
International Journal of Mathematical Sciences and
Optimization: Theory and Applications

10(4), 2024, Pages 29 - 34
https://doi.org/10.5281/zenodo.14686187

Nonassociative Moufang Loops of Odd Order p1p22p4

Properties and Characterizations

L. A. Ademola 1*, Y. K. Abdullahi 1

1. Department of Mathematics, University of Jos, Nigeria.
* Corresponding author: ademolal@unijos.edu.ng∗, khadijayunusabdullahi@gmail.com

Article Info
Received: 24 April 2024 Revised: 09 August 2024
Accepted: 30 September 2024 Available online: 10 October 2024

Abstract

We investigate nonassociative Moufang loops of odd order p1p
2
2q

4, where p1, p2, q are distinct
odd primes satisfying p1 < p2 < q. We show that there exists a normal Hall subloop of order
q4 in L, and further prove that subject to some extra conditions the Moufang loop of this
order is associative. Notably, the Loops Package gap4r5 does not contain Moufang loops of
order p1p

2
2q

4, indicating a gap in the current knowledge of higher-order Moufang loops. Our
results provide new insights into the structure and properties of nonassociative Moufang loops,
building upon existing research.
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1 Introduction
A loop ⟨L, ∗⟩ is said to be a Moufang loop if for any u, v, w ∈ L the identity (u ∗ v) ∗ (w ∗ u) =
(u∗(v ∗ w))∗u is satisfied. Moufang loops are nonassociative algebraic structures with unique prop-
erties, making them essential in various mathematical contexts. The works of [1] and [2] respectively
proved that all Moufang loops of order 33 and p4, p ≥ 3 (where p is a prime) are associative. But
then, nonassociative Moufang loops of order 34 [1] and p5, p ≥ 3 [3] are known to exist. Thus,
the highest possible order based on these results would be all Moufang loops of order 33p41p

4
2 · · · p4n

and is likely to be associative if p1, p2, · · · pn, pi > 3, i ∈ {1, 2, · · ·n} are distinct odd primes. This
appeared more and more likely due to progressives works as seen in [5–14].
Notably, constructing an example of nonassociative Moufang loops of odd order p1p22q4 remains an
elusive goal, justifying the existence of Moufang loops of that order is still to be achieved.
Recent studies have expanded the understanding of Moufang loops. Building on Bruck’s founda-
tional text [1], researchers have identified additional characterizations. Specifically, [15, 16] have
contributed significantly to the field. Furthermore, [17] have discovered four new loop identities
that individually characterize Moufang loops, bringing the total to eight.
However, the study of higher-order loops remains an open area of research. In the recent work
of [14], some characterization of Moufang loops of odd order p22q4 were explored. This work extends
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the exploration by investigating the possible classification and determination of Moufang loops of
odd order p1p

2
2q

4. This clearly is an open area of research as the exact number of Moufang loops
of certain orders, for instance for orders less than or equal to 64, 81, and 243 are known and docu-
mented in the Loops Package [18] but higher orders are yet to be documented. This work focuses
on nonassociative Moufang loops of odd order p1p

2
2q

4, where p1, p2, q are distinct odd primes satis-
fying p1 < p2 < q, by exploring the properties of these loops, including the order of the associator
subloop, the existence of normal Hall subloops and the possibility of it being associative.

2 Definitions and Notations
Some very standard definition for easy understanding of this work are as follows:

1. A loop ⟨L, ∗⟩, is a binary system, satisfying the following two conditions: (i) specification of
any two of the elements u, v, w in the equation u ∗ v = w uniquely determines the third element,
(ii) the binary system contains an identity element.

2. A Moufang loop is a loop ⟨L, ∗⟩ such that (u ∗ v) (w ∗ u) = (u∗(v ∗ w))∗u for any u, v, w ∈ L.
3. The associator subloop of L is denoted as La = (L,L,L) = ⟨(l1, l2, l3)|li ∈ L⟩. In

a Moufang Loop, La is the subloop generated by all the associators (u, v, w) ∈ L such that
(u, v, w) = (u ∗ vw)−1

(uv ∗ w). L is associative if and only if La = {1}.
4. If M is a normal subloop of L, then
(a) M is a proper normal subloop of L, if M ̸= L.
(b) L/M is a proper quotient loop of L, if M ̸= {1}.
3. If M is a normal subloop of L, then
(a) M is a minimal normal subloop of L, if M is non-trivial and contains no proper nontrivial

subloop which is normal in L. In other words, if there exists H ◁ L with {1} < H < M , then
H = {1} or M .

(b) M is a maximal normal subloop of L, if M is not a proper subloop of every other proper
normal subloop of L. In other words, if there exists H ◁ L such that M < H, then M = H or
H = L.

Note that one can refer to [1, 4], for further details.

3 Basic properties and known results
Let L be a Moufang loop.

Lemma 3.1. N = N(L) is a normal subloop of L. Clearly N , is a group, by the definition of
N . [1]

The following properties hold only for finite Moufang loops L.
Lemma 3.2. Suppose K is a subloop of L. Then |K| divides |L|. [1]
Lemma 3.3. Suppose K is a subloop of L, and π is a set of primes. Then
a. L is solvable.
b. If K is a minimal normal subloop of L, then K is an elementary abelian group and
(K,K,L) = ⟨(k1, k2, l)|ki ∈ K, l ∈ L⟩ = {1}.
c. K is a normal subloop of L, (K,K,L) = {1} and (|K|, |L/K|) = 1 implies K ⊂ N .
d. L contains a Hall π -subloop.
[13]
Lemma 3.4. Suppose |L| is odd and every proper subloop of L is associative. If there exists a

normal Sylow subloop, minimal in L, then L is associative. [1]
Lemma 3.5. If there exist H,K in L such that the two conditions; (i) H ◁ K ◁ L and (ii)

(|H|, |K/H|) = 1 hold, then H ◁ L. [13]
Lemma 3.6. Let L be of odd order, K, a normal subloop, minimal in L such that (i) K ⊂ L,

and (ii) Q, a Hall subloop of L. If, (i) every proper subloops and proper quotient loops of L are
associative, (ii) (|K|, |Q|) = 1 and (iii) Q ◁ KQ, then L is associative. [1]
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Lemma 3.7. Let L be of odd order and K a normal Hall subloop of L. If, (i) K = ⟨x⟩La for
some x ∈ K\La and (ii) La ⊂ N , then K ⊂ N . [8]

Lemma 3.8. If |L| is odd and every proper subloop of L is associative. Also, if in addition, N
contains a Hall subloop of L, then L is associative. [12]

Lemma 3.9. If |L| = pαm where p is the least prime dividing |L| such that (p,m) = 1 and
α ∈ {1, 2}. Then there exists a subloop M of order m that is normal in L. [7]

Lemma 3.10. If L is Moufang loop of finite order such that its order is coprime to six. Then
any normal subloop of L, that is also minimal in L will be a subset of the nucleus of L. [6]

Lemma 3.11. If L is nonassociative and of odd order, and M a maximal normal subloop of
L. Also, if all proper subloops and proper quotient loops of L are associative and, La is a Sylow
subloop of N , then La = N . [8]

Lemma 3.12 Let L be a Moufang loop of odd order and R be a normal Hall subloop of L.
Then there does not exist any element x ∈ R/N such that R ⊂ ⟨x⟩N . [9]

Lemma 3.13 Suppose K ◁ L. Then L/K is a group implies La ⊂ K . [12]
Lemma 3.14 is diassociative, that is, ⟨u, v⟩ a group for any u, v ∈ L. Moreover, if (u, v, w) = 1

for some u, v, w ∈ L, then ⟨u, v, w⟩ is a group. [1]
Lemma 3.15 Let G be a group of order pq such that p ̸= q. Then there exists normal subgroups

of order p and q in G. [8]
Lemma 3.16 Assume m = pα1

1 · · · pαk

k is a product of distinct odd primes, then any group of
order m is abelian if and only if the following two conditions are satisfied (i) for all i ∈ {1, · · · k}
αi ≤ 2 and (ii) for any i and j, pi ̸ |(p

αj

j − 1) . [5]

4 Main result
The following result proves the existence of a normal Hall subloop of order q4 in L.

Lemma 4.1 Let L be a nonassociative Moufang loop of odd order p1p
2
2q

4 where p1, p2, q are
distinct odd primes satisfying p1 < p2 < q with (p1p

2
2, q) = 1 and q ̸≡1(mod pi) for every prime

divisor pi of p1p
2
2. Then there exists a normal Hall subloop of order q4 in L.

Proof:
By Lemma(3.9), there exists a normal subloop M of order p22q

4 in L. Since |L/M | = p1, it
follows that M is a maximal normal subloop of L. Using the same Lemma (3.9), there exists a
normal subloop Q of order q4 in M . Also, since |Q| = q4, it follows that Q is a Hall subloop normal
in M . It is therefore clear that Q ◁ M ◁ L and that (|Q| , |M /Q |) = 1. So by Lemma (3.5), it
follows that Q is a normal Hall subloop of L.

The next result investigates the possible order for the associator subloop of the Moufang loop
under consideration.
Theorem 4.2 Let L be a nonassociative Moufang loop of order p1p

2
2q

4, where p1, p2, q are distinct
odd primes satisfying p1 < p2 < q, q ̸≡1(mod pi) and p2 ̸≡1(mod p1). Assume all proper subloops
and proper quotient loops of L are groups and (|L| , 6) = 1, then |La| = q2.

Proof:
Assuming that every proper subloop and proper quotient loops of L are groups.
Now La, by Lemma (3.3)(b), is a minimal normal subloop of L and by the same Lemma (3.3)(b)

is also an elementary abelian group.
So, |La| = pαi

i , q, q2, q3 or q4, for some 1 ≤ αi ≤ 2, also by Lemma (3. 4), La is not a Sylow
subloop of L. So αi ̸= 2 and |La| ≠ q4. Hence, |La| = pαi

i , q, q2, q3 with αi = 1.

4.0.1 Case 1: Suppose |La| = pαi
i with αi = 1.

There exists P2 a Sylow p2-subloop of order p22 in L by Lemma (3.3)(d).
Now La ◁ L, so LaP2 < L and|LaP2| = |La||P2|

|La∩P2| = pip
2
2 . Furthermore, since P2 is a Sylow

p2-subloop of LaP2, P2 ◁ LaP2 by Lemma (3.9). Also, since (|P2|, |La|) = (p22, p
αi
i ) = 1, L is

associative by Lemma (3.6). This negates the assumption of the Theorem.
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Therefore |La| ≠ pαi
i with αi = 1.

4.0.2 Case 2: Suppose |La| = q, q2 or q3.

Case 2.1: Suppose |La| = q Then there exists P1 a Hall subloop of order p1 in L by Lemma
(3.3)(d). Now La ◁ L so LaP1 < L and |LaP1| = |La||P1|

|La∩P1| = p1q. Furthermore, since P1 is a
Sylow p1-subloop of LaP1, P1 ◁ LaP1 by Lemma (3.15). Also, since (|P1|, |La|) = (p1, q) = 1, L is
associative by Lemma (3.6). This also negates the assumption of the Theorem.

Therefore |La| ≠ q.

Case 2.2: Suppose |La| = q3 Now, since the order of L is coprime to 6, it follows from Lemma
(3.10), that La is contained in the nucleus of L. Using Lemma (3.2), it follows that |La| divides
|N |, meaning that q3||N |.

Clearly, by Lemma(3.8), N cannot contain a Hall subloop, so q4 ∤ |N |. Thus since |La| = q3

and La ⊂ N , it follows that La is a Sylow subloop of N . Now by Lemma (3.11), it follows that
La = N , meaning |La| = q3 = |N |.

Now by Lemma (4.1), there exists a normal hall subloop in Q of order q4 in L. Suppose that
NQ. Then NQ would be a subloop having order greater than q4, which clearly contradicts Lemma
(3.2). Hence, N ⊂ Q.

So, |Q| / | N | = q meaning | N| < |Q|. So there exists x ∈ Q/N such that ⟨x⟩N < L since
N ◁ L by Lemma (3.1). So |N | < | ⟨x⟩N |. Clearly, since |N | < | ⟨x⟩N | and | N| < |Q|, it follows
that |⟨x⟩N | = |Q|, meaning Q = ⟨x⟩N for some x ∈ Q/N . This is a contradiction of Lemma (3.12).

Therefore |La| ≠ q3.
From all the cases and subcases proven above, it follows that |La| = q2.
Finally the result below proves that subject to some extra conditions the Moufang loop of odd

order p1p
2
2q

4 is associative.
Theorem 4.3 Let L be a Moufang loop of odd order p1p

2
2q

4, where p1, p2, q are distinct odd
primes satisfying p1 < p2 < q , q ̸≡±1(mod pi) and p2 ̸≡1(mod p1). Assume that all proper subloops
and proper quotient loops of L are groups and (|L| , 6) = 1. Then L is associative.

Proof:
Assume L is not associative. Then there exist a nonassociative Moufang loop of odd order

p1p
2
2q

4, where p1, p2, q are distinct odd primes with pi < q, q ̸≡ ± 1(mod pi) and p2 ̸≡1(mod p1).
Assume also, that every proper subloop of L are associative. Then by Theorem (4.2), |La| = q2.
Now La, by Lemma (3.3)(b), is a minimal normal subloop of L and by the same Lemma (3.3)(b) is
also an elementary abelian group. So L/La is a group and by Lemma (3.3)(d) there exists a subloop
P/La of order p1p

2
2 in L/La. In fact by Lemma (3.14), since q ̸≡ ± 1(mod pi) and p2 ̸≡1(mod p1)

and the maximum power of each of the prime factors is 2, it follows that P/La is normal in L/La.
Thus P is a normal Hall subloop of L of order p1p

2
2q

2. Furthermore, by Lemma (3.14), there
exists a subloop P ∗ of order p1p

2
2 normal in P . Hence, by Lemma (3.5), since P ∗ ◁ P ◁ L and

(|P ∗|, |P/P ∗|) = (p1p
2
2, q

2) = 1, it follows that P ∗ is a normal subloop of L. Now, since L/P ∗ is a
quotient subloop(subgroup), it follows that La ⊂ P ∗. So by Lemma (3.2), |La| divides |P ∗|. This
is a contradiction as |P ∗| = p1p

2
2 and |La| = q2.

It follows that L is associative.
Conclusion

In this work, we have investigated nonassociative moufang loops of odd order p1p
2
2q

4, we saw that
they exhibit unique properties and characteristics that distinguish them from other algebraic struc-
tures subject to some conditions on the order of the loop. Further research directions may include
investigating further if the Moufang loop of this particular order without the extra conditions,
would be associative. Also, the possible exploration of connections between Moufang loops and
other algebraic structures can be investigated.
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