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Abstract

New estimates are ob-
tained for the —operator on
non-stein domains in C" and
the results are applied to the
Corona problem in Carleman
algebras on those domains.

Introduction

Let ©Q be an open subset of a com-
plex manifold X, and let p be a non-
negative function on €. Denote by
Ap(Q) the (Carleman) algebras of all
holomorphic functions f in 2 such that
for some positive constants ¢; and co

[f(2)] < crexp(eap(2)),z € Q. (1)

In [3] where X = C™ and Q is pseu-
doconvex, and in Darko (2005), where
X is a complex manifold and € is a
relatively compact Stein open subset,
a condition is given on p such that a
given finite set f1,..., fnv € A,(Q2) gen-
erates A,(Q) if and only if

1@+ [f2(2)] + -+ [ (2)]

> ¢y exp(—cap(2)), 2 € Q

(2)
for some constants ¢; > 0, cy > 0. Both
in Darko [2005] and Hormander (1967),

) was Stein. As is always the case, it
is natural to ask whether the condition
of Steinness can be dropped. We show
here that it can, if ) is a domain in C"
and we modify the condition in Darko
(2005) and Hormander (1967) to the
following Condition (H) :

(a) p is a non-negative upper semi-
continuous function on €.

(b)
()

all polynomial belongs to A,(€2).

there exist positive constants
Ky, ..., K4 such that z € Q and
|2 = ¢| < exp(=K1p(2) — K2) =
€€ O and pl¢) < Kgp(2) + K.
The only difference between the
condition in Hormander(1967)
and the Condition (H) here is
the replacement of “plurisubhar-
monic” with “upper semicontin-
uous”.

Note that if Q is an arbitray domain
in C", and d(z) denotes the distance
from z € 2 to the complement of ) in
C", p(z) = log1/d(z) satisfies Condi-
tion (H) on €.

If Q is a domain in C" and p satisfies
Condition (H)on €, then we have the



following two lemmas as in Hormander
(1967).

Lemma 1.1
If f € A,(Q) it follows that 5L €
Ap(),1<j<n.

Lemma 1.2 If f is holomorphic in €2,
then f € A,() if and only if for some
K >0

/ |f|2 exp(—2K,(z)d\ < oo,
Q

where d)\ denotes Lebesgue measure.

Our main Theorem is therefore the fol-
lowing

Theorem Let £ be a domain in C"
and p a fuction on € satisfying Condi-
tion (H). Then a finite set of functions
in A,(Q), f1,.... v generates A,(Q) if
and only if (2) is valid.

To prove this theorem we follow
the homological argument given in
Hormander(1967), almost word for
word, using Lemma 1.1 and 1.2
and LP—Carleman estimates for the
O—operator on Q,which we establish in
the next section.

_1ya(g—=1)/2
Bq(faz) = (1()2m)n

for 0 < g < n.

(1) BB A (9e0eB)" ™" A (8.0¢B)"

Ep—CarlerQan Estimates For
The 0—Operetor

For 1 < p < oo, let Efr o (U) denote
the space of forms of type (r,q) with
coefficients in £?(U),

F=Y3 frsdz" ndz’  (3)

[|=r[J]=q

where Y"'means that the summation is
performed only over strictly increasing
multi-indices,

I= (i17'~'7ir)7<] = (]’L? "'7jq)7
dz' =dzi, Ao Ndz,,dZy, A NdE,

and U is open in C™. The norm of the
(r,q)—form in (3) is defined by

1
/ ! P
fo (V)= {Z > Ifz,JII’zpw)} ,
I J

£l cr

1 < p < oo. Let By(, %) be the
Bochner-Martinelli-Koppelman kernel
of degree (0, ¢) in z and degree (n,n —
q—1) in &, so that, with 8 = |¢ — z|?,

(4)

An upper semicontinuous function ¢ is said to be admissible in an open set U
in C", if for every coefficient b, (&, ) of By(€,2),0 < ¢ < n,

/ b€, 2)le?PdA(z) < C, / by (€, 2)]e=PdA(E) < C
U U

()

where C' > 0 is a constant and A is Lebesgue measure.

For an upper semicontinuous ¢ we de-
fine LP(U, ) where U is open in C"

by



LP(U, @) := {g is measurable on U : / |glPe™%d\ < oo} ,
U

1 <p < oo, and

1/p
9]l e (v,0) = {/U Ig”e“"d/\} )

P
Lira)
as in (3),

(U, ¢) is the space of (r, q)—forms with coefficients in LP (U, ¢), and if f is

P 1/p
lgller ) = {ZZ Ilff,Jll’zpw,w}
I J

1<p<oo.

Our second main result is

Theorem 2.1

Let Q be a domain in C" and let f €
£€07q+1)(94p) be d—closed, ,1 < p < oo
and ¢ an upper semi continuous func-
tion admissible in €. Then there is
u € L, (€, ¢) such that du = f and

luller, @ <Ol ller, ., @0

where J is independent of f.

To prove Theorem we need a lemma
about Sobolev Space estimates for the
O0—operator on bounded domains in C"
with boundaries of Lebesgue measure
zero. Accordingly, let WH(U) be the
space of functions which together with
their distributional derivatives of order
one are in £(U), with the usual norm,
and W(lr”z)(U) is the space of (r,q)—
forms with coefficients in W (U). We

then have

Lemma 2.2
Let Q be a bounded domain in C™ with
boundary of Lebesgue measure zero.

Let f € V[/’(lolJr1 (Q )be O—closed, then

there is a u € W(0 )(Q) such that
Oou = f.

To prove Lemma 2.2 we need the
Bochner-Martinelli-Koppelman  for-
mula:

Theorem 2.3

Let Q be any bounded domain in
C" with C!' boundary. for f €
C(lo’q)(Q), 0 < g < n, we have

16 = [ BiCons+ | Biondes

+a/3q1

where By(§,2) is in (4).

Proof of Lemma 2.2. With Q and f as
in Lemma 2.2, if

U(Z):/QBq(',Z)Af,zeﬂ, (®)

then Ou = f :

Let f = "', fsdz’ be defined as zero
outside 2 and regularize f coefficient-

wise: frn =D (f7)mdZ

YANf,ze2 ()

where

s,ﬁf/ f1(z — €/m)(€)dA(€)

m2" . F1(&)p(m(z —&))dA(E)
and ¢ € C§(C"), [¢dX = 1,9 >
Osupp ¢ = {z € C" : |z| <



1}, and X is Lebesgue measure.
Then Hfm||£1([,O o Cn)’fm — f in
E%O (@) as m — oo and fy, is

O—closed in C".

Now let
/ B,

Then from theorem 2.3, we have
OUm = fm, and since f,, — f in
L0441y, we have um — wu in
£%0’q)(Q), and Ju = f. Proof of The-
orem 2.1. We first assume that Q is
bounded. It is clear that there is
a sequence {21 CC €y CC .. of
bounded domains, each with bound-
ary of Lebesgue measure zero, such
that U229, = Q. We construct a se-
quence of (0,q)—forms {u,}52; with
uUELOq)( ©),0u, = f in Q, and

2) A fmn

9)

||Uv||y’ Qo) S K||f”L(O i) (26),

where K is the same for all v,1 <
p < oo.Let us regularize f as above.
For v fixed, if m is sufficiently large,
fm € W(lolqﬂ)( ) and f, = 0 in
Q,. For such an m(sufficiently large )
define

in Q,
outside €,

fm

Then from Lemma 2.2, if

Uy,m = / Bq('vz)/\gwu
Qu

5uv’m = gm in €,

and since ¢ is admissible on €2,

Huv chp

P @) S Kl ez, @),

Now it is clear that as m — oo, g — f

in E(o a+1) (Qv) and 1y, —rsome u, in

£1

(0.0) = f and

(Qv), Oy
HuvHLfO’q)(va) < K\|f||£aq+l>(9,¢).
(10)
Define u,, as zero outside €2,,, then since
£(0 q)( , ) is reflexive, for 1 < p < oo,
by the Banach-Alaoglu Theorem, there
isuin £ Oq)(Q ©) with

lullzr

P Sz L @),

(11)

(1 < p < ), and a subsequence {u,}
of {u,} such that u,)y — u weekly in
£€0 »(Q2.9) as A — oo. In particular,
uyx — 1 in the sense of distributions,
as A — o0o. Therefore Ju = f. If Q is
not bounded, we can find a sequence
of bounded domains €; CC Q9 CC

. exhausting ) and a sequences of

(0,q)—forms {u,}2; as above, such

that Ju, = f on €, and
Huv”L{; (@) = K\|f||cgjﬁq+l>(9,@).

(12)
and K is the same for all v.

Treating the sequence in (12) as the
sequence in (10) was treated, we get
n (0,q)—form u € EI(’O o (&, @) with

Ou = f and

\|Uv||c{;,1q)(nu,¢) < K||f| |L(};yq+l)(ﬂ,<p).

The format of the proof is the same as

that in (2) : Because of (1) and (2),
where | f|? = |f1|?>+... +|f~|?, for each
fi
Ve— 21
P

there is K > 0 such that
/ V2 exp(—2Kp)dA < oo (13)
Q
and it is clear that

N
> Vifi=1.
j=1

(14)



For non-negative integers s amd r let
L7 denote the set of all differential
forms h of type (0,r) with values in
ASCY, such that for some K > 0

/ |h|? exp(—2Kp)d\ < co.  (15)
Q

This means that for each multi-index
I = (iy,...,i5) of lenght [I] = s with
indices between 1 and N inclusively, h
has component h; which is a differen-
tial form of type (0,r) such that hy is
skew symmetric in I and

/ |h1|? exp(—2Kp)d\ < co.  (16)
Q

As in [3], 0 is an unbounded operator
from L; to L7, and the interior prod-
uct Py by (f1,..., fv) maps LT into
Le.

N
(Pr(W)r =) _hrfj, =5 (17)

j=1

If we define PfL? = 0, then clearly
P} = 0 and Py commutes with 9, so
we have a double complex. We now
have (as in Hormander [1967]) the fol-
lowing

Theorem 8.1 -
For every g € L? with g = Pfg =0

one can find h € L' so that Oh = 0
and Prh = g.

Now from (14) P;oV = 0PV =
o(1) = 0, where V. = (Vq,...,Vn),
therefore by Theorem 3.1 there exist
w € L? with Ppw = 9V and dw = 0.
let k € L2 solve Ok = w and set

h=V —Pske L} (18)
Then Oh = OV — Prw =0 and
Pi(f)=PV =1 (19)

i.e. there exist hy,...,hAn € A,(Q) such

that
N
> hifi=1. (20)
j=1
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