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ABSTRACT

The concept of K-quasi-hyponormal operators on semi-Hilbertian space is defined by Ould Ahmed Mahmoud Sid
Ahmed and Abdelkader Benali in [7].This paper is devoted to the study of new class of operators on semi-Hilbertian
space (74, ll.1,)called (n, m)power-A-quasi-hyponormal denoted[(n, m)QH],.We give some basic properties of these
operators and some examples are also given .An operator T € B,(H)is said to be (n,m) power-A- quasi-hyponormal
for some positive operator Aand for some positive integers nand mif T*((T*)™T" — T*(T*)™)T >, Oor equivalently

ATH((THmT™ — T(TH™)T > 0

KEYWORDS: Semi-Hilbertian space, A-positive, A-normal, A-hyponormal, A-quasi-hyponormal.

INTRODUCTION AND PRELIMINARIES RESULTS

A bounded linear operator T on a complex Hilbert space
is (4,K) quasi-hyponormal operator if TX(T#T —
TTH)T*T =, 0. In the year 2016 the authors Ould
Ahmed Mahmoud Sid Ahmed and Abdelkader Benali
introduced the <class of (4, K)quas-hyponormal
operators and studied some proprietes of this class
.From definition it is easily seen that this class contains
the class of quasi-hyponormal operators. For more
details see [7].The purpose of this paper is to study the
class of (n,m) power-A-quasi-hyponormal operators in
semi-hilbertian spaces. This manuscript has been
organized in two sections. In section 1 we give notation
and results about the concept of A-adjoint operators that
will be useful in the sequel. In Section 2we introduce a
new concept of quasi-hyponormality of operators in
semi-Hilbertian space (H,(.|.)4)called (n,m) power-A-
quasi-hyponormal operator and we investigate various
structural properties of this class of operators with some
examples studied .Moreover the product, direct sum,
tensor product and the sum of finite numbers of this type
are discussed. Also we study the relationship between
this class and the other kinds of classes of operators in
semi-Hilbertian spaces.

We start by introducing some notations. Throughout this
paper Hdenotes a complex Hilbert space with inner
product (.|.)4, B(H) is the algebra of all bounded linear
operators on, B(#)*is the cone of positive operators
of B(H)difined as
B(H)* ={T € B(H) : (Tx|x) = 0,Vx € H}
For every T € B(H),its null is denoted by N(T), its
range is denoted by R(T) ,its closure of range is
denoted by R(T) and its adjoint operator by T*.The
closed linear subspace M is called invariant subspace
of T, if satisfying TM < M.In addition if M also is
invariant subspace of T*, then M is called a reducing
subspace of T. We denote the orthogonal projection
onto a closed linear subspace Mby P,,.Note that for
A € B(#)* , the functional
(| HXH >C, (ulv), = (4ulv)
is a semi-inner product on H . By ||.||,we denote the
1

semi-norm induced by (.|.), i.e||u||A=(u|u);=

1
(Aulu)z.Observe that ||lul|, = 0 if and only if u € N(4) ,
then ||.||4 is a norm if and only if A is an injective
operator and the semi-normed space (7, I.1l,) is
complete if and only if R(A) is closed. The above semi-
norm induces a semi-norm on the subspace B4(H) of
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B(H) BAK) = {T € B(¥)/3c > 0, || Tull, <
cllulls, Vx € H}
Indeed, ifT € BA(K), then I T ll,= sup {“”T“”“A ,

R(A) Au # 0}

Operator in BA(H), is calledA-bounded operator.

From now A denoted a positive operator on H ,that is
A€ B(H)*.

For T € B(#), an operator S € B(#), is called an A-
adjoint operator of T if for every u, v €

I, we have (Tu|v) = (u|Sv) that is AS =T*A,if T is an
A-adjoint of itself, then T is called an A-selfadjoint

bounded operators which admit an A-adjoint is denoted
by B, (H). By Douglas Theorem [21].We have that
By(H) ={T € B(H) / R(T"A) c R(A)}
If T € B,(H), then there exists a distinguished A-adjoint
operator of T, namely the reduced solution of equation
AX = T*A, This operator is denoted by T* Therefore ,
T*=A'T*A and AT*=T*A ,R(T") cR() and
N(TH) = N(T*A)
Note that in which AT is the Moore-Penrose inverse of A.
For more details see ([4],[5],[6]). In thenext
proposition we collect some properties of T*. and its
relationship with the semi-norm ||T||,. For the proof see

([41.18D).

operator AS = T*A,. Generally, the existence of anA
adjoint operator is not guaranteed .The set of all A-

Proposition 1.1 LetT € B,(#). Then the following statements hold
1 T* € By(H) (TH* = PrayT Py and((TH)"* =T
2 If S € B,(H) then TS € B,(#) and (TS)* = S*T#

3. TT* and T*T are A -seladjoint
4

5

1 1
Tl = ITH4 = IT*TI; = ITTHI;
. IS4 = IT*||, for every S € B, () which is an A -adjoint of T
6. If S € By(H) then ||TS||4 = |IST||4
The classes of normal,quasinormal,isometries,hyponormal,quasihyponormal and m-isometries on Hilbert spaces have
been generalized to semi-Hilbert spaces by many authors in ([4],[5],[13],[16],[20]) and other papers
In the following definition we collect the notions of some classes of operators

Definition 1.1 Any operatorsT € B,(H). is called

1. A-normal if TT* = T*T

2. A-isometry if THT = Pzes

3. A-unitary if if TH#T = TT# = Py

4. (A,n)-hyponormal if T*T" >, T"T*

5. (n,m) power A-hyponormal if (T*)™T™ >, TH(T*)™

6. A-quasinormal if TTH#T = T*T?

The following definition and results are useful for our study.

Definition 1.2We say thatT € B(#) is an A -positive if AT € B()* or equivalently(Tu|u), = 0,vu € H .We note
T=>,0

Example 1.1 IfT € B, (%), thenT*T and TT*are A-positive i.e
T*T >, 0 and TT* >, 0

Remark 1.1We can define a order relation byT >, S & T-5>,0

Lemma 1.2([7])LetT, S € B(H)such thatT >, S and letR € B,(#), then the following properties hold

1.R*TR =, R*SR

2.RTR* >, RSR*

3. If R isA-selfadjoint then RTR >, RSR

Lemma 1.3LetT, S € B(H )are A-positive operators, if T commutes with S then TS is A-positive
Proof. LetT,S € B(H)are A-positive . Since T is A-positive then exists only one operator R is A-positive such that
1

R? =T i.e R = T2z and commutes with S
Then for all u € 7 we have(TSu|u),= (R*Sulu), = (RSu|Ru),=(S(Ru)|Ru), =0
Hence TS =, 0

2. Class of (n, m)Power -A-Quasi-Hyponormal Operators in Semi-Hilbertian Space

Hyponormal andK-quasi-hyponormal operators on Hilbert spaces and semi-Hilbert spaces have received considerable
attention in the current literaturein ([7],[10],[171,[18],[19]) .From which our inspiraton comes. In this section, we
introduce the concept of (n, m)power-A-quasi-hyponormal Operators in semi-Hilbertian Space.
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Definition 2.1 An operator T € B,(H) is said to be (n,m) power- A-Quasi-hyponormal operator for positive integers
nmif  TH(TH™T® —THTH™T >, 0

i.e ATH((TH™T™ = TY(TH™T =0

We denote the set of all (n,m) power-A-Quasi-hyponormal operators by[(n, m)QH],

Remark 2.1 We observed this results

1. if n = m = 1 then (1,1)power-A-Quasi-hyponormal be commes -A-Quasi-hyponormal i.e [(1,1)QH], = [QH],
2. from lemma (1,2)it is clear that every (n, m)power A-hyponormal operator is (n, m)power A-quasihyponormal
operator i.e [(n,m)H], c [(n,m)QH],

The following examples show that there exits a (n, m) power-A-quasi-Hyponormal operator for some positive integers
nand m but is not (n, m) power-A-hyponormal

Example 2.1 letT = (_3 2) and A= (2 0)

0 0 0 1
be operators acting on two dimensional Hilbert space C2. A simple calculation shows that
. _ (-3 0 w_(-3 0
A>0 T_(2 O),andT _(4 o)

It is easy to chek that TH((T*)?T — T(T*)®)T =, 0 and (T*)*T — T(T*)? £, Othen T is of class [(1,2)QH], but is not
of class [(1,2)H],

-1 0 1 1 0 0
Example 2.2Let S = ( 0 0 0>andA = (0 1 0> € B(C?)
0 0 0 0 0 2
A simple computation shows that

-1 0 0 -1 0 O
5*=<0 0 0> and S* = (1J 0 0
1 00 -~ 00

It is easily to see that S € [(3,2)QH], but S & [(3,2)H],
In the folloing theorem we give the characterization of (n, m) power -A-quasi-hyponormal

Theorem 2.1 Let T € B,(H).then T is (n, m) power-A-hyponormal operateur for some positive integers n and m if and
only if T satisfing the following condiction
(T | T™ ), = (TH™Tu| (T Tu), , Vu € H
Proof. Assume that Tis a (n, m) power-A-quasi-hyponormal operator then
ATH(TH™T™ — TV (TH™T =, 0 & (ATH((TH™T™ — TY(TH™Tulu) = 0,Vu € K
S (ATH™ITY Wy u) > (ATHT T Tu|u)
S ((TH™ AT Yufu) = (T AT T Tu|u)
S (AT™ u|T™ ) > (ATTH™Tu|Tu)
& (AT u|T™ ) = (TH¥™Tu|(T*)"ATu)
S (AT™ W |T™ ) > (TY Tu|AT ¥ Tu)
S (T | T™ ), = (THTu|THTu),
The proof is complete

Remark 2.2 a) If n = m then
T € [(n,n)QH], & (T™ u|T" u), > (T Tu|T*Tu),
& [T ull, 2 IT*Tull,
b) Ifn=m=1then, T € [QH], < |IT?ull4 = |IT*Tull,

Lemma 2.2 Let T € B,(3) be an (n,n) power- A -Quasi-hyponormal operator such that TT* = T*T i.e (T is A-normal)
then, IT** 13 < IT** = Tull | IT™*  ull ,
Proof. Assume T € [(n,n)QH], and TT# = T*T then
IT*H 1 = (T u| T u), = (ATHT | T#0u)
= (AT*" 1y |TT*u)
= (AT*" 1y |T*"Tu)

1 1
= <A§T#"‘1u AfT#"Tu>

=T ]|, ITH Tul ,

< ||ITH |41 T )|, remark(2,2)

The following discusses the conditions for product and sum of two (n, m) power-A-
Quasihyponormal operators to be (n, m) power-A-Quasihyponormal.
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Proposition 2.3 LetT, S € B, (H)be (n,n) power-A-quasi-hyponormal. Then the following properties hold
1. if (T*¥*T)S = S(T**T)and (TS)* = T*S* for k € {n,n + 1} then TSis an (n,n) power-A- quasi-hyponormal.
2. if (S*S)T = T(S*"S) and (TS)* = T¥S* for k € {n,n + 1} then STis an (n,n) power-A- quasi-hyponormal.
Proof 1. Assume T and S are (n,n) power-A-quasi-hyponormal,we have for all u €

ITH(TS)ull, = IS THTSul|,

= ||S*mSTH#*Ty||, (condition 1)
< ”Sn+1T#nTu”A
— ”T#nTSn+1u”A
S ||Tn+1Sn+1u“A
= (TS ull,

Hence (TS) € [(n,n)QH],

2. ISTY™(STull, = ITHS*STul| ,

= |T*¥*TS*"Su||, (condition 2)
< ||IT™Fis*rsu||,
= ||S¥rST™ 1y,
< “S‘n+1Tn+1u“A
= (ST ull,

Then (ST) € [(n,n)QH],

Proposition 2.4 LetT, S € B, (H)be commuting (n, n) power-A-quasi-hyponormal. Then the following statements hold
1. 1f TS* = S*T then TS is (n,n) power-A-quasi-hyponormal.

2. IfST* =T*S then ST is (n,n) power-A-quasi-hyponormal

Proofl.Since T and S are (n,n) power-A-quasi-hyponormal and from condition (1) we haveTS* = S#T = TntigHn =
S#nTn+1
Then for all u € H||(TS)¥™(TS)u|l, = ||THS*TSu||,
= |IT# TS Su|,
< |7+ isHnsy||,
= ||stnST™ ||,
< “S‘n+1Tn+1u“A
= [|[(ST)™* ull,
Hence (TS) € [(n,n)QH],
2.We omit the proof, since the techniques are similar to those of 1
The following proposition generalized proposition(2,3)

Proposition 2.5 LetT, S € B, (H)be(n, m) power- A -quasi-hyponormal. Then the following properties hold
1.if T(S*™S) = (S*S)T and (TS)* = T*S* for k € {n,n + 1} then STis an (n,m) power-A- quasi-hyponormal.
2. if (T*¥'T)S = S(T*"T) and (TS)* = T*S* for k € {n,n + 1} then TSis an (n,m) power-A- quasi-hyponormal.
Proof 1.{(ST)"**u|(ST)™*1u), = (SPHIT 1y |smHiTmtly),
> (StmgTn+iy|singTm+ly)  (Since S € [(n,m)QH],)

— <Tn+15#m5u|Tm+1S#nSu)A

> (THmTstmey|THTSHmSY) ,

= (THmSHmeTy|THSHSTY) ,

= ((ST)*™STu|(ST)*"STu),
Hence STis an (n,m) power-A- quasi-hyponormal.

2. By same way hence TSis an (n,m) power-A- quasi-hyponormal.

Proposition 2.6 LetT,S € B,(H)be (n,m) power- 4 -quasi-hyponormal operators such that TS* = S*T ST# = T#*S
and TS = ST = 0.Then (S + T)is an (n,m) power-A- quasihyponormal operator.
Proof Assume T and S are (n,m) power-A- quasi-hyponormal, uder assumption we have

(S + T)#m+1(5 + T)n+1 — (S#m+1 + T#m+1)(5n+1 + Tn+1)

— S#m+15n+1 + S#m+1Tn+1 + T#m+15n+1 + T#m+1Tn+1

>, Stsn ghmg 4 ghmiTntl 4 THmiigntl 4 TR THMT(D 1)
Since TS=ST=0 ,TS*=S*T and ST*¥=T*S we get SHSnSHMT = gkgnTHmg = ghgnTHmT = ghTngmg —
THSnSHMS = THSNTHMT = THTIGHMG =
And other terms are null, a simple computation shows that
S+ DS + D™ (S + TH¥(S + TH = stsnstmg  shnghmr 4 THgnTHmg 4 THTRTHMT
= stgngtmg 4 ghmripntl 4 p#mtigntl | THTnTHMT( 2)
Combinig (2.1) and (2.2) we obtain
(S + THY¥™L(S + TYME = ,4(S + TH*(S + T (S + TY¥™(S + T)¥
Then (T + 5) € [(n,m)QH], and the proof is complete
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Proposition 2.6 LetT, S € B, (H)such that V' (4) is invariant subspace of T.the following statements are equivalent
1. T is (n, m) power-A-quasi-hyponormal operator
2. T is (m, n) power-A-quasi-hyponormal operator
Proof. from the condition we have Pz 5T = TPz PresT = T* Pz and PryA = APy = A
(1) implies (2) . Assume that T is a (n, m) power- A -hyponormal operator it follow that
(T#)m+1Tn+1 ZA T#TnT#mT — ((T#)m+1Tn+1)# ZA (T#TnT#mT)#
= (THIEHH™ =, THEHH™ DN TH
m+1 m
= (MY" (P TPrm) 24 T (P TPamy) (T (PraayTPam)
= Py (THWIT™ 2, PaoTHT™(TH"T
= Prepy(THMT™ — P THT™(THT) >, 0
— Pm((T#)n+1Tm+1 _ T#TmT#nT) ZA 0
= (THntiTm+t — THT™THT >, 0
Then T is a (m, n) power-A-quasi-hyponormal operator
Eqt(2) implies eqt(1) and hence the result.

Example 2.3Let us consider the operators S and A given in Example (2,2). We
have S is (3,2)power-A-quasi-hyponormal then S is (2,3) power-A-quasi-hyponormal

Proposition 2.8LetT € B,(H)such that T € ([(1,m)N],n[(n+ 1,m)QH],), if T is A-positive and commutes with
(THmripnt2 _ rHTREL THMTY) then T € [(n + 2, m)QH], for some positive integres n and m
Proof.LetT € ([(1,m)N], n[(n + 1,m)QH],) then
THMT = TT¥™ and (THm+1T"+2 >, THTHL TH#MT) Since T >, 0 and T commutes with
(THmripnt2 _ rHrREL THMTY then from lemma (1.3) we deduce that

(T#m+1Tn+2 _ T#Tn+1.T#mT)T ZA 0= T#m+1Tn+2.T ZA T#Tn+1.T#mT.T ZA 0

[ T#m+1Tn+3 ZA T#Tn+2.T#mT

Hence T € [(n + 2,m)QH] ,.
The following examples shows that the classes [(n,m)QH] and [(n + 1,m)QH] 4are not the same.

Example 2.4 Let , S be the operators given in Examples (2,1)and (2,2) respectively . We have T as of class
(2,1)power-A-quasi-hyponormal but is not of class (3,1)power-A-quasi-hyponormal. Moreover S is of class (3,2)power-
A-quasi-hyponormal but is not of class (2,2) power-A-quasi-hyponormal.

Proposition 2.9 Let T € B,(H)be an (n, m) power-A-quasi-hyponormal such thatnV' (A)is a reducing subspace for T, if
S = UTU* where U is A-unitary operator ,then S is (n,m) power- A-quasi-hyponormal operator
Proof.Let T be an(n,m) power-A-quasihyponormal operator and S = UTU* easily we obtainS™ = UT"U* and S* =
UT*U*. Hence,
(S#)m+15n+1 - (U(T#)mHU#)(UTnHU#)
— UT#m+1U#UTn+1U#
— UT#m+1Pan+1U#
— UT#m+1Tn+1U#
>, UTHTr. THMTU* (Lemma (1.2))
= (rtuhHurruHuTrmuHUTUY,)
=stgn stmg
Hence,(S*)m*+1isntl >, s#sn s#mS then S € [(n,m)QH],

Proposition2.10Let T € By(H) X = T¥"T — T#T™ Y = T¥"T + T#T™ and Y = TH¥"T.T*T™ If T*T = TT* then the
following statements hold

1. T is an(n, m) power-A-hyponormal operator if and only if [X,Y] =, 0

2. If T € [(n,m)QH], such that T¥™T and T*T™are A-positive and commutes with (T#m*+1Tn+1 _ T#Tn THMT)
then ,[X,Z] >, 0and [Z,Y] =, 0

3. T is an(n, m) power-A-quasihyponormal operator if and only if [X, T*™T] =, 0

4. T is an(n, m) power-A-quasihyponormal operator if and only if [T#T™, Y] >, 0

Proof 1. [X,Y]2, 0= XY -YX>,0
o (THT — THT™Y(T¥™T + THT™) — (T*™T + T*T™)(T*"T — T#T™) =, 0
& 2T¥mT THT™ — 2THT™. THMT >, 0
P T#m+1Tn+1 _ T#Tn.T#mT ZA 0
& T € [(n,m)QH],
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2. Assume T € [(n,m)QH]4.Under the assumption 2 and lemma (1.3) we get
THmT THmlTREL 5 THmMT THTR THMT gngTHmELTRAL THTR > THTR THMT THTR then,[X,Z] = XZ — ZX
= (TH¥™T — THT™). THMT, THT™ — THMT THT™ (THMT — THT™)
= THmT THm THTR _ TR THMT THTR _ M THTR THMT _ H#mT THTR THTR
— T#mT. T#m+1Tn+1 _ T#Tn. T#mT_ T#Tn _ T#mT_ T#Tn. T#mT _ T#m+1Tn+1_ T#mT
>, T¥MT. THT™, THMT — THTR M THn — THmy THTR THMT _ THmMT THTR THMT
=0

Simmilary we proved the statements3 and 4.

Tensor Product of (n, m)Power-A-quasi-Hyponormal Operators in Semi-Hilbertian Spaces

The operation of taking tensor products T®Spreserves many properties of T,S € B(H) but by no means all of
them.Whereas T®Sis normal if and only if TandS are normal,there exist paranormal operators T and S such that
T®Sis notparanormal.it is proved that for non-zero T,S € B(H), T®Sis p-hyponormal if and only if T and S are p-
hyponormal. This result was extended to P-quasi-hyponormaloperators, for more details see ([9],[10],[12],[14])

Recall that (T®S)*(T®S) = T*T®S*Sand (A®B) = (AR (I®B) = (I®B)(ARQI)

The following elementary results on tensor products of operators will be used often

in the sequel.

Lemma 2.11([7])Let Ty,Sx € B(H),k=1,2 and let A,B € B(*)* such that T, >, T,>,0 and S;>,5,=>,0,
thenT1 ®Sl 2A®B Tz ®52 2A®B 0

Proposition 2.12 ([7])Let T, Sx € B(#), k = 1,2 and let A, B € B(¥)" such that

Txis A-positive and Sy is B-positive .If T; # 0 andS; # 0 ,then the following conditions are equivalents

1. T,®8;, =051 @S,

2. There exist d > 0 such that dT, >, T; and d~1S, >, S;

In the following theorem we will prove the stability of the class of (n,m) power-A-quasihyponormal operators under the
direct sum and tensor product

Theorem 2.13LetT,S € Bo(H)be (n,m) power-A-quasi-hyponormal operators such thatT*T™.T#"T >, 0 and
stsn.s#¥ms > 0 then T@S is (n,m) power-(A®A)-quasi-hyponormal operator and T®Sis (n,m) power-(4 ® A)-
quasi-hyponormal operator
Proof . Assume T,S are (n,m) power-A-quasi-hyponormal operators,then we have
THmAITAAL > THTR, THMT gnd sHmrigntl > ghgn ghmg, So
(T@S)#m+1(T@S)n+1 — (T#m+1®5#m+1)('rn+1®5n+1)
— (T#m+1Tn+1®S#m+1Sn+1)
=04 (THT.THTOSHS™. SHMS)
= (T#TnGBS#Sn)(T#mTGBS#mS)
= (T#@S#)(TnQSn)(T#m@S#m)(T@S)

= (TOHH(TDS) (TBS)'™(TDS)

Then (T®S) is (n, m) power-(A@A)-quasi-hyponormal operator.
(T®S)#m+1(T®S)n+1 - (T#m+1®5#m+1)(Tn+1®Sn+1)
— (T#m+1Tn+1®S#m+1Sn+1)
=404 (THT.THMTQSHS™. SHMS)T
= (TH*T"QS*S™)(TH*MTRSH™S)
= (T*RS*)(T"®S™) (T RSH™)(TRS)

= (TR (TR®S)(TRS)™(T®S)
Then (T®S) is (n, m) power-(A®A)-quasi-hyponormal operator.
The following theorem gives a necessary and sufficient condition for (T®S)to be (n,m) power-(AQB)-quasi-
hyponormal operator when T and Sare nonzero operators.

Theorem 2.14 Let A,Be€B(H)*.If T €B,(H) and S € By(H) are nonzero operators such that TH#T™.T#MmT >, 0 and
stsn s#ms >, 0, then (T®S) is (n, m)power-(AQB)-quasi-hyponormal if and only if T is (n,m) power-A-quasihyponormal and Sis
(n, m)power-B-quasihyponormal.
.Proof. Assume that T is (n, m)power-A-quasihyponormal and S is (n, m)power-B-
quasihyponormal operators. Then
(T®S)#m+1(T®S)n+1 - (T#m+1®5#m+1)(Tn+1®Sn+1)
= (T#m+1Tn+1®S#m+15n+1)
2405 (THTR.THMTRSHS™ SHMS) (Lemma (2.11))
= (THT"RSHtS™)(THMTRSH™S)

= (TR (TRS)(TRS)*™(TRS)
Which implies that (T®S) is (n,m) power-(A® B)-quasi-hyponormal operator.
Conversely, assume that (T®S) is (n, m) power (AQB) quasi-hyponormal operator. We aim to show that T is (n, m) power A-quasi-
hyponormal and S is (n, m) power B-quasi-hyponormal.
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Since (T®S) € [(n,m)QH] ,gp then

(TS (TR 2405 (TR (TO®S)(TRS)*™(TRS)
ie. (THmHITRHIQg#mElgnily > o (THTR THMT@SH SN SHmg)
d T#m+1Tn+1 ZA T#Tn. T#mT

By proposition (2.12)there exists d > Osuch that{ and

d-lg#m+ign+1 >p sHen giimg

A simple computation shows that d = 1 and hence
THmITN+L > THTR TEMT  and

S#m+15n+1 ZB’ S#Sn.S#mS

Therefore, T is (n, m) power A-quasihyponormal and S is (n, m)power A-quasihyponormal.

CONCLUSION

In this article we have worked on the class of operators (n,m)
power-A-quasi-hyponormal in Semi-Hilbertian Space, we have
given the characterization of this class and found conditions so
that the sum and the product of two (n, m) A-quasi-hyponormal
operators to be (n, m)A-quasi-hyponormal and we have proved
that this class is stable by the tensor product and the direct
sum.

ACKNOWLEDGEMENTS

The authors would like to express their gratitude to the referee.
We are very grateful for his help, his careful observations and
his careful reading, which led to the improvement of the article.

REFERENCES

A.Benali, On the class of n-Real Power Positive
Operators On A Hilbert Space. Functional
Analysis, Approximation and Computation, 10
(2) 2018, 23-31.

A.Benali and Ould Ahmed Mahmoud Sid Ahmed. (a,pf)-
A-Normal Operators In Semi-Hilbertian Spaces.
Afrika Matematika, 2019, pp. 1012-9405,
doi:10.1007/s13370-019-00690-3.

A.Benali. On the class of (A4,n)-real power positive

operators in  semi-Hilbertian space GLOBAL
JOURNAL OF PURE AND APPLIED
SCIENCES VOL. 25, 2019: 161-166. DOI:

https://dx.doi.org/10.4314/gjpas.v25i2.5

M.L. Arias, G. Corach, M.C. Gonzalez, Partial isometries
in semi- Hilbertian spaces, Linear Algebra Appl,
428, (7), 2008, 1460-1475.
doi:10.1016/j.1aa.2007.09.031.

M.L. Arias, G. Corach, M.C. Gonzalez, Metric properties

of projections in semi- Hilbertian spaces, Integral
Equations Operator Theory , 62 (1),
2008.11-28

M. L. Arias, G. Corach, M. C. Gonzalez, Lifting

properties in  operator ranges, Acta Sci
Math.(Szeged),75,(3-4) 2009, pp.635-653

Ould Ahmed Mahmoud Sid Ahmed and Abdelkader Benali,
Hyponormal And k-Quasi-hyponormal Operators On
Semi-Hilbertian Spaces, The Australian Journal of
Mathematical Analysis and Applications 2016.
doi:10.1155/2012/975745.

A.Aluthge, On p-hyponormal Operators for 0 < p < 1, Integral
Equations Operators Theory , 13 1990, 307-
315.

T. Ando, Operators with a norm condition, Acta Sci.
Math. (Szeged),33, 1972, pp 196-178

. H. Kim, On (p,k)-quasihyponormal operators,

Mathematical Inequalities and Applications, Vol.
7, Number 4 2004, pp. 629-638.

Chelalli Cherifa and Abdelkader Benali , Class of (A4,7)

-power-Hyponormal and Quasihyponormal
operators in semi-hilbertian space, Functional
Analysis Approximation And Computation 11(2)

2019, 13-21.
B. P. Duggal, Tensor products of operators-strong stability
and p-hyponormality, Glasgow Math

journal,42, 2000,pp 371-381

Gonzalez, Operator norm inequalities in semi-
Hilbertian spaces, Linear Algebra and its
Applications, 434, 2011, pp. 370-378.

J. C. Hou, On the tensor products of operators, Acta Math.
Sinica (N.S.),9 1993,n0 2 pp 195-202

Samir Al Mohammady, Sid Ahmed Ould Beinane and Ould
Ahmed Mahmoud Sid Ahmed, On (n,m) A -power-

normal  and (n, m)- A -power  quasi-normal

operators in semi-hilbertian space,Mathematica
Bohemica, February 2020

O. A. Mahmoud Sid Ahmed and A. Saddi, A-m-Isomertic
operators in semi-Hilbertian spaces, Linear Algebra
and its Applications, 436, 2012, pp. 3930-3942.

Sidi Hamidou Jah, Class Of (A,n)-Power-Quasi-normaI

Operators In Semi-Hilbertian
Spaces,International Journal of Pure and Applied
Mathematics .Volume 93 No.1, 2014,61-83.

S. L. Campeli and B. C. GUPTA, On k-quasihyponormal
operators, Math. Japonica, 23, 1978, pp. 185-
189.

J. G. Stampfli, Hyponormal operators, Pacific Journal of
Mathematics, Vol.13, No 4, 1962, pp. 1453- 1458.

A. Saddi, A-Normal operators in Semi-Hilbertian spaces, The
Australian Journal of Mathematical Analysis and
Applications Volume 9,issue 1,Article 5, 2012, pp 1-
12

R. G. Douglas, On majorization, factorization and range
inclusion of operators in Hilbert space, Proc. Amer.
Math. Soc., 17, 1966, pp. 413-416.



