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Abstract

Holder estimates are used to obthfnestmates for thé-operator and to solve the
HolderGleason problem on admissible polycylinders.

Intr oduction
In trying to obtairL” estimates for the-operator on polycylinders, we were led to
the estimates in [1hose estimates proved to be very useful, but they were not of
the usual kind. Here 1 g< o we obtainLP estimates for the-operator of the usual
kind on polycylindersThis is done by using he Holder estimates for toperator
on the so called admissible poylcylinders in T2je Holder estimates are again used
to solve the Holde6Gleason problem.

Preliminaries
LetU be openin , 0<a < 1,k>0 an integeWe define €3(U) to be the space of
functionsf onU such that

[FO0Cke = Sup[f® sup ID'TC)-DY <,
oo u Ao

where Dis a derivative of ordeky| = Z}._l Y, V= (Vs s V) y, >0

If UcCNis open, we use the real underlying coordinates ebnsidered as to
define ¢ @ (U).

If

) N [0 REANIANN ¢4
.. dz N ...dz AN
1 r Il 1q

is an ¢,g)-form onU, wherey means the summation is over increasing multi-indices,
we writef asy, | fi, jdz Odz for short, 1 ={,...,1,), J=( ..., k), and set
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CFOCKe = rln‘z];IXDflyJDCkv"(U)

A polycylinder is called admissible if it has factors with boundaries of plane measure
zero.

The Holder estimates theorem that we use is

Theorem 1.LetQ be an admissible polycylinderinand 0 <a < 1,k >0 an integer
There iK > 0 such that if is a -closed f,q+ 1) - form onQ with |f |
then there i anr( g)-form onQ with u =f and

(Q)<oo,

Ul g o <KIFI @

The (0,1) case of this theorem is proved in [2] and there is an indication there how
the (0,q) case should be provep>1). The formalism for proving the (@) case
works for the (rq) case.

Letf= I% f,jdZz ~ dZ be an (,g)-form as above; we define

fl = maxfiip, (1<p<o)
|

We then have
Theorem 2 LetQ be any polycylinderin®and 1 p <. There is K > 0 such that B
if fis a -closed {,q+ 1) - form orQ with |f] @< oo then there is am,) - form

uonQ with u=fand

U o <KIIfl

Q)

With A (Q) the space of holomorphic functions@nA*%(Q) = A (Q) C«(Q),for Q
openin "

The Hilder-Gleason theorem is then

Theorem 3Let Q be an admissible polycylinder in, Letw Q andf,, ..., fy O
Ak (Q) with {w}={z O :f(2) = ... =fy (2) = 0}. Moreoverletf 0 A« (Q) (k>
0) such that here exist a neighbourhood thahd holomorphic functions, ... N

onU with
f= Z f onU
=0
There exist g..., gv [ Ak (Q) with

f=2f

=1 1
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We do not prov&heorem 3 here, because the formalism for proving the Ck version

on strictly pseudoconvex domains in [4] works here also.

LP Estimates

We give a proof of the (0,1) caseldfeorem 2 in this section, theg)-case following
similarly.
Letf satisfy the hypothesis @heorem 2, then the following is true.

Lemma 4.There is a sequence of admissible polycylindgrec Q, ... such that

Q,=Qand a sequence V°°: (of function with y L (Q,), ou =finQand

Ul P o) = KIfllp o

where K is the same for al] 1< p < oo.

Proof. Letf = f,# O, wheref satisfies the hypothesisifieorem 2
in the (0, 1)-case. Defirfeto be zero outsid® and still call itf. That, there is a
sequence of admissible polycylindefs)y, £ 1exhausting,is clear

Letv be fixed and regularizécoeficientwise:

f=  (),dz,

m

.=tz ~ampe)d. e

cn

= e cf f(€)¢ (M) (z -)dA(E)

wherep e C7 (") @dr=1,0>0,supp ={z: |z| <1}, andh is Lebesgue measure,
Thenf € (Q), 0<a <1, formsuiciently large and f = 0inQ,. For such an
m (suficiently large) define
_ . inQ,
9= o outside,.
Then
g,d, and by Lemma 3in [2], if

uvym = (2t)t (€ - zZ )" g,m (@, Zy z)dENdE

dau, =f inQ and

”uv,ml ||_P(QV)S K” f ”(QV)
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Now itis clearthatasm., cog - finL 02 (Qv) anduy,m — someuy inL” (Q),

w,=fin Qyand

||uv,m| |LP (Qv)S K” f ” (Qv) (l)

Now defineu as zero outsid@,, then sinc&” (Q) is reflexible for 1< p <o, by the
Banach-Alaoglurheorem, there is@aeLP (Q) with

ML oy < KIFIT g (1 < T <), (2)
(@)

@

and a subsequence {uof {u } such that y — uweakly inL? () as N . In
particular y - uin distribution theoryas N . Therefore

u=finQ

and with (2)Theorem 2 is proved.

If f 0 andf, =0 thereis a jsuch thafj0 0, and we can uélg instead of  in

the above.

Conclusion

The results in the present paper together with those in [2] and [3] go a long way to
address Profess@utschkes comments in [5].
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