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ABSTRACT

In this paper, a new class of total asymptotically quasinonexpansive nonself-mappings is introduced and strong
convergence of Ishikawa type iteration is established for this class of mappings. The result is presented under

the framework of Banach spaces with uniform convexity.

Keywords: Total asymptotically -quasinonexpansive mappings, Strong convergence, Common fixed point,

Banach spaces.

1. INTRODUCTION AND
PRELIMINARIES

Let X be nonempty set with a self-map T:X—X, a
fixed point of T is said to exist at a pointae X if
Ta=a. The set {ae X:Ta=a} of all the fixed points
of Tin Xis commonly represented by F,. Suppose
E is a normed linear space, then T:E—E is a
contractive map if there is a constant ¥ €[0,1) so
that || Ta - Th [| <@ [[a - b[[ for all abeE. A
mapping T'is nonexpansive if # = 1 so that || Ta -
Thll < |l a-bl| forall a,beE. Tis called quasi-
nonexpansive if there exists a point p €F, so that
|| Ta - Tp < |la - p || for all aeE. T is
asymptotically nonexpansive if there is a sequence
{1,} €[1,00) forall neN with

,}i_?;lck” =1sothat || T"a- T°b|| Sﬁn| |a-bl| forall
a,beE. The mapping is asymptotically
quasinonexpansive if F, # (J and there is
{0,} €[1,0)withlim ., ¥,=1sothatV neN,the
subsequentinequality follows:

n— o

|| T'a-pll<d,|la-pll,vaecEp eF,.

The study of asymptotically nonexpansive, quasi-
nonexpansive maps concerning the existence of
fixed points has become appealing to several
researchers working in nonlinear analysis
(Olatinwo, 2008; Ariza-Ruiz, 2012; Ajibade ¢z al.,
2022). This study, is often carried out both in self
and nonself mappings in different ambient spaces
such as metric space, complete normed vector
space and uniformly convex Banach spaces. For

instance, the conception of asymptotically
nonexpansive mappings in Banach spaces was
presented by Goebel and Kirk (1972) where the
existence of fixed points for asymptotic
nonexpansive maps was presented under the
framework of Banach spaces with uniform
convexity. Recently, Gunduz e al (2017)
established the convergence of an iterative
process developed by Ishikawa to a class of
nonself maps that are totally asymptotically
nonexpansive. For more results in the fixed point
of nonself total asymptotically nonexpansive
mappings (Khan and Hussain, 2008; Thianwan,
2009; Khan et al., 2015).

1.1 Some Definitions

Suppose X < V. If 3 a continuous map Q:V—X
such that Qa = a, V a € X, then X is said to be a
retract of V. A map Q:V—Vis said to be retraction
if @° = Q. Given that Q:V—=X is a nonexpansive
retraction of Vonto Xthen it follows that,

Definition 1.1 (Alter ez al., 2006) A nonself mapping
Q:X—=V is asymptotically nonexpansive given that the
sequence {y,} <[1,00} with WM ¥ =1 e get

| T@T)"a - TQT) bl <y, la-bllforau

a,beXandneN.

Definition 1.2 Suppose X < Vand let Q:V—=Xbe
a quasinonexpansive retraction of V onto X .
Suppose the set of all fixed points F, # and let ¥
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R' =R’ with #(r) < r for all r > 0. A nonself
mapping T:X—V is called asymptotically -
quasinonexpansive if thereisa sequence

{€.} €10, 0) with 11_1}1*1 0,, = 1 sothat

IT(@T)" a —T(QT)" "pll < e, ¥(lla —pll).
Va e X,and

The idea of total asymptotically nonexpansive
maps was initiated by Alber e a/. [8] where they
demonstrated some strong and weak convergence
results for the kind of maps defined as follows;

Let X be a closed subset of a normed linear real
space V, then Q:X—X is a total asymptotically
nonexpansive map, suppose 3 a real non-negative
sequences {Y,}, {0, with¥,,0,, — 0 asn =

and a precisely expanding function %: R'— R with

3(0)=0:

TPa—T"blIZla—-bll+y,(la—bl)+o,, nEN T,
foralla,b e X.

Definition 1.3 Let X be a nonempty subset of V
and let Q:V—=X be a quasinonexpansive retraction
of Vonto Xwith all of the fixed points' set F, #J .
A nonself mapping T:X— Vis total asymptotically
quasinonexpansive if there are sequences

.} {e.} with ¥%,.e, — 0 n — @ and a precisely
expanding function#: R — Rwithd(@)<» v +> 0

so that
IT(QT)" *a—T(QT)" 'p|| < |la—p

foralla € X,andp € F;, n € M.

Remark 1.1 (Khan ez al, 2015 ) Given that the
mapping T:X—V be asymptotically quasi-nonexpansive
and Q:V=X is a quasi-nonexpansive retraction, then
QT:X— X is asympiotically guasi-nonexpansive mapping.

(QT)"a— (QT)"pll = [1QT(QT)"*a — QT (QT)" 7|
= lla—pll +v.9(la —pll) + 0.

= IT@T)™a —T(QT)" 'pl|

foralla e X, and? € Fr, n €N.

Definition 1.4 If there is 2 0(e)>0 that correlates

to each e, 0 <e <2, then the Banach space E with a
uniform convexity fulfils
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[lwll = |lwll = L ||lw —v|| = & it implies that

‘? =1—8(s) 3.

Definition 1.5 If any sequence in a normalized
space (V| 1.1]) is such that b, = by, it is said to
tulfill the Opial condition if for alle € V, ¢ # by,

limsup||b,, — by || < limsup||b, — ¢||, 4
n—oo :

n—roo

which can be proved from the extraction of those
appropriate subsequences, that the lower limits
can be replaced with upper limit in the definition
above.

Recently, iterative procedures and estimation of
fixed points of nonlinear maps have been studied
widely by many authors. See (Chidume e /., 2003,
Rashwan and Altwqi, 2011, Khan ez a/., 2015,
Gunduz ezal.,2017) among others.

1.2 Some Iterative Procedures

Rashwan and Altwqi (2011) Let X be a closed,
nonempty subset of convexity of a Banach space
Vwith uniform convexity which is a nonexpansive
retract of V. Let T:X—V where T = 1,23 consist
of three non-self asymptotically non-expansive
maps having sequences ¢,,7, < {0, 00) so that

Lo @n <0 X7og M, < 9, Thus, given thata, € X,

ans1 = Q((1—a,)b, +a,T,(QTy)" 'b,),
b, = Q((1 = B)e, + B, T2 (QT)" ),

¢, =Q((1—-4,)a, +4,T5(QT:)" 'a,), nEN. 5
where {a,}, {#,} and {4,} are sequences in [0,1].
Within the framework of continuously convex
Banach space, they were able to determine the
unique fixed points of three nonself
asymptotically nonexpansive maps.

In the iterative procedure (5) above, if 4, = 0,
according to Thianwan [3], it reduces to

Qpyy = Q((l_ a%)bﬂ + anTl(Qle%_lbnjf
b‘n = Q((l - E‘nj Cn T E‘HT: (QT:jn_lﬂnj,ﬂ €N

where {a,} and {8,} are sequences in [0,1].
Furthermore, other authors have also reduces (5)
above by putting 4, =0, 8, = 0 to obtain
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a,.1 = Q((1—a,)b, +a,T(QT)" 'a,),nEN,

where {a,} is a sequences in [0,1]. Assume that Xis
a closed convex nonempty subset of a real,
uniformly convex Banach space V that is a
nonexpansive retract of V. Let T:X—V wheret =
1,2,3 consist of three non-self asymptotically
non-expansive maps having sequences ¢,, 7, < {0,
00) such that 5=, @, < o0,

Z M = @ Thus, given thata, € X,
n=0

(1 - a%)bﬂ + an(Qle%bﬂ’
ﬁﬂjcﬂ + ﬁﬂ(QTﬂjﬂcnf
Anjaﬂ. +‘1ﬂ(QTﬂjﬂan’

+ El

(

T [

aﬂ
b, -
Cn - n € M. 7.
where {a,}, {#,} and {A,} are sequences in [0,1].
They approximated a common fixed points at a

faster rate than (5).

Recently, Gunduz ¢# al. (2017) introduced a new
iterative procedure for computing common fixed
points of two nonself total asymptotically
nonexpansive mappings and produced a tool for
convergence of the iterative procedure in Banach
spaces. Let U be a nonempty closed convex subset
of areal normed linear space V'with a retraction Q.
Let S, S,: U =V be two nonself asymptotically
nonexpansive mappings with respect to Q.

a, EU,

Qpyy = (1= a,)(@5)"a, + @, (@5;)"by,

b, = (1—B)a, + B,(05)"a,,  n€ M. 3.

where {@,} and {f3,} are sequencesin [0,1].

For the sake of this paper, a new class of nonself
total asymptotically @#-quasinonexpansive
mapping is introduced and an Ishikawa type
iteration is considered for strong convergence for
two nonself total asymptotically ¥o-
quasinonexpansive mappings. The result is
established within the context of Banach spaces VV
with uniform convexity.

The above definitions and the following lemma
are useful in proving our main theorems.

For the next section, we always assume
F=FNF={a€Ta=5a=a}+@ asacommon
fixed pointsetof T, S.
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Lemmal.l [5]Let «,20,0,20be such that
a.<(+a)a+o,. 9.

If,a. E7, @, < o0, b.z o, < and
n=1
c. lim infa, =0 then

lim a, =0.
1 —son "

2. MAIN RESULTS

Definition 2.1 Let X be a nonempty subset of V
and let Q:V—X be the quasinonexpansive
retraction of V onto X. Suppose the set of all fixed
points F, # and a function¥: R = R with #(r) <r
for all r > 0. A nonself map T:X—V is totally
asymptotically #-quasinonexpansive if the
sequences {y,}, {4,} exists where v, 4,20 as
n—o such that

|| @D)'a-@Dy'pll <(1+y)dll a-plly+4, 10.

foralla € X, and p € Fy, n € N.

Remark 2.1 A nonself total asymptotically -

quasinonexpansive mapping becomes

(i) asymptotically #-quasinonexpansive
mappings if 4,= 0, foralln> 1.

(ii) ¥-quasinonexpansive mapping if y,= 0, and
A,=0foralln

(i) quasi-nonexpansive mapping if 9® <r for
allr>0,y,=0andA,=0foralln €N

Let TS:X—V be two quasi-nonexpansive, nonself
asymptotically maps with respect to a quasi-
nonexpansive retraction Q.

We shall employ the iterative scheme (8) in
obtaining our resultin this section.
a, EX,
Apsy = (1— @,)(QT)"a, + @, (Q5S)"b,,
b,=(1-8)a,+ 5.00T)"a,. n € M.

where {@,} and {f3,} are sequencesin [0,1].

Lemma 2.1 Let X be a closed nonempty subset
of Vthatis also a quasi-nonexpansive retract with
retraction @ and let V be a Banach space with
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uniform convexity. Let T S:X—V be two nonself
total asymptotically ¥-quasinonexpansive maps
with sequences {y,}, {A,} both in (0,1) such that
Y., A,—*0as n =00, Consider a function ¥: R'—R’,
withd(r)<r Vr>0,F,#.{a,} is defined by (8).
Then with the bounded sequence {a,} and p € F,,
the ,}L“LL |la, — p|| exists.

Proof

Since p € F,, it follows from (10) and (8) that
1B, — pll (11— Ba, + 5,(QT)"a, —pl|
||(1_18nj(an_pj +En[(QT)Hxn_p]||

(1= B )lla, —pll + B, 11(QT)"a, — pll

(1= B )lla, —pll+ B, [(1+ v)8(la, —2ll) +4,]
(1= G Illa, —pll + (B, + B.¥u)lla, —pll + Bad,
lla, —pll + Ba¥alla, —pll + .4,

1A A 1A Tl

b, -pll<a+D)lla,-pll +c, 11.
Where §,y,= D,and B,\,= C,

Also, from equations (10) and (8) we have

lap+y —2ll = I(1 - a,)(@)"a, + a,(QS)"b, —pll
= [1(1 = a,)(@T)"(a, — p) + a,[(¢5)"b, — 2]l

= (1= a )(QT)"a, — pll + a,|I(@5)"b, — pl|
S(1-ea)[(1+y)0(la, —pll) + 4] +a,[(1+1)
9(l1b, — pll) +4,]

lap. —pll = (1 —a)[(1+x)(la, —pll) +4,]
ta,[(1+y,)
((1+D)lla, —pll + C,) +4,]
= lla, —pll +¥ulla, —pll + 4, + Da,|la, — pl|
+DyaYalla, —pll
tCa, + Cuayhy

llapss =PIl < (1 + U)lla, —pll +W, 12.
Where (1+y, + D,a,+ D,a,¥,) = U, and
Ay + Cpa, +Coa,y, =W,

n
=]

Sincez U, < @and La=1 W, < @ by Lemma
n=1

(1.1), we have Jim lla. =PIl exists,

We now proceed to prove a new result with the

aid of the above lemma.

Theorem 2.1 Let X be a quasi-nonexpansive
retraction of @ and a closed nonempty subset of a
Banach space V with uniform convexity which
define T, S:X—=V as two continuous V-
quasinonexpansive mappings that are nonself
total asymptotically (10) so that
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E::=1 ¥ = me;aﬁ:l ‘1?1 < .

Consider that: R'= R, with?}(r) <r Vr> 0, then
the sequence {a,} defined by (8) strongly

converges to a common fixed point of T and S if
and only if liminf,_,_||a, — F|| = 0, where

lla, —F|l = inf,g|la, —p|l. n € N-
Proof
Assuming that liminfp€F| | a,-F || = 0, with the

sequence {a,} converging to a common fixed
point of T and S. We now show that the sequence
{a,} is a Cauchy sequence in V. Suppose the

nllj)lgc [la, — pll exists. Then, from

Lemma 2.1, we have
lla,+1 —pll = (1+ U)lla, —pl| + W,

< 1+ U)(lla, —pll +W,)

then by iterating,

Hapss =Pl = (14 Upso)(ll@psz — 2l + W,is)

S (1 + Upe) (A + U [(la, — pll + W, + W, 14]

S (1 + U ) [T+ U ) (e, —pll + W) + W,oi4]
Hapse =Pl = (1 + Upsq)(llanss — 2l + Wosy)

S (14 Upi)[(1+ Uy ) (1 + U ) (N, — pl

W, AW ) T W]

S (14 Upia) (A4 Ups)) (A + U [lla, —pl|

+W, W+ W L]

Hapss =2l < (14 Upyz)(llagss —pll + W43)

S (A4 Upsa) [(A+ Upsa) (1 + Ups) (1 + U ) (I, — 2

W, Wosy T W 0) + W45

s =PIl £ (14 Upes) (1 + Upar) (1 + Upu) (A + U,.)

e, —pll + W, + Wy + W, 4p + W, 4s]

Forany m € N we have

Napsm =PI = Upspog (pim—g =2l + Wi q)

S (L Upipg oo [(1 4 Upsa) (14 Uy ) (1 Uy

1+ U)(lla, —pll + Wyt A Woia) + W, 4]

Wn + Wn +1 + Wn +2+' . +Wn +m—1:|

< (14 U)o (14 Upis) (14 Uy ) (14 Uy
(1+U,)lla, -l +

with the fact that1+t < exp(t) we have
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ety sm — Pl = exp(U,pmq+ee ot eq + Uyss
+ U,sq + U

(Ma, =2l + W, + W oy + Wiy + Woag+ AW y)
< exp(ZE)7 U)(lla, —pll + 7T W)
<exp(XZ, U)la, —pll + X%, W).
Therefore,for me N and p € F

18, sm —aull £ ll@psm — Il + a2, — 2l

< [1+ (exp(XE, U, —pll +
(exp(XZ, U)EZ, W)

Naysm — a,ll < [1 +exp(XZ, U)](lla, —pll
+ (22, W)

llatysm — anll < H(lla, — pll + L2, W),
Where H=1+exp(Xz, U;)

apsm —anll = Hlla, — pll + HZZ, W)
ForH>0Oandp e F

18 e — @l | < Hd(a,, F) + H (Z W)

i=n

For € >0and limd(a, F) =0and ZZ, W, <
there existaninteger n,> 0 such thatn>n,,

£ E
d(a,, F) <sH and¥= w, < E.Then

5 5
||a:n+m—aﬂ|| {_:H{ﬁ-l-ﬁ}: £

lla

n+m_an||£E

which means that {a,} is a Cauchy sequence in V.
Thus, the completeness of space V guarantees the
existence of {a,}. Therefore, ?}l_rllc fa,}exists.

Let lim{a,}=p"  already T and S are continuous
mappings.

Now, we show that p*is a common fixed point of
T and S. Suppose p*e F since F is a closed subset
of V,we can see that || p*-F| | >0.

Butforallp € F,we have

llp* —pll = |lp* — a,l| + lla, — pll
=|lp* —a,ll +|la, — F

which gives

d(p* F) = |lp* —a,ll + |la, — Fl|

since {@,}p*— 0 as n =00 which contradicts || p*

-Fl] >0. Hence, p*is a common fixed points of T
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and Sas required.

Remark 2.2

(i) Our result is an improvement on the work of
Khan ezal. (2015) and Gunduz ezal. (2017).

(i) In conclusion, our results provided useful
information on the establishment of convergence
of Ishikawa iterative procedure to a common
fixed points of the class of ¥-quasinonexpansive.
Finally, going by the research results so far, a new
generalised map was introduced, the convergence
of newly modified S-iterative procedure to a
common fixed point of nonself total
asymptotically U-quasinonexpansive maps in
Banach spaces that are uniformly convex were
investigated.
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