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Abstract

Robust control for nonlinear uncertain systems has been solved for matched uncertainty but has not been completely solved
yet for unmatched uncertainty. This paper developed a new method in which an adaptive radial basis function neural network is
used to compensate for the effects of unmatched uncertainty in the framework of integral sliding mode control. The stability of
the whole system is guaranteed by the Lyapunov method. The adaptation algorithm of the network is also derived by the
Lyapunov function so that its convergence is also guaranteed. A numerical example is used to show the effectiveness of the
proposed method. Improvement against existing methods is also demonstrated.
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1. Introduction

Integral sliding mode control (ISMC) has attracted wide interests in nonlinear control community (Utkin & Shi, 1996; Poznyak,
Fridman & Bejarano, 2004). It introduces an integral term into the sliding surface, which makes the system initial states start from
the sliding mode and eliminates the reaching phase. Thus, ISMC enhances the robustness against matched uncertainty of the
conventional SMC (Utkin, 1977; Matthews & DeCarlo, 1988; Young, Utkin & Ozguner, 1999; Fridman, Poznyak & Bejarano,
2005; Niu, Ho & Lam, 2005.). However, it is still sensitive to unmatched uncertainties that exist in many practical systems. An
ISMC controlled system was developed that completely nullifies matched uncertainties, but with the unmatched uncertainty the
system stability depends on the controlled nominal system and the features of the equivalent unmatched uncertainties (Cao & Xu,
2004). Castanos & Fridman (2006) discussed mainly how to select the optimal design matrix to ensure that the unmatched
uncertainty is not amplified by the discontinuous control, but it is only suitable for a certain type of nonlinear systems with
constant input matrices. The research on ISMC has been focused on how to reduce the influence of unmatched uncertainty, which
is the motivation of this paper. According to the literature (Funahashi, 1989; Sanner and Slotine, 1992; Wang and Hill, 2006.),
radial basis function (RBF) neural networks have showed strong universal approximation ability for unknown system
nonlinearities. Therefore, a RBF network is capable of approximating and counteracting wholly or partially the term of the
unmatched uncertainty in the ISMC system dynamics. Based on this basic idea, the main contribution of this paper is proposing a
new integral sliding surface that includes an additional design matrix with an adaptive RBF neural network. In addition to the
advantages of no reaching phase and nullifying matched uncertainties, more importantly, it compensates partially the effects of
unmatched uncertainties in the system closed-loop dynamics and thus enhances the robustness compared with previous research
(Cao and Xu, 2004; Castanos and Fridman, 2006). The adaptation law of the RBF network is derived using a defined Lyapunov
function. Also based on Lyapunov theory, the switching gain condition is obtained to ensure the system states remaining on the
designed sliding surface. In addition, many other methods for sliding mode control for systems with uncertainties have been
investigated, such as Seok et al. (2009), Yinxing et al. (2008) and Wang and Yu (2008).
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This paper presents the developed method only with a numerical example. The real data experiments using the method are not
included as the research is not come to that stage and further investigation will be reported when results are available. Also, the
unknown disturbance is not dealt with in this study. This may be tackled by neural network modeling in on-line mode but the
disturbance structure should be known for easy implementation.

2. Problem Statement

Consider the following nonlinear uncertain system

%= f(x) + BX){[I +AB,, (x)]u + Af, ()} + Af, (X) @)
where x(t) e Q= R" is the measurable state vector and € is an arbitrary large compact set, u(t) e R™ is the control vector,
f(x) e R" and B(x) e R™™ are known nonlinear functions and rank{B(x)}=m. Af_(x) and AB(x) are the matched
uncertainties. The unknown continuous function Af,(X) is the unmatched uncertainty. As Af,(X) represents mainly the
deviation of f(X) while Af_(x) represents the deviation of AB (X), they are functions of x(t) instead of time t. It is assumed
that all system uncertainties are bounded, i.e. there exist [Af, (X)[ < o, (%), |AB, (X)|<1-&, and [Af, (X)] < p, (X) where
Pn(X) and p, (X) are known nonnegative nonlinear functions and &, is a positive constantand ¢, <1.

Assumption 1. The known nominal nonlinear plant of the system (1) is

x=f(x)+ B(x)u,(x) )
which is globally asymptotically stabilizable via a nominal control u, (x), i.e., there is a Lyapunov function V (x) , such that its
first-order partial derivative satisfies

7 (X)) <V () < 7, (Ix]) ®)
V(x)= (Z—U [ (x) + B(x)u, (x)] < —7(|]) 4)

Here, 7,, 7, : R" — R™ areclass K functions, » : R" — R™ is defined as 7/(“X||)= ,6’||X|| , where > 0.
3. New Integral Sliding Surface

In this paper, a new integral-type sliding surface is proposed as
t
S(x) = Dx—Dx, —I [Df (X)+DB(x)u,, (X) = DB(X) fyy (X)[dz =0 (5)
fo

where X, is the state vector at time t,, D € R™" satisfies that DB(x) is uniformly invertible. fNN (x) eR™ is a RBF network

in the following form (a RBF network is used here rather than a MLP or other types because the simplicity of RBF in the structure
and in training is considered):

2
- Mo X —C.
fun (0 =D W, exp _M (6)
i=1 O
where nj, is the number of network centers, W, (t) € R™ is the network weight, C, = [Cli vCoiv oy Cyi ]T € R" are the network

center vector and o; is the network width. The last term of the integral part in the sliding surface (5) can be treated as a design

vectorg(x) e R™, i.e.

DB () = DB exgl Gl
g(x) =—DB(x) fyy (x) =—DB(X) D W; exp " (7)
i=1 i

Take the first derivative of the sliding surface S(x) in (5)
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S(x)=DB){I +AB,, (x)Ju + Af, (x) —u, ()} + DAF, (x) - g(x) ®

In the sliding mode, S(x)=S(x)=0 and x(t) = X4 (t) . Here subscript d denotes the state vector in the sliding mode. The
equivalent control law is

Ueg (Xg) = [1+ 4B, (xg)] {— [DB(x4)] ™ [DAF, (x) - g(x)]- Af,, (X4) +U, (X )} ©)
Substituting the above equation into (1), one obtains the closed-loop dynamics of the sliding surface
Xg = F(Xq)+B(Xq)u,(Xg) + {l — B(xy)[DB(X, )]_lD}Afu (X¢) +B(x4)[DB(xg)] " 9 (x,) (10)
Then, define a vector ¢, (x) € R" as follows,
4, () = V”l(x)} Q' (x|l - B([DB()] ™ D af, (x) (11)
¢u2 (X)
with @, (X) e R™ and @, (x) e R"™™, where Q(x) e R™" is an orthogonal matrix from the QR decomposition of B(x),
R
Q(X){ gx)} _B(x) (12
By dividing Q(X) into two sub-matrices Q,(x) € R™™ and Q, (x) € ™™™ it is obtained that
B0 (X) B4 (X) -1
=[0, , = 1 -B(x)[DB(x)]* D jAf, 13
Q(X)[ . (XJ [ Q <x)][ ;. (XJ i -B[DBOOT* DT, (0 13)

Considering (7) and (13), the closed-loop dynamics become
Xg = F(Xg) +B(Xg )up (Xg) + Qu(Xg)ua (Xg) + Q2 (X4 )2 (Xg) — B(Xy) fNN (x) (14
Then, the problem becomes: how to design the RBF network fANN (x) to reduce the influence of the unmatched uncertainty
Af, (x) on the closed-loop dynamics.

Theorem 1. The closed-loop dynamics of the nonlinear system (1) on the integral sliding surface (5)

Xq = F(Xg)+B(Xq)uy (Xg) + Qa(Xq ) o (X4) (15)
is globally asymptotically stable for
B>, (%) +[B(xs)|e ¥Xs €R", when x, #0 (16)

if the RBF network weights are adapted as follows

W-(t)=W-(t)+j' X]B [_M} i=1...
i i(to) + | 7+ Xg B(Xg) exp > |dz, i=1-ny 17
Oj

)
Where the adaptation parameter 7 in (17) is a positive constant chosen by users and & in (16) is a positive constant.

Proof. Considering the unmatched uncertainty Af,(x) is a bounded continuous function, thus the unknown function

R’l(x)¢ul(x) : Q2 — R™ containing one part of unmatched uncertainty is continuous over a compact set Q < R" . According to
the universal approximation property of RBF networks (Funahashi 1989; Sanner and Slotine 1992; Wang and Hill 2006), the
function can be approximated by a RBF network f,, (X) to arbitrary any accuracy using sufficient center numbern, , i.e.

2
4 _ 3 x=cil
R (X)ghyy (X) = frn (X) +€(X) =D W, exp| - ———— | +e(X) VxeQ (18)
= i
where R(x) e R™™ is an upper triangular matrix from the QR decomposition of B(X), w; is the ideal constant weight, the
approximation error e(x) satisfies [e(X)| <& .

The RBF network fNN (x) is used as an estimator of fy, (Xx) by adapting its weight W (t) to converge to the ideal constant
value W, with the weight estimation error W; (t), i.e. w, =W, (t) + W, (t) . Thus, equation (18) becomes
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2
R (X)dy, (X) = Z W, + W, exp[ [x~ ” } +e(X) (19)
Define a Lyapunov function as follows

V,(xy) == ded+_z ? (20)

Its first partial derivative is
. T 1 O ~ A
Vi(Xg) = Xg Xg == 2 W, W,
i=1
| (21)

= X (%) + B(X Uy (%) + QX )i (¢ ) — B(Xe ) Frg (X))

According to (13), (19) and (12), the term Q(X4 )@, (X4) is represented as follows,

Q(Xy)d, (X4) = Qu(Xy )Py (X4) + Q, (X4 )Pz (X4)

o
“[00) Q0| R0+ Qa6 s (k)

- N6 o _||xd—ci||2
:[Ql(xd) Qz(xd)]. R((;(d) ;[Wi‘f'wi]exp[ O_i2 +Q2(Xd)¢u2(xd)

_ +e(Xy)

i=1

= B(xy ){ fNN (Xd)"'iwi eXp[ ” 1 I|| }"‘e(xd )}+Q2(Xd P2 (Xq) (22)

.Then, it follows that
Vi(xy) = Xg [f (Xg) +B(X4)u, (%) ]+ XIQz (X4 )2 (%)

+x(]B(xd){iv~vi exp[ I ” }+e(xd } 3 W, W,

i=1 i=1

= X[ £ (xg) +B(x,)u, (X, )]+ %] Q, (%, ), (X,)
+ X4 B(X, )e(xd)+iwi{xg B(Xd)exp[—w}iv@i} (23)
=L o n

Choosing
A X _C 2
W; =77+ %g B(xg) exp{— % (24)
i

the first partial derivative of the defined Lyapunov function becomes

Vi (Xg) =X [f (X4) + B(Xg)u, (Xg )] + X5 Qp (X4 )y (X4 ) + Xg B(Xg )e(X4) (25)
Considering Assumption 1 and the norm of a matrix with orthonormal columns being 1, it is obtained from (25) that



39 Wang et al. / International Journal of Engineering, Science and Technology, Vol. 3, No. 6, 2011, pp. 35-43

Vi () < = xa )+ 5 [l 00 )]+ [0 1B O

=3[+ xa Iz OOl + X3 1B O e (26)
=[xi |- 8+ e ()] + [BOX ]
Noticing |, ()] <|l, (X4)| :”I —B(x,)[DB(x,)] ™" D”-"Afu (X)) S“I —B(x,)[DB(x,)] 'D|p, (%,) and considering that

B(x, )| is bounded and D is constant matrix, |[I —B(x,)[DB(x, )| D| < p, (x,) is also bounded. Besides, & is a positive
d d x \"Md

constant so that &'= ||B(Xd )||g is also a positive constant. Therefore, a £ satisfying S > p, (X;)p, (X4) + &' exists, i.e.,

condition (16) is satisfied. Thus, Vl(Xd) < 0 is achieved and the approximation error converges to zero. The closed-loop

dynamics are of the form (15) and are globally asymptotically stable. Integrating (24) leads to the adaptation law in (15) for the
weights of the RBF network, which ends the proof.

Remark 1. The obtained closed-loop sliding mode dynamics do not contain any matched uncertainty and reduce the influence of
unmatched uncertainty. Thus, the proposed integral sliding surface with RBF networks improves the control performance of the
ISMC against system uncertainty especially unmatched uncertainty. In (Cao and Xu 2004), the following closed-loop dynamics
were obtained by using a basic integral sliding surface,

%4 = £ (Xg) + BXg Uy (X )+ {I - BXg)[DB(xy )] D JAF, () (27)
The Euclidean norm of the uncertainty term is

0 - B(x DB (x,)] ™ DIA, (0] = [0k ), (%,
= ||Q1(Xd )01 (Xq) + Qy (X4 )2 (Xg )” 2 ”Qz (Xg)Pu2 (Xq )”

Note that the last term in (28) is the norm of the uncertainty term in (16) of the developed method. Therefore, the developed
method has a more robust dynamics to the unmatched uncertainty than the method in (Cao and Xu 2004).

(28)

Remark 2. Additionally, Castanos and Fridman (2006) pointed out that ”I - B[DB]‘1 D” =1 when the input matrix B is constant

and the design matrix is selected as D =B* (B™ is the left inverse of B, i.e. B = [BT Brl BT). Then the closed-loop dynamics
of the sliding surface in Castanos and Fridman (2006) are
%o = f(Xq) + Bu, (Xg) + Af, (Xq) (29)
For the closed-loop dynamics obtained using the proposed integral sliding surface in this paper, with the same B and D, the
norm of the unmatched uncertainty is

”Afu (Xq )" = ”Q(Xd )8y (X4 )" = ”Ql(xd )01 (Xg) +Qy (X4 )dy2 (X4 )” 2 ”Qz (X4 )du2 (Xq )” (30)

Therefore, the norm of the unmatched uncertainty in the closed-loop dynamics is further reduced by the developed method
compared with the method in Castanos and Fridman (2006).

4. Sliding Mode Control Law

In the integral-type sliding mode control, a control law is usually designed in the following form
DB(X)[ S(x) .
LGOI RN
[BEEHEE (31)
u, (x) if S(x)=0
Here, U, (X) is the nominal control of the nominal nonlinear plant (2). When S(x) does not equal to zero, the nominal control

will be modified by the second term in the above equation, which is a normalized product of sliding vector with DB and D can be
designed as D =B* in Remark 2.

u, (x) - p(x)
u(t) =
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Theorem 2. The closed-loop state is guaranteed to be maintained on the proposed sliding mode (5) by the control law in (31) for
the switching gain satisfies the following condition

P> {15y 9]+ 09 +][DBCOT D
b

with the vector g(x) described in (7).

£, 00+ |[DBOOT | o 0ol @)

Proof. Define a Lyapunov function as below,
1
V2(x) =2 ST (0S(x) (33)

Substituting the control law in (31) under the condition S(x) =0 and considering the uncertainty bounds, its first derivative
with respect to time t is expressed as

V,(x) =87 ()5(x)
=-p(0)|[DBOO]' ()] - A8, (0 p(X)[DBEOT' S(0] + ST ()DBEOAB, (¥, ()
+ST (\)DB(X)Af, (x) + 8T (X)[DB(x)]- [DB(x)] ™ DAf, (x) - ST (x)[DB(x)]: [DB(X)] " 9(x)
= p(X) = ABy, (x) p(X) +[ABy, (x)u,, ()] +[|Af, (X)] .
: {+ [[oBGoT ™ D Jat, (9] +[[PBOOT? |-l }“[DB(X)] 09)
P (X) = (L= &)U, (] = 2 (X)
) _{— |(PBGOT Do, 0 [[PBEOT -9

Since DB(x) is full column rank and S(x) = 0, the switching gain p(X) satisfying (32) ensures the above inequality in (34),
Thus, condition in (32) guarantees that the closed-loop state is maintained on the proposed sliding mode by the control law in (31).

(34)

}H[DB(X)]T S(x)” <0

Remark 3: The control law (31) ensures the system state to be maintained on the sliding surface even the unmatched uncertainty
is not completely compensated for by the adaptive network. As long as the switching gain is high enough to satisfy the condition
(32), the system stability is guaranteed.

5. Numerical Example

Consider the parameters of a nonlinear uncertain system (1) as follows.

0 0 1x 1 0.1sin(x,) - 2
f(x)=| 0 -2 0] x,]|, B(x) =|0.1cos®(x,) -3 4
-1 0 2| x, 5 6 +0.1cos(x3)

The matched and unmatched uncertainties are of the following form.

Afm<x)={ 01, +0.1 J, ABm(X)={

0.1sin(x,) 0
0.1x? +0.2x3 +0.1x5 +0.

0 0.1cos® (X,)
Af, () =[0.5x,c08(x,)  0.2x, sin(x2) 0.4x, sin?(x,)] "
The bounds of the matched uncertainty are py, (X)=0.2x? +0.2]x,|’ +0.1x§ +0.2 and &, =0.9. The bound of the

unmatched uncertainty is p, (X)=0.5||X|| . The eigenvalues are placed at S=[—1 -2 —3]T . Choose the design
0 01 02
04 -01 0.2

2 (0| <1 (%0 )] <1 - BOx,)[DB(x,)] D)

matrix D :{ } . It is then obtained that

Pu(Xg) <1.6x0.5)xy [ =0.8]xy]-
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Considering |B(x, )| is bounded and & is a positive constant, [B(x )| is also a positive constant. Choose £ = X |, then
;/(“Xd ||) = HXZ H”Xd || . So that the condition (17) is satisfied as follows,
6,2 (Xg)]| +[|B(xg)|e < 0.8]x4]|+[[B(x4)|le <|X4] when x4 0

As for the RBF structure, the network inputs are selected as X(t) = [xl ) x,(t) xq (t):|T and are scaled to the range of (0, 1)

before they are fed into the networks. The network centers and widths are chosen to be constant using the K-means clustering
method and P-nearest center rule. Different orders and numbers of hidden nodes have been tried in the experiments and a first-
order structure with 12 hidden nodes is selected. The adaptation parameter is selected as n =1. The weights are initialized with

small random values.

The simulation is run from an initial value of the state x(t,)=[0 —2 1] with a fixed step of 1 ms. Figure.1 shows three

system responses: the dotted line denotes the idea system without any uncertainties; the solid line denotes the system under the
proposed control; dash-dotted line is by the system under conventional ISMC. It is evident that the proposed method has a
response much closer to the idea response than the ISMC in (Cao and Xu 2004). To show the network convergence, the three

estimation errors (e,, €,, €;)are displayed in Figure.2. It is seen in Figure.2 that all the three errors converge to zero, which
implies that the networks are adapted to represent the transforms of partial unmatched uncertainties.

DM _ SR
f/-—.--
* 02f e -
| e
-D.il-\ S -
- =1 1 1 1 1 1 1 | 1
0 1 2 3 4 5 B 7 8 9 10

Time (sec)

Time [zec)

Time (sec)
Figurel. The response of the state x(t) : dotted line --- ideal system (without any uncertainty) response, solid line --- response
under the proposed control, dash-dotted line --- response using the existing ISMC in (Cao and Xu 2004)
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Figure 2. The approximation errors: solid line--- e, , dash-dotted line--- e, , dotted line--- e

6. Conclusions

A new integral sliding mode control scheme with an adaptive RBF network is proposed, which eliminates completely the
matched uncertainties and partially the unmatched uncertainty in the resultant system closed-loop dynamics. Enhanced robustness
to the unmatched uncertainties is proved by reduced norm of these uncertainties appeared in the closed-loop dynamics compared
with the existing methods. The method is realized using the approximation feature of RBF neural networks and Lyapunov theory.
The new selection condition for the switching gain is derived to ensure the system states being maintained on the proposed sliding
surface. Numerical simulations showed the network approximation and superior the proposed method to the existing methods.
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