1 and
equation(2) yields

|d p(f(x1) f(J’1)) ay p(x11y1)|
< P|dw,p(f(x1) f()ﬁ))
- d&i,p(xllyl)l <
(d\)//v,p—l(f(xl)’f(yl)) + dv}l(/,p—l(xltyl))----(6)

Hence,

|d,  (f o), f (1) = dif p (0, )| <

PD|d p(f(xl) f()ﬁ)) d, p(x11y1)|
PDe...... @)

Where D is diameter of x?~1+yP~1,

It follows that

Wy, (fp1, fep2) < Wy, (1, ¢2) +pDe... (8)

Hence, by equation (8), [P — Wasserstein of
Pushforward of ¢, and ¢, is given as

%(f*(i"pf*(f’z) < p\/(%(@"pd’z) + pDE) <
Wy (1, 2) + S/ (PDE).c.oioieii. 9)
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Therefore, from equation (9), we have

Wy, f:92) < | (W, b2) + pDe) <
W, (1, $2) + Y/ (PDE).c.oiiiii (10)

Next, assume g is the inverse of f. Then, in the
Gromov sense, let g: Y — X be the measurable GH —
approximate inverse of f. Then g is a 9¢ — GH
approximation from Y to X and if

SupdX (x, flof (x)) < 4¢ and
yerd” (v, fog(M) S4e. oo (11)

If we Apply the same process as stated above, from
(10) and (11), we get the following for the [P-
Wasserstein hyperspace for Pushforward of g, and f,,

%(g*(f*qbﬂ:g*(ﬂd’z)) < W, (fidr, fob2) +

As stated in equation above,
sinceSePd* (x, gof (x)) < 4e, by considering Lemma

1 above, we get

W, (£, 9.9) < [, dy(f(x), g())dp(x)...... (13)

for the [P — Wasserstein hyperspace for Pushforward
of g. and f,and also, we have the following for the
[P — Wasserstein hyperspace for Pushforward of
composition of g, and f with respect to ¢, ¢,

va(g*o f)*¢1,¢2 < 4e and Vl/p((gof)*(l)lﬁ ¢2) =<
Ao .(14)

Therefore, by equations(12), (13), and (14), the [P —
Wasserstein hyperspace between ¢, and ¢, is thus;

Vl/p(d)l; ¢)2) < VVp(d)lt g*(ﬁkd)l)) +
Wp(f.¢1, fp2) +

Finally, forevery ¢ € p(Y), g € G, let

ueTN((B,gof).p,(f o, g).p,). Since for every
g € G,dg,,(foa,g,B,g of) < & Then, by Lemma 1

with equation (15) above, we have
W,o((8).. g of.(d1), f.0(@)., g(¢1))
= W;J((ﬁ,gof)*(l)l, (foa: g)*(pl)

< | db(xp y2)du (x,y,)
YXY
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= [, d3(B, gof (x), foa, g(x1))d, (x1) < €P <
£~P, by using equation (1). This ends the proof.

Theorem 2: Let @ and B be isometrically conjugated
actions of a finitely generated topological group G on
compact metric spaces X and Y. For p € [1, ), let
a € W,(X) and B € W,(Y), where W,(X) is [P —
Wasserstein hyperspace of X and W,(Y) is [P —
Wasserstein hyperspace of Y. Then, « is topologically
GH — stable if and only if S is topologically GH —
stable.

Proof: Let X and Y be compact metric spaces and G be
finitely generated group. Let a € W,(X) and S €
W, (Y) be isometrically conjugated actions. Here we
need to prove that if « is topologically GH — stable,
then, B is topologically GH — stable.

Since G generated by a finite set F. Then, for a finite
generator F of G Lete > 0and & > 0 be given by the
definition of the topological GH — stability of a with
respect to F. Provided that a and g are isometrically
conjugated, since a« and S are isometric, then,
dgye pWp(@, ) =0 in a Gromov sense. Now,
choosey € W,(Z) (where W,(Z) is the [P —
Wasserstein hyperspace of metric space Z such that

Agse Wy (B, 1) < 3 oo (16)

From equation (16), the Gromov — Hausdorff distance
of [P — Wasserstein hyperspace between the isometric
conjugated actions a and y under the finite generator
set F is

gz e W (@, ¥) < 2 (dga s Wp (e, B) -
gt Wy (B 1)) < 8o 17)

Thus, by the definition of topological stability of
action a we have a continuous € — isometry i: Z - X
such that the composition ago0i = ioy,........... (18)

for every g € G. Since @ and S are isometrically
conjugated, we have an isometry j:Y — X such that
ay = joPgoj~" for every g€ G. By replacing
composition in equation (18), we have joB o)~ oi =
0y, Vg €G.

Let us define m = j~'0i: Z — Y, we have joB,om =
jomoyy, S0, fgom = moy,, forevery g € G.
Provided that j is an isometry and i is a continuous &
— isometry. Therefore, B is topologically GH — stable
with respect to F. Hence, from equation(17) , we get
equation of Gromov — Hausdorff distance of [P —
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Wasserstein hyperspace between the isometric
conjugated actions a, 8 and y under the finite

generator set F asdg‘;g? (a,p) <2 (d;';ﬁ? (a, B) —
dgggp)(a, y)) < 6.

Theorem 3: Given that X,Y and Z are compact metric
spaces and i:X - Z and j:Y - Z are isometric
embeddings. Then, for p =1, there is a Borel
measurable map t:X - Ysuchthat for any x €
X, dy(x,t(x))<6+e Then, the Hausdorff
distance between isometric embeddings is

Wp(2)

@ (@. (W,00), D). (W,1)) =
a7 (100,j ()

Proof: Let {x,},cy be an £ — net of compact metric
space X. Suppose {xm,}men Of X is a Voronoi cell
defined as

Xm ={x € Xidy(x,20)} =
ity (3, 20) e (19)

We can adjust the VVoronoi cell (equation 19) in such
a way that they will be disjoint. For example, let Y; =
X,andY, =X, — UM X, form > 1............(20)
From equation (20), let {X,,};<m<n denote the cell
after our adjustment. Since the map t: X — Y is Borel
measurable, the cell is Borel measurable. Then, for
each x,,, we let y,,, € Y such that

Ay (X Vi) S G (21)

Then, we define the map §: X — Y by mapping x to
YV if x € X, which implies that the map 6: X - Y is
measurable. Moreover, for such x € X,,,, there is an ¢
—net {xy }1<m<n, and one has that

dy (%, %) =dx(6, %) S €cevvvviiiiiiiinn.n. (22)

Therefore, by triangle inequality, using equations
(21) and (22), we have d, (x,t(x)) < d;(x, xp) +
dz (X, Ym) < 6 + &, which proves the first
statement.

To provide proof for the second statement, recall that
from the definition of Hausdorff distance, we have;

| dZ(X,Y) =
max{xg{p;g,dz (), ey (Y (23)

Then, without loss of generality, we assume that the
Hausdorff distance

MORAWO, M. A; DANYARO, M. L; SALEH, A. B; AZEEZ, K. Y.



Gromov-Hausdorff Convergence and Topological Stability for Actions on Wasserstein...

A5 (X, Y) = 500 Mdy(6,Y) e (24)
Suppose x € X,and y € Y such that the distance
between x; and y;, is defined as

sup inf

dz(xl, yl) = yEYXEXdZ(x' y) ....................... (25)

Since metric spaces X and Y are compact, this
guarantee the validity of existence of the point
(x4,y1),for x; € Xand y, € Y . Then, consider Dirac
delta measure 6,, € p(Y) and any uX € X. Then, we
can identify the Dirac delta measure &, with
(¢y).6y, Ep(Z) and puX with (¢y).uX € p(2).
Then, for any p = 1, we have Wasserstein distance
between Dirac delta measure §,,, and measure uX € X
as;

%y (8y,, uX) = [ dz(x,y)PduX (x) =

Ay (X1, Y1) e (26)
Then, for p > 1, we have df (6, uX) =
resup(uo@z L Y1) oo 27)

Therefore, from equation (24), (25),(26)and (27), we
have, forp > 1,

PO (W), Wp(N) 2 yepidsdly 5 (8, 1X) 2
d; (x1' }’1) = dJZ{ (xl, }’1)-

This proves the theorem.

Theorem 4: For any X € M and a metric space Y
which is not necessarily compact. For any p = 1, if
f:X - Y is an isometric embedding, then the map
fi: Wy (X) - W, (Y) is isometric embedding and the
homeomorphism of X which is isometric to a
topologically GH — stable is itself topologically GH —
stable.

Proof: For a,,a, € p(X), let u € C(ay, a,) be any
coupling, consider pushforward map u, = (f X f).u,
where fXf:XxX->YxY takes (x,x;) to
(F(x), f(x1)) = foay, fary € Py(Y) and the
pushforward u, € C(f.ay, f.a,). Then, for p = 1, we
have the following:

P
dl}/,v,p(ﬁﬂlrﬁsaz) < \/ d)z:()’1;)’2)d/i*(3’1;)’2)
YXY
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- ”J dPf (), £ (6 dp, (21, %)
YXY

= p\/fmx Al (g, 2) A, (g, X5) e, (28)

The equality in equation (28) holds due to the fact that
f is an isometric embedding. Now, for p > 1,

(f x £)(sup(W)) = sup(w,), provided that f is an
isometric embedding. Then,

d‘);'p>1(ﬁ<a1'ﬁ‘a2) S (J’LJ’z)ESup(S;iz;dY(yp ¥2)
- sup
- (Y1.}’2)€foSu1:;(1i4£dY(y1:yZ)
?u;gxl'x Z)Efxfsup(#)dY(yll y2)
= (x1.X2)Esup(#)dX(x1xx2) ...... (29)

By taking the infimum over u € C(a4, a,) in
equation (29), we have , for

p = 1,dy,(fay, fiay) < di (@, a3)........... (30)

Provided that f is continuous, f(X) is compactinY
and hence closed, we have

dlp(fo, fuag) = A2 (faay, o) <

Aoy (@1, @) i 31
Provided that £~ : f(X) - X is also an isometric
embedding, we have

dy»(ay, a5) = d) ,(frofoay, T ofay) <
ALty @) oo (32)

Therefore, from equation (31) and (32), we have

d‘i(,‘p(al, az) = d‘l;,'p(f;al, ﬂaz) .................. (33)
Thus, £, is an isometric embedding.

Next, in the case of the Gromov-Hausdorff stability,
for P>1,let f:X > X and g: W,(X) - W,(X) be
homeomorphism of compact metric space X and its
Wasserstein  hyperspaces W, (X)  respectively.
Suppose f and g are isometric while f is topologically
Gromov-Haursdorff stable, fix another isometry
h:W,(X) — X such that f = hogoh™". Lete > 0 and
& > 0 be given by the topological Gromov-Hausdorff
stability of f. Let h': Y — Y be a homeomorphism
of a compact metric space Y such that

Wy (X) )
dgp (G M) < S (34)

Then,
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der @ (f,h) < 2 (d;;’;(x) (.0 +der (g, hl)) <
2.8 = (35)

Thus, by the choice of § in equation (34) and (35),
there is a continuous € — isometry v: Y1 - X such that
fov = voh! and hogoh® = voh!. Then, by defining
v! = hov, we get a continuous ¢ — isometry v1: Y1 —
W, (X) which satisfying gov' = v'oh'. Therefore, g
is topologically Gromov-Hausdorff stable. This ends
the proof. In the next result, we are going to follow the
technique of Lemma 2 below to achieve our aim in the
Gromov sense.

Lemma 2 (Victor MP and Yoav, Z, 2020): The
Wasserstein space W, (X) is complete and separable if
and only if X does.

Theorem 5: Let X; and X, be two separable metric
spaces. Let £>0 and f:X; - X, be an &-—
GHapproximation. If g: X, — X; be the inverse ¢ —

GH approximation of f. Then, (i) for each
dxl(f(x1)'f1(x1)) < 2s, and
wensdx, (g(x2), g1 (x2)) < 2¢, there exista 5 — GH
approximation f;: X; — X, such that f; is measurable
for every X1 €X; (i) for each
nex dx, (x1,(gof) (xy)) < 4e and
ey, (X2, (f0g1) (%)) < 4e, there exist a 9e —
GH approximation g;:X, —» X; such that g, is
measurable.

Proof: Since X, is separable metric space, by Lemma
2, there exist a countable everywhere dense subset
{xn}nen Of X;. We put B, = le(xn) and By =
B} (xn+1) \ Uj=y B (x;), for m=>1. Then, the
sequence {B,},cy Which is a disjoint covering of X,
and B, is measurable for every n € N so that for every
x; € X;, 3 aunique n € N such that x; € B,,. We can
now define the measurable map f;: X, - X, by
f(x1) = f(x,) such that for every x, € B,,, we have

dxl(f(x1):f1(x1)) = dxl(f(xﬂ;f(xn)) <
Ay, (X1, xp) + €< 28 (36)
Therefore, for every x;, x* € X;, from equation (36),

we get |dX1(f1(x1),f1(x1)) - Xm(xl,x1)| <
|dx1 (fl(x1):f1(x1)) - dxl(f(x1)’f(x1)))| +
|dxl(f1(x1):f(x1)) - dxl(f(x1)’f(x1))| +
|dX1 (f(x1)'f(x1)) - dxl(xpxl)l

< dxl(f1(x1)’f(x1)) + dxl(f1(x1)’f(x1)) +e<
S e 37)
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Therefore, f; is a measurable 5¢ — GH
approximation from X; to X,.

(ii) provided that X, is separable, we can also find
9¢ — GH approximation g,: X, — X; such that g, is
measurable and, " dy, (g(x;), g1 (xz)) < 2e.

For every x* € X,
Xm(xl,glof(x))
< Xm(xl,gof(xl))
+ dy, (gof(xl), 910f(x1))

26+ 26=4€ iiiiiiiiiiiiiiiii (37)

and for every x, € X,.

dxz(x21f091(2)) < dy, (xefOQ(xz))
+ dy, (fog(xy), fog,(x,))
e+ dxz(g(xz)xg1(x2)) +e€

Then, by adding equation (37) to (38), we have

dy, (x', g10f (X)) + dx, (x2, f09:(2)) < 4e + 4e +
€ < 9e.

Therefore, g,is a measurable 9e- GH approximation
from X, to X;.

Conclusion:  We concluded that Wasserstein
hyperspace is a mapping which sends one probability
distribution to another with the help of distance
preserving map. So, for this, we conclude that the
Wasserstein hyperspace is an isometric space.
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