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DOMAINS

P. W. Darxo
Department of Mathematics, University of Ghana, Legon, Ghana

Summary
A regularity result is obtained for solutions of the d-equation in the presence of growth condi-
tions on pseudoconvex domains in ¢ The solutions for which regularity is obtained here were
obtained by Hormander-L2- estimates and existence theorems for the & -operator. The result
here adds to results by Darko - On regularity of solutions of the d-equation with growth on
bounded pseudoconvex domains.

Ever since Kohn's classic solution of the ¢ - Neumann problem [8], [9], [3] and Hormander’s
celebrated estimates for the d—operator {51, [6] , 0-Neumann and & related results have been obtained
year after year by many people of many nations. The direction of most of the recent results can be
found in [4], [10], and [11].

In this note we go back to a problem in [5] which was left open. This is regularity of solutions of
the & -equation in the presence of growth conditions. Regularity in all these cases was considered in
[6], except for this one.

In {1] we look at conditions on the plurisubharmonic function that give the growth condition, that
make it possible to have regularity of the solutions. The condition that we arrived at was derived
from a condition in [7] and it includes the important case of polynomial growth.In {1] the pseudoconvex
domain is bounded and the condition on the function that givesthe growth condition was obtained
before it was noticed that it included the case of ploynomial growth. In this note the pseudoconvex
domain is not necessarily bounded so it seemed reasonable to start with the case of polynomial
growth as given in [2]. We obtained regularity of the solutions of the 8 -equation in this case and the
condition we give here on the function that gives the growth condition is a generalization of the case
.of polynomial growth.

Let A be lebesgue measure and 3 (z) = (1+ |z [))#for z € ¢,

Our starting point is the following result of Hormander:

Theorem.
Let ¢ be a plurisubharmonic function in G < ¢, and r a non-negative interger. For every differential
form v of type (o, r+1) in G which is square integrable with respect to measuer e* dA and satisfies
0 v =0 in the distribution sense, there exists a locally integrable differencial form u of type (o, r) in
G such that ou = v and B

Jol ulessrdn <] | v]2esan

Our question is, if v is C®, can « be chosen to be C* with « still satisfying the estimate (1)? The
answer we give here is yes, when ¢ satisfies the following additional condition:
H) @exp(-9(2)<d (z)forzeG
(ii) There are constants K, > 0, K,, K, > 0 such that
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zeGand|z-§|<exp(-K, ¢ (2) - K,) imply
CeGand ¢ (£)<¢(2)+K,

Regularization of functions satisfying condition (H )
We proceed nearly exactly as in [1].
If d(z) is the distance of z in G to the complement of G,

thend (z) zexp (-K ¢ (2)-K)), thatis ¢ (z) = (log (1/d (2))-K,) /K, and
¢ (z) > oo as z tends to a boundary point of G. Therefore
5 (@) =exp (- ¢ () ) = 0 as z tends to a boundary point of G.
Now sup & (z) <sup §_(z) <.
zeG zeG

Let o = supd (z)kn , o= e'kskl, o =a (o), (m21),
z G

B, =a ki B =e kB =B @) m21),

then B:‘(' = Bok' B l(') m. o, (oc)m= o, (m21),and
o -0, »0am—wa /fo<,B /B <lm21)
We then have the following

Lemma. There is a C*function 8! on G such that forallze G
a2 / kl

a-m

8(2) 8, (2)*<8' (@<= 3(8,(*

1
o' i (1-B)

Proof.
Let 8 bea ™ functionon ¢~ with supportin {ze Ct" zisly,
such that [ 0(L)YdA{) =1.
¢n
Set8_(2) = (X m)™ 0 (2/eKzum).
Let S_betheset {zeG:6 (z)kl 20 }(mz21),andy, the
characteristic function of S_, and x_* 3_the convolution of x,_and 0 _.
Then lx,*6,I<L
[o.0]

Define 8'(z)/8 (2)* = Z []3m Xo* 6, (2

m=:

If D is a derivative of any order

D(5' @)/8,@") = 1, ©F, @)
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the infinite series being convergent locally uniformly. It follows that 8 is a C* function.
k]

Suppose that z € S so that 5 (2) k> a,, thenif|z-2'| < e'kqu,

|z-2'|< ek 5 (2 kK, and from condition (H) 8 (z') £ 8 (2) e "“swhich implies that

8 (z‘)kl b (z)kl € kskl> o, k= Oy

k

Therefore, ifz € S then y *6_(z) =1for m> N+ 1since|z-2z'|<¢€ :%m for all

z! in the support of 6 . Hence if 8 (2) k 5 o, then

8@/8, (2 = B = B
m = N+1 1-p
or ' (273, (z)‘) S
(1- B)"
Similarly if (6(z) ) <« then . *8_(2)=0 for m<N-2 and
¢'@/8,@)< & B, = By
m 2 N-1 (1-8)
K o
or @' @/8,(2))" <
a-pk

Therefore for m 21, a0, <8 (2) <o, implies that

S (8 @)/8,@) s S
= z z %
1-pk ° (1-ByS

hence & (z)kl o <a_, o =a_ < (l-ﬂ)k‘ (' @/3, (Z)")k's o

=a, < lad@

That is to say, forallze G

k‘ §! /5 kl S ()™
B 5k, 3@ < G @18, <—i-2-1__mk
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and the lemma follows.

Regularity of solutions of

Let H;,= (o, r) - form g:JGfg]Ze'“’ﬁgdk < o}

Hg {(o,1)-form gl |g|?8'd\ < )

r+l

T
andS.HW H\v

the densely define operators induced by 0 .

Let S* be the Hilbert space adjoint of S and [RS* ] the closure in H fuof the range of S* .

By the lemma, H:D = H;, . Hence if we let w be the projection of « onto [RS* ], the ow = v. Since

§! is a C~ function it can be shown [6] that w is a C* (o, r) -form.

This answers our question in the affirmative.

Remark : Of course, when @ is a C* function, regularity of the solutions we have considered is no

problem.
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