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Abstract

What is called théndreotti-Soll technique is used to solve the equaidan="f with

bounds. Locallythe Cauchy kernel isused to solve the equation. Glob&hgaf
cohomology is used to patch the local solutions together

Introduction
Of thelLr estimates ( D) for thed-operator on strictly pseudoconvex domains
(cf. [4], L? andL” estimates are the most usefihieL” estimates were extended to
domains with priecewise smooth strictly pseudoconvex case were also established
for the piecewise smooth strictly pseudocovex case.

In [2] and [3] thelL? estimates were extended to the case of domains with
piecewise strictly pseudoconvex boundaries where there was no smoothness
assumption. It, therefore, seemed natural to expect some of the approximation
theorems to hold in the case of piecewise strictly pseudoconvex domains as defined
in [2]. To prove these approximation theorems in the absence of uniform estimates
for @ on piecewise strictly pseudoconvex domains (without any smoothness
assumption), we propose here to use a technique used in [1] to estimate the solutions
of du=f in a norm that reduces to the uniform norm in the case of holomorphic
functions.

We use the Cauchy kernel to estimate the solutiodu eff in the new norm
locally, and then globalize by means of the technique used in [2] and/¢5hen
state an approximation theorem which our estimates can be used to prove (by now)
routinely

Preliminaries
(1) LetU be an open set in an n-dimensional complex man¥oldefineZ(U)
by
w S || 9f
Z(V) ;=< fmeasureabl® : ||f|]| z (u) := |F [IL" (V) + Z — <o
i=1 aZJ Wlm(u)
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If f= f.d isan (0, 1)-form o we define

IfllzO) = Nt

whereW?*= (U) is the Sobolev space of functions whose first order derivatives are in

L> (U). and similarly for (Oy)-forms.

(2) Now letQ be a relatively compact subdomain of a complex n-dimensional
manifoldX, with Q having a piecewise strictly pseudoconvex boundary as defined
in [2] that is the boundaQ of Q is covered by finitely many open subsldlts
(1<j<K) of Xand there ar€? strictly plurisubharmonic functiorleon U, (1<
j<K)ysuchthafd (Ug, Uj) is the setof atkke U U, which, for every X j
<k, satisfyx ¢ U, or 2(x) < 0.And letthere be &2 strictly plurisubharmonic
function defined 0®2. Our main result is the following.

Theorem 2.1. If fis ad-closed (0, 1)-form o® with ||f ||, ., <, then there is

Z(Q)
aue Z(Q) such that
u =fin distributions and
UL, o, <CIIFI, o
whereC depends of. %ﬂ

(3) For our last theorem, I€ be as above, ariti= Q the closure of2 in X. Let
C (K) denote the Banach Space of continuous complex-valued functidghs on
with the uniform norm, and lét (K) denote the closure ©(K) of the space of
functions which are holomorphic in some neighbourhod€l @hen we have:

Theorem 2.2. If fe C (K) and if for eaclx e K there is a neighbourhodd] of
x such thate H (K) nU), thenf e H (K).

GivenTheorem 2.1Theorem 2.2 folows routinely
L ocal Estimates

Let nowQ cc "by a polycylinder witlf2 =Q_ ...x Q_and eacmj having
a boundary of plane measure zék then have the flowing.

Lemma3.l. If f= fdzisa -closed (0, 1)- form and || z ) <, then there
isue Z (Q) such that

u =fis distributions (3.2)
and

Ul @< ClIf b, (3.2)
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where C depends dd.

Proof. Extend f to all of " by zero outsid€ and call it again if. Thenaf = 0 in the
distribution sense in". Perhaps we should recall what this meanQ: ttmatgf = O in the
sense of distributions means t§it _% in the sense of distributions<j, k< ), and

k T
snce th%‘lfj 1<), k< nyare I (Q) function,%iz ai almost everywhere if.
k k j
Therefore, if we extend thJe(il <j <n) by zero outsid@, then theﬂ areinL® ( "),
k

of  of
since the boundary @ is of Lebesgue measure zero,aarid= a—k (1<j, k<in)
. :

almost everywheri@ " This means, in particulagha f =0 in the sense of distribution
in "

Setu(z)=(@)" @€-2)'f, &2z ...7) K"K,
thenu satisfies (3.1) and (3.2).

Regularizd coeficientwise:
f = ; (), dz,,

(1),@= 1z-3)o@NnE=m[1 @ (M@z- @), (34

wheregp e C°( ), ¢dA=1,6>0supgp={z:|z|< 1}, andAis the Lebesgue
measure.

Then ||fm||L%01) andf - finL (Q)asm - ~andf is -closedin ",

Setu_(z) = (2m)* (é&~z2)*(f), (¢~ z, ..., z) dE" k. (3.5)
thenu (z) =-@m)* &'(f) (z—-¢ 2, ...,2) dE" k. (3.6)
From (3.5) and (3.6)
ou (2) at) . €. 2, ..., Z
o=t (€-7)? e f P dgnd

= (f).(2) (3.7)
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Therefore, u =f ,andsincé - finL (Q), andu_- uinL'(Q)we have u=
f and from (3.3).

Il ¢ < C Il

for someC depending of.

(Note thatiff, Oand O then there islof 0 (jo> 1 which we can use in (3.3)

in place off, witht the appropriate changes.)

Global Estimates

(1) We first prove the following:

)

Lemma 4.1. Lefd be a bounded domain in with boundandQ of Lebesque
measure zero. ffis a -closed (0, 1) -form o with |||, , < e, then there is e Z
() such thatu =fand H.I||Z(Q), <C ||f||z(m, whereC depends oRQ.

Proof. If we extendf by zero outsid& into a polidiskQ’ in which Q is relatively
compact, thefis still -closed inQ" and [ff|, , <.
Therefore, Lemma 4.1 follows from Lemma 3.1.

Now to proveTheorem 2.1, le® andf satisfy the hypothsis of that theorem. Kj&
0Q the boundary of2 and choose a neighbourhodaf x, such thaV is relatively
compact in some coordinate neighbourhoox ahd such that n Q is biholomorphic
to a bounded domain i with boundary of Lebesgue measure Z€hen from Lemma
4.1since f=00nVn Q, there is al, e Z(V n Q) such thatu, =fonV n Q and
Ul yog) < C Il 4.1)
for someC depending ov n Q. Choosepe C (V) withg 1 in aneighbourhood

ofx,. Thenf =f— (¢u,) is zero neax,, and, hence, can be trivially extended to
adomairQ, which containg. Q, is obtained by a small perturbationtfand,
hence, can be assumed to have a piecewise strictly psendoconvex hd@ydary
repeating this step finitely many times, one can find an (0, 1)ffamma domain

Q' with a piecewise strictly pseudoconvex boundary suctiti@t Q', and a
functionu’ onQ which stafifies

Illg, < C Il (4.2)
I1L0y < C Il (4.3)
f=f-au onQ. (4.4)

Let O be the Sheaf of germs of holomorphic functions<ofihen there is a
fundamental system of neighbourhood®'} of Q such that eac” is a



VOL. 50 GHANA JOURNAL OF SCIENCE 21

(1]
(2.]
[3.]
[4]
(5]

dommain with a piecewise strictly pseudoconvex boun@eay the restriction
maps

(Q"1 O) - (Q! O)

induce isomorphisms
Yy, HI(Q", 0) - H(Q,0), forq>1. (4.5)

The cohomology groupsld (Q" O) andHY (Q, O) can be computed from fine
resolutions ofO on Q" and Q, respectivelyby the Sheaf of germs oDfy)-forms
locally inZ (Q") andZ (Q).

By choosingQ"” so thatQ T Q" C Q’, from (4.4) abovef is -exact onQ
and locally in ZQ"), and, therefore, denoting b [the cohomology class in
H* (Q", O) represented I, we havey [f] = 0, by [3,Theorem 1]. Sincg, is
injective, f]=0, i.e.f = Vv for some/ locally inZ(Q"). By shrinkingQ", one
can getv € Z (Q"), and by interior regularity of elliptic partial éfential
operatorsy’ can be chosen so that

V1l < C IF, o for some C.
The functionu =u’ +V satisfies u=f and
llull, g, < C Ifll, o for someC.
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