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Abstract 
 
   In this paper we derive some generating relations involving Incomplete 2D Hermite polynomials (I2DHP) );,(, τyxh nm  , of 
two-variable ,two index and one parameter using Lie-theoretic approach .Certain (known or new) generating relations for the 
polynomials related to I2DHP are also obtained as special cases.  
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1. Introduction 
 
Recently, Dattoli (2003) and Dattoli et al. (1997) introduced the Incomplete 2D Hermite polynomials (I2DHP) );,(, τyxh nm  , 
and discussed their properties and their explicit representations and applications. Their link with Laguerre polynomials was 
discussed and it was shown that they are a useful tool to study quantum mechanical harmonic oscillator entangled states. 
      The I2DHP, );,(, τyxh nm  are characterized by two-variable, two index and one parameter and specified by the series (Dattoli 
et al., 1997)  
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    by the relation  
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      Furthermore they are linked to the Laguerre polynomials by the relation (Dattoli et al., 1997).           
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where  ( )xL nm

n
−  denotes associated Laguerre Polynomials . 

   Very recently, Subuhi et al. (2008) obtained some implicit summation formulae for I2DHP by using differential analytical means 
on their respective generating functions .In Shahwan (2009), the author derived generating functions of I2DHP, );,(, τyxh nm  
through Weisner’s (Weisner , 1955) method. The present sequel to some of these earlier papers is motivated largely by the 
aforementioned works of  Dattoli (Dattoli, 2003; Dattoli et al.,1997). We aim here at presenting a general formula involving 
generating function for  I2DHP which may be considered  a further contribution to the theory of I2DHP. We consider the problem 
of framing I2DHP, );,(, τyxh nm into the context of the representation μω ,↑  of  a four-dimensional Lie algebra ( )1,0ς  (Miller, 

1968). Generating relations involving );,(, τyxh nm and associated Laguerre Polynomials, ( ) ( )xL n
l (Rainville, 1971) are also 

obtained. Thus, all of the identities obtained here will be given an explicit group-theoretic interpretation instead of being 
considered merely as the result of some formal manipulation of infinite series. 
 
2.  Representation  μω ,↑ of  ( )1,0ς  and generating relations 
 
    We note that the following isomorphism (Miller, 1968) 
 
                                         ( ) ( )[ ]1,01,0 GL≅ς  , 
 
where ( )[ ]1,0GL  is the Lie algebra of a complex four-dimensional Lie group ( )1,0G , a multiplicative matrix group with 
elements (Miller, 1968) 
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    The group ( )1,0G  is called the complex harmonic oscillator group (Miller, 1968).A basis for ( )[ ]1,0GL  is provided by the 
matrices (Miller, 1968) 
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     with commutation relations 
 
    [ ] ±± ±= jjj ,3  , [ ] ε−=−+ jj , , [ ] [ ] Θ==± 3,, jj εε                                                                                                       (2.3)  
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The machinery constructed in (Miller , 1968)will be applied to find a realization of  the irreducible representation μω ,↑ of ( )1,0ς ,  

where C∈μω,  such that 0≠μ .The spectrum S of μω ,↑  is the set { }egerveanonnegatikkS int, −+−= ω . In 

particular, we are looking for the function ( ) ( ) nm
nmnm spyxZspyxf ττ ;,;,,, ,, =  such that 

 
           nmnm mffJ ,,

3 =            nmnm fEf ,, μ=  

           1,, +
+ = nmnm ffJ μ           ( ) 1,, −

− += nmnm fnfJ ω                                                                                                            (2.4) 

             ( ) nmnmnm ffEJJJfC ,,
3

,1,0 μω=−= −+  
 
for all Sn∈ .The commutation relations satisfied by the operators EJJ ,, 3±  are 
 
       [ ] ±± ±= JJJ ,3   ,    [ ] EJJ −=−+ ,   ,  [ ] [ ] 0,, 3 ==± EJEJ                                                                                        (2.5) 
 
       The number of possible solutions of Eq.(2.5) is tremendous .We assume that these operators take the form 
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and note that these operators satisfy the commutation relations (2.5). 
       We can assume 0=ω  and 1=μ  without any loss of generality for the theory of special functions. In terms of the functions 

( )τ;,, yxZ nm  relations (2.4) become 
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Again, if we take the function ( ) ( ) nm

nmnm spyxZspyxf ττ ;,;,,, ,, =  such that 
                   
           nmnm nffJ ,,

3 =′            nmnm ffE ,, μ=′  

           nmnm ffJ ,1, +
+′ = μ           ( ) nmnm fmfJ ,1, −

−′ += ω                                                                                                         (2.8) 

           ( ) nmnmnm ffJEJJfC ,,
3

,1,0 μω=′−=′ ′−′+′  
 
for all Sm∈ ,then the differential operators EJJ ′′±′ ,, 3  are given by  
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and satisfy the commutation relations identical to (2.5). 
       Just as before taking  0=ω  and 1=μ  , relation (2.8) become 
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       We  see from (2.7) and (2.10) that ( ) ( )ττ ;,;, ,, yxhyxZ nmnm =  where ( )τ;,, yxh nm  is given by (1.1). 

       The functions ( ) ( ) nm
nmnm spyxhspyxf ττ ;,;,,, ,, = , Sn∈ , form a basis for  a realization of the representation 1,0↑ of 

( )1,0ς  .This realization of ( )1,0ς can be extended to a local multiplier representation ( )gT  , ( )1,0Gg ∈  defined on F the 

space of all functions analytic in a neighborhood of the point  ( ) ( )1,1,1,1,1;,,, 00000 =τspyx . 
      Using operators (2.6) , the local multiplier representation (Miller , 1968) takes the form 
 
( )[ ]( ) ( ) ( )ττε ;,,,exp;,,,exp spyxfaspyxfaT =  

 
( )[ ]( ) ( ) ( )τττ ;,,,exp;,,,exp spysbxfbysspyxfbjT +=+  

                                                                                                                                                                                                        (2.11) 
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( )[ ]( ) ( )ττλ λ ;,,,;,,,exp 3 sepyxfspyxfjT =  

 
for Ff ∈ .If  ( )1,0Gg ∈  has parameters ( )λ,,, cba , then 
 
( ) ( ) ( ) ( ) ( )3expexpexpexp jTcjTbjTaTgT λε −+=  

and therefore  we obtain 
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The matrix elements of  ( )gT  with respect to the analytic basis ( ) ( ) nm

nmnm spyxhspyxf ττ ;,;,,, ,, =  are the functions 

( )gAlk  uniquely determined by μω ,↑  of ( )1,0ς   and we obtain relations 
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which may be regarded as a generating function  for the matrix elements. To find an explicit expression for this element it is 
sufficient to compute the coefficients of p on the left hand side of  (2.13).and thus the matrix element ( )gAlk  are given by (Miller 
, 1968) 
 
     ( ) ( ) ( ) ( )bcLckagA lk

l
lk

lk −+= −−λexp  , .0, ≥lk                                                                                                            (2.14)                   
 
Substituting  (2.14)  into  (2.13) , we obtain the generating relation 
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    Again taking the operators (2.9) and proceeding exactly as before , we obtain the generating relation 
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3. Applications 

 
     We consider some special cases of the generating relations obtained in previous section , which yield many new and known 
relations for the polynomials related to L2DP. 

I. Making use of (1.4) in (2.15) we get  
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Now in particular , taking xuy =−=== ,1,1,0 τλ  and replacing  s and p by t  in (3.1) we get a result of Miller (Miller , 
1968) 
 

II. Again making use of (1.4) in (2.16) we get  
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      Again in particular taking  1=== τsp  , 0=λ a and replacing  x  by 1c− , y  by 1b  , b′  by 2b  , c′ by 2c−  , m  by l ,  
r by nl +  and i by j in (3.2) we get a result of  (Miller , 1968). 
      It may be remarked that matrix elements  computed in (2.14) are entire analytic functions of the group parameters .it will be 
more convenient to derive more results of Hermite and Laguerre polynomials by choosing special values of the parameters and 
variable. 
      
4. Conclusions  
 
   We have considered the problem of framing  I2DHP , ( )τ;,, yxh nm  into the context of the representation  μω ,↑  of the Lie 

algebra  ( )1,0ς  of the complex harmonic group  ( )1,0G . Generating relations involving I2DHP are obtained by using  Miller’s 
technique .Some relations for the products of  Laguerre  polynomials  and identities of  Miller are also obtained as special cases. 
  Further , we observe that these operators +′−′+− JJJJ ,,  and 1=I  satisfy the following commutation relations, 
 
       [ ] [ ] IJJJJ == +′−′+− ,, , 

       [ ] [ ] 0,, == +−′+′− JJJJ , 

       [ ] [ ] 0,, == +′+−′− JJJJ . 
 
      These relations imply that the five operators IJJJJ ,,, +′−′+−  are closed with regard to the commutation relations. 
Therefore ,they form a realization of an abstract  five-dimensional Lie algebra which is the Lie algebra of the Heisenberg-Weyl 
group  ( )RW ,2  or to its complex extension  ( )CW ,2  for a two-mode system. Thus  I2DHP form a certain basis for this  

realization of the Heisenberg-Weyl algebra  ( )R,2ω  or to its complex extension ( )C,2ω  see (Wunsche , 1998) and the 

references therein .By  the quadratic combinations of the basic operators IJJJJ ,,, +′−′+− ,we can form ten more operators , 
which form several  Lie Algebras. 
  The study of the I2DHP for applications as well as for its connections with various Lie algebras is an interesting problem for 
further research. Recently, the interest in the generalized Hermite polynomials and their popularity have increased considerably in 
view of their important role and applications in Bose-like operator calculus. See, for example, Rosenblum (1994). We will take up 
derivation of recurrence relations and generating functions for these polynomials in our forthcoming paper. 
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