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Abstract

It is known that for any nxn matrix A4, = (a;); |aij| <m, m € Z",
|detA, | < m™n™?, (Garling, 2007). Therefore, m™n™/? is an upper bound of
determinants of all matrices A,, which satisfy the above conditions.

In this research, we determine the maximum determinant of an n X n matrix
A, where A, = (a;;), a;; €{0,1,2,3}, for n =1, 2, 3, 4 and 5 using the
determinant function formula and expansion using minors. For an nxXn
{0,1,2,3}-matrix, the maximum determinants for n = 1,2,3,4,5 were found to be
3,9,54,243 and 972 respectively. The number of distinct {0,1,2,3}-matrices
attaining the maximum determinant for n = 1,2,3,4,5 are 1,14,6,24 and 120
respectively. For an nxn  matrix A, = (a;); a; <m, nmezL" |,
|det A,| < (n — 1)m™ with equality if and only if A,, has one and only one zero
entry in each row and one and only one zero entry in each column, all the other
entries in this matrix are equal to m. The number of distinct such matrices
attaining the maximum determinantisn!, n > 2.

Key words: n x n — matrix, maximum determinant, supremum determinant,
minor matrix.
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1.0 Introduction

letA be an nXn matrix with entries |aij| < m.Hadamard’s maximum
determinant problem asks how large can the absolute value of the determinant of
A be? It was shown by Hadamard (1893) that, if all elements of an n < n matrix of
complex numbers have absolute value at most m, then the determinant of the
matrix has absolute value at most m™n™/2. For each positive integer n there
exist complex n % n matrices for which this upper bound is attained. For example,
the upper bound is attained for m = 1 by the matrix A =o' 1 <i,j < n,
where w is a primitive n" root of unity or a Vandermonde matrix of the nt" root
of unity. This matrix is real for n = 1,2. However, Hadamard also showed that if
the upper bound is attained for a real n X n matrix, where n > 2, then n must
be divisible by 4. And equality is attained if |aij| =mVij=12,..,nand
ATA = m?nl,,.

Without loss of generality one may suppose m = 1. A real n X n matrix for which
the upper bound n™/2 is attained in this case is today called a Hadamard matrix. It
is still an open question whether an n X n Hadamard matrix exists for every
positive integer n divisible by 4. However, Hadamard also showed that if the upper
bound is attained for a real n % n matrix, where n > 2, then n is divisible by 4.

1.1 Literature Review

For a {0,1} —matrix, Hadamard's bound can be improved to |detA| <

(n+1)(+1)/2 . .
o The largest possible determinant f, for n= 12, .. are

1,1,2,3,59,32,56,144,320,1458,3645,9477,.... The numbers of distinct n X n
binary matrices having the largest possible determinant for n = 1,2,... are
1,3,3,60,3600,529299,75600...( Williamson, 1946).

The numbers of distinct n xn {—1,1} —matrices having the largest possible
determinant for n = 1,2,... are 1,4,96,384 ... «, is related to the largest
possible {0,1} — matrix determinant 3,,_;, by a, = 2" 18,_,, where a,, is the
largest possible determinant for {—1,1} —matrices (Brenner and Cummings,
1972).

Forann x n {—1,0, 1} — matrix, the largest possible determinant is equal to the
maximum determinant for {—1,1} — matrices. The numbers of n xn {-1, 0,
1}— matrices having maximum determinants are 1, 4, 240 .... , this was done by
Brenner and Cummings (1972).
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2.0 Methodology

This paper first computes the maximum determinants of n X n matrix with entries
a;;=0,1,2,3 forn =1,23,4 and 5 using the determinant function formula
|det An| = | XpsgnP ayj,a,j, ... Ay, | and expansion using minors. It then
studies the properties of matrices with the maximum determinant and generalizes
the result.

W.L.0.G suppose n = 3 and let A5 be the 3 x 3 —matrix ,then

ldetAs| = |aj1a,2a33 + ajpa53a3; +
A13021032 — Q130720371 — Q12021033 — (1102303;], a;j € {0123}1<
Ly T S 3 o s (3.1)

This can be expressed as

_ Azz  Az3 az1 Az3 a1 Azz|| _
|detA3| = |11 |a32 a33| Y12 |a31 a33| 13 |a31 a32| -
|(a11]4311] + a12(—|4312]) +
a13|A3,13|)| ------------------------------------------------------------------------------------------------------------------- (3.2)

where A3 ;; 1 < j < 3is the minor 2 % 2 matrix obtained by deleting row 1 and
column j from A;.

For |detAs| to be maximum, then the determinants of A3 11, A3 12,4313 should
either be maximum positive or maximum negative.

[A3 1] is maximum when a,,az; = 0 implying that either a,, = 0 or as; =
0 or a,;, =az3 =0and a,; = az, = 3. Ora,zas, = 0 implying that either
a,; =0or az; =00r a3 =az, =0and a,, = az; = 3.

W.L.O.G suppose |A3,11| is maximum positive then a,zas, =0 and a,, =
asz = 3. Suppose a,3; =0

The determinant of A5 reduces to,

|detAs| = |a;1(3.3 = 0.a3;) + a;,(0.az; — az;.3) + ag3(azas; —
3az )|, (3.3)

|detAs| = |9as; + ai5(—3ay;) + ai3(azias; —

117 29 | I (3.4)

|detAs| =|9a;; — 3aj,a,1 + a43a31a3; —

BAy3A31 ] (3.5)
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The possible values of a;; = 0,1,2 and 3. For |detA3| to be maximum, either
case 1 the positive products 9a,, and a;3a,;as, are maximum possible while
negative products 3a,,a,; and 3a;3as; are minimum possible or case 2 the
positive products 9a,; and a,za,;as, are minimum possible while negative
products 3a,,a,; and 3a;3a;; are maximum possible.

If we consider case 1, the products 9a,; and a;3a,ias, where a;q,a43
,Qy1,a3, arein{0,1,2 or 3} are maximumwhen a;; = a;3 = ay; = az, = 3.

To get maximum |det A;|, —3a,,a,; = 0 and —3a,3a3; = 0 and this is only
possible if a;, = a3y = 0since a;3 = a,; = 3.

From the above analysis, |detAs;| =19a,; —3a;,a,; + ay3a,,03, —
3a,3a3,] is maximum when a;; =3,a;;, =0,a;3 =3,ay; =3,a,, =

3 0 3
3,a,3 =0,a3; =0,a3, = 3,az3 =3, which gives the matrix (3 3 O)

0O 3 3
with |detA;| = 54 . The other matrices attaining the maximum determinant in
modulus can be obtained by permuting the columns of the above matrix.

By applying the same method, the maximum determinant for n = 2,4 and 5 were
computed and the matrices shown in Table | were found to have maximum
determinant. Similarly the other matrices attaining the maximum determinant in
modulus can be obtained by permuting the columns of the above matrix.

Consider det A,,,

|detA,| = |a11|An,11| + a3, (—|Apaa|) + o+ aln(_1n+1)|An,1n|| AT

m,m,n € Z* ..(3.6) Let P be the number of positive products in det A,, which
does not contain any fixed entry, a;; and N be the number of negative products in
det A, which does not contain any fixed entry, a;;.

3.0 Proposition

The difference between the number of positive products and the number of
negative products of det A,, which does not contain any fixed entry, a;;, of A, in
Apq11is P—N= (n—2) while the difference between the number of
positive products and the number of negative products of det A,, which does not
contain any fixed entry, a;;, of A, in A, 4;is P—N=-1 2<i<n.

3.1 Proof (by induction)
Forn = 1is trivial.
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Suppose  true  for n, then for n+1 we  have
|detA, 1| = |(a11|An+1,11| + a12(_|An+1,12|) +oe aln(_1n+1)|An+1,1n| +
a1n+1(_1n+2)|An+1,1n+1|)| ----- (3.7)

|A7’l+1,11| |S Slml|al‘ tO detAn = alllAn’Hl + a12 (_|A7’l,12|) + .-+
aln(_1n+1)|An,1n|

with row 123..n of detA, corresponding to row 234..,nn+1

respectively.  Therefore,  |Any111] = agz|Ans12z| + azs(—|Ans123|) + -+
aZn(_1n+2)|An+1,2n| + a1 (C1I ) Ang 2 gt (3.8) where Ay 4q7j,2 <
J < n+ listhe minor matrix of A, 41 11. The first

expansion term a22|An+1,22| contains the fixed entry a,,, therefore all the
products in |An+1,22| will have a fixed entry a,,. In the remaining n —1
expansion terms, the difference between the number of positive products and the

number of negative products which does not contain any fixed entry a;; is —1. This
gives the total difference between the number of positive products and the

number of negative products containing no fixed entry a;; in |An+1,11| to be
—(n—-121).

|An+1,1i|, 2 <i<n+ lissimilarto |An+1,11| where the columns 2,3,..n+ 1
corresponds to the columns 1,2,...n respectively, that is pre-multiplying the
permutations of |An+1,11| by the transpositions (1i), 2 < i < n + 1, this gives
n — 1 transpositions. Thus the identity permutation of |An+1,11| becomes even
permutation when n is odd and odd permutation when n is even in |An+1,1i |

Similarly all the positive products become negative and all the negative products
become positive after pre-multiplying by the transpositions.

W.L.O.G suppose i = 2, |An+1,12| can be expressed as

|An+1,12| = a21(_|An+1,21|) + a23|An+1,23| + ot aZn(_1n+2)|An+1,2n| +

Ani1 (=13 Aps1ons1] -(3.9). Now |Ap4q21| is similar to |4, 14| in detA,
which had the difference between the number of positive products and the
number of negative products containing no fixed entry a;; being P — N = n — 2.
Then —|An+1,21| will have the difference between the number of positive
products and the number of negative products being —(n — 2). |An+1,2i|,
3<i<n+1=n—1 expansion terms are similar to |4,;[,2<i<n=
n — 1 expansion terms in detA,, of which each had a difference of —1 giving the
total difference to be —(n — 1). Since the permutations of detA, are pre-
multiplied by the transposition (12), to obtain the corresponding permutations of
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|An+1,12 | all the positive products become negative and vice versa. Thus the total
difference P— N =n—1 in |An+1,2i|, 3 < i <n+ 1 This gives the total
difference in the numbertobe P — N =(n—1)— (n—2)=1in |Api112]-

Similar arguments for i = 3,4, ...,n + 1 produces the same results. Therefore for
each |An+1,1i|, 2<i<n+1, the difference between the number of positive
products and the number of negative products which does not contain any fixed
entry a;; is 1.

3.2 Proposition

For n > 2, the determinant |detA,| < (n — 1)m™ with equality attained iff 4,,
has one and only one zero entry in every row and one and only one zero in every
column i.e. one of the products in the determinant function has all its entries equal
to zero, while the other entries not found in this product are equal to m. The
number of matrices attaining the maximum determinant is n!.

3.1 Proof (by induction)

|detAn| = |(a11]An 11| + a12(=|An12]) + - + a1 (=1 [ Ay 1))
Forn = 3,
|detAs| = |aj1az2a33 + agpa;3a3; +
Q13021032 — A13022A31 — Q12021033 = A11023A32 v (3.11)

|detAs| is maximum when all the entries of one of its products are equal to zero
and the remaining entries are equal to m. This gives a determinant of 2m?3 with

m 0 m
one of the matrixbeingl m m 0 ).
0O m m

Suppose true for n, then, max |detA,| = |(ay1|An11| + a12(—|An12]) + -+
(1) A1 )] = = DM e (3.12)

with all the entries of one of its products equals zero and any other entry not found
in this product is equal to m.

For n+1 we have

|detAn 1| = |(a11|An+1,11| + a12(_|An+1,12|) +oeeet a1n|An+1,1n| +
i1 (1) Ans11041)13.23  for  |detAn,,| to be  maximum,

i, |An+1,1i| for i odd and —|An+1,1i | forieven,1 <i<n+1, should be
maximum positive or maximum negative. Now A, ;1 11 is similar to A;, with row
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123,...,n of detA,, corresponding to row 2,3,4,...,n,n + 1 respectively and
column 123,...,n of detA, corresponding to column 234,..,nn+1
respectively. Also |An+1,11| is similar to detA,, where the terms in the expansion
corresponds respectively.

Hence,

maX|An+1,11| = max detA, = max |(a11|An,11| + a12(—|An,12|) +oet+
a1, (=17 |4y 10 )] (3.14) therefore

|Ans111] = @z2|Ansa22| + @23(—|Ans123]) + =+ @ (=1"2)| Ay | +
Aoni1 (1) Any 12041 (3.15), is maximum iff all the entries of one of its
products are zero and the other entries not found in this product are equal to m.
W.L.O.G, suppose a,; = a3z = ** = Apy1ne1 — O, then any other product of
|An+1,11| containing a fixed entry a;;, 2 <i <n+ 1, will be reduced to zero
and the maximum absolute value of |An+1,11| is given by the difference in
number of positive products and negative products which does not contain any
fixed entry a;;. |An+1,11| has a difference of (n — 1) products which does not
contain a fixed entry each product containing n entries. The maximum value each
product can have is therefore m™ obtained when each entry in these products
equal to m. Therefore the maximum value of [A,,1 11| = £(n — 1)m™.

|An+1,1i|, 2 < i < n+ 1 each have a difference of P — N = —1 products which
does not contain any fixed entry giving a total of n products each containing n
entries and each entry can take a maximum value of m. This gives a maximum
|detAn+1,1i| =+m"2<i<n+1 when all the entries contained in these
products are equal to m.

When [App111| = (= 1m", |Apy | =-m" 2<i<n+1 as seen
earlier. Since the negative values is greater than the positive value, the maximum
determinant in absolute value is obtained when the positive term is zero which is
only possible when a;; = 0 and the negative term is maximum possible obtained
when a;; =m, 2<i<n+1

When [Api111| = —(n—1)m", |Appiu| =m" 2<i<n+1 as seen
earlier. Since the positive value is greater than the negative value, the maximum
determinant in absolute value is obtained when the negative term is zero which is
only possible when a;; = 0 and the positive term is maximum possible obtained
when a; =m, 2<i<n+1
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Therefore for |detA, 1| = la;;(x(n — 1)m™) + a;;(Fm")], 2<i<n+1,
maximum |detA,, .| is obtained when a;; =0and a;; =m, 2<i<n+1.
This gives |detA, 1] = [0.(x(n — 1)m™) + Y, m(Fm")| =
nm™*1, Hence true for all values of n.

Note: If two rows/columns in a matrix A,, are interchanged, the determinant is
multiplied by —1 thus |detA,, | is the same.

0 m m
m 0 ™ m : , .

Here, . .. | has maximum determinant. The other matrices are
m m .. o

purely the permutations of the rows/columns of this matrix. There are n!
permutations of this matrix hence there are n! matrices with |detA,| = (n —
1)m™.

Table |
. Supremum .
Ngt.h of ma_trlces Maximum Determinant of Ex_ilrr]nple of a matrlx
n | wi maximum Determinant | all matrices | Wi _ maximum
determinant /2 determinant
1|1 3 3 3)
30
2 |14 9 18 (o 3)
0 3 3
316 54 81v/3 3 0 3
3 3 0
3 3 3 0
3 3 0 3
4 |24 243 1296 (3 0 3 3>
0 3 3 3
/o 3 33 3\
3 0 3 3 3
5 | 120 972 6075v5 |3 3 0 3 3]
3 3 3 0 3
33 3 30
0O m m
n n! (n—-1)m" mnn™/? (m: 0 m)
m m [0)

4.0 Conclusion

The main objective was to determine the maximal determinant of a matrix
A, = (aij), a;j €{0,1,2,..., m}. The paper has established that for n > 1,
|detA,| < (n — 1)m™ with equality attained by matrices with 1 and only 1 zero
entry in every row and 1 and only 1 zero entry in every column.
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