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ABSTRACT

In this paper, the concept of the class of n-Real power positive operators on a hilbert space defined by
Abdelkader Benali in [1] is generalized when an additional semi-inner product is considered. This new concept is
described by means of oblique projections. For a Hilbert space operator T € B(H) is (4,n)-Real power positive
operators for some positive operator A and for some positive integer n if

T+ T™ >, 0,n=12,...
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1 INTRODUCTION power quasi normal operators and study some
properties of such class for different values of the

A bounded linear operator T on a complex Hilbert
space is n-Real power positive operators if T" + T#* >
0. The class of (4,n) —power positive operators was
introduced and studied by Sidi Hamidou Jah see [16],
from the definition, it is easily seen that this class
contains power positive operators, in [12] the authors
O.A. Mahmoud Sid Ahmed introduced the class n —

2 (A,n)-REAL POWER POSITIVE OPERATORS

parameter n. In [1] we introduce a new class of
operators T namely n-real power positive operator
denoted by [nRP]satisfying T"+T"" >0, for n=
1,2,3,...

The purpose of this paper is to study the class of
(A,n)-Real power positive operators in semi-hilbertian
spaces, denoted by [nRP],.

Definition 2.1 For n € N, an operator T € L(H) is said to be (A,n)-real power positive operator if T + T#* >, 0 or

equivalenty A(T™ + T?") > 0.

Proposition 2.1 Let T € B,(H) and n € N the following properties hold

(1) if T € [nRP], then so T#.

(2) T € [nRP], ifand only if Re{T"x | x) =, 0 V x€H.

(3) If T is invertible then T € [nRP], if and only if T~ € [nRP],.
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Proof. (1) Obvious from the definition 2.1.
(2) In fact, it is well known that
TEMRPI, ST +T 2,0 & (T"+T")x | x), 20 V x€H
ST | X)) +{T™x | x), =0 V x€H
ST | x)a+{x |T"x), =0 V x€H
S(T'x | x)a+(T"x | x), =0 V x€H
< 2Re(T™x | x)4 =4 0.

(3)Assume that T is invertible and T € [nRP], we have Re(T"x | x) 2,0 V x € H. It follows that for all x € H,
0 < Re(T"T™"x |T™"x), = Re{x |T™"x), = Re{T"x | x), = Re(T"x | x),.

Hence T~! € [nRP],. The converse is obvious.

The following examples show that the two classes [nRP], and [(n + 1)RP], are not the same.

1 0 0 -1
Example 2.1 Let T = (1 1 ),A = <1 0 ) € B(C?). A simple computation shows that

1 0 1 0
T"=<—1 1) and T"+Tﬁ"=n<o 1).

For all (u,v) € C* we have

<(rn+Tﬁn)(3>|(Z>> 03,0

A
So T € [nRP],.

1 1 1 1 0 0
_(0 0 O _(0 1 0 3 : —
Example 2.2 Let T = 0 0 o0 VA = 0 0 1 € B(C>). It is easy to see that T & [nRP], for all n =

1,2,...

1 1 1 -1
Example 2.3 Let T = (—1 1 ),A = (1 1 ) € B(C?). A simple computation shows that

1 -1 0 0 -1 0
TF=|1 1 |,T?+T#=(0 o0 and T3+T® =40 -1

For all (u,v) € C* we have

<(r2+rm>(§ﬁ>|(§ﬁ >> 03,0

Hence T € [2RP],.

On the other hand

U\ u
<(T3 +T%) (v > | (v >> =-u?—-v?<,0.

So T ¢ [3RP]..
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Proposition 2.2 If S, T € B,(H) are unitarily equivalent and if T is (A-n)-real power positive operators then so is S.

Proof. Let T be an (A-n)-real power positive operator and S be unitary equivalent of T. Then there exists unitary
operator U such that S = UTU* so ™ = UT"U*
We have
TEMRP, S T"+T" >, 0 (T +T™)U% >, 0
S U(TM+ T U* >, 0
o UT"U* + UT™U* =2, 0
S ST+S5T>,0
& S € [nRP],

Theorem 2.1 Let T,S € [nRP], such that TS = —S*T fork = 1,2,...,n— 1 withn = 2, then T + S € [nRP],.
Proof. From the hypothesis it is clear that (T + S)" = T™ + S™ and so that
(T+S)"+ (T#+SH" =T + T 4 5" + 5% >, 0.
=40 =40

Lemma 2.1 LetT,S € B(H) suchthatT =, S and let R € B,(H). Then the following properties hold
(1) R*TR =, R*SR.

(2) RTR? =, RSR*.

(3) If R is A-selfadjoint then RTR =, RSR.

Proposition 2.3 If T € [nRP], is such that T*T? = T?T# then T*T? € [nRP],.
Proof. Since T € [nRP], we have by Lemma 3.1 that
T" + T >, 0 = T*'T"T" + T#"T" >, 0
= (T*TH™ + (T?T)" =, 0(since  T*T? = T?T¥)
= (T*T?)" + (T*T?)* >, 0.
Hence T*T? € [nRP], as required.

Proposition 2.4 Let T € B,(H). Consider F=T" '+ T# and G = T" ' —T? for n € N. If T is normal then the
following equivalence holds
T € [nRP], if and only if FF*¥ >, GG*.

Proof. Since T is normal we have
FF¥—GG* = (T" + TH(T*™ 1+ T) — (T** = TH(T* ' - T)
=T"+ T,
From which it follows that
T € [nNRP), & T+ T >, 0 FF* —GG* =, 0.

Proposition 2.5 Let T € B,(H).
(1) If T is almost subprojection, then

T € [2RP]y if and only if T € [4RP],.
(2) If T is idempotent, then

T €[RP]y if and only if T € [nRP],.

Proof. (1) T is almost subprojection, T* = T#2 for all x € H (see [4]) we have
Re(T?x | x), = Re(T#x | x)A = Re(x |T*x), = Re(T*x | x), = Re(T*x | x),
So
T € [2RP], =0 & T € [4RP], = 0.
(2) Since T is idempotent we have T = T? =...= T" and so that
T"+ T =T+ T*
Hence the desired result.
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The following examples show that an operator T € [nRP], need not be almost subprojection and vice versa.

17 0 17 0
Example 2.4 Let [] = (0 2 ) ood O= (0 1 ) be an operator acting in two- dimensional complex

17 0 17 0
Hilbert space. then [ € [[1[1(1]; for all [1 € [1. Now, by direct calculation 04 = (0 16 ) * <0 4 ) =

uﬁ2

Theorem 2.2 Let (7,00 € [ (00) such that 00 =00 =04+ 0. If 0 and O are in [000] for 0 =1,2,...,0 ,then
00 e [0o0]-.

Proof. For (1 = 1. Assume that [0 and [ are in [(1(1],. We have
00+ MO =0+0%F+0+0%2,0
and so (111 € [L];.

For [1 =2 . Assume that [1 and (1 are in [[I[1(1] for [1 = 1,2. We have
(00)2 + (00)*2 = (0 + 0)? + (OF + 0%)2
=124+ 200+ 2+ 02 4 20% % + 1#2
=2+ 0% 4+ 200 + (00)%) + 02 + 0#2
>0 >0 >0
and so [1(] € [2[1[1];,. Assume that this result is true for (1 — 1 and we prove it for [1. Let [1 and [1 be in [(1(1(1], for
1=12,...,00.Since U = ([ = [ + (I we have ()" + (U0)* = (U + )" + (0¥ + %)~
=07+ 0% 4 Bygoeon (1) Q7077+ DF0F70) 4 07 4 0¥,
It suffice to prove under the assumptions that (1" ()"~ 4+ 0%/ 0% =" > 0for 0 =1,2,..., 01 — 1.

For 1 = 1 we have
oo + o*o*-1 = goo®-? + ofofoft 2
= (0 + u)iu—Z + (7ﬁ + uﬁ)iﬁf—Z
— :D:—z + Dﬁ:ﬂi—Z + D:—1 + DﬁD—"
- -

20
= 0003+ A S g ¢
20
— (08 4 (ROE0-3 4 02 4 #0-2 4 (0-1 4 R0-1
20 210

=Yieneno (0 + 0+ 00+ 07,
210 >0

For O = 2 we have
727\_1—2 + 7ﬁ27ﬁ7—2 — 777\_‘,—3 + uﬁiﬁuﬁuﬁu—fi

727u—3 + 77u—2 + 7ﬁ27*u—3 + Jiuﬁu—z

727u—4 + 77u—3 + 7u,—2 + uﬁ27ﬁ7—4 + uﬁ,ﬁ*_?’ + uﬁuﬁu—z

= (20005 4 04 4 03 4 02

+uﬁ2uﬁu—5 + [FEI-4 + ARk + [F#02

= (002 + (002 + Tyane—2 (D0 +THSH),
A simple calculation shows that
TSK + T*S* =T + T* + T i (87 + S¥).
We deduce that T25"~2 + T#2g%n—2
= (TS)? + (TS)? + Z (T +T* + z (57 +§%)) =, 0.

1<ksn—2 1<j<k
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Same way for p = 3,....,n — 1. Hence (TS)™ + (TS)** >, 0 as required.

1 1 1 1 0 0
1 1 1 0 1 0 .
Example 2.5 Let S=T = 101 1 VA= o o 1 [ it is easy to see that T € [kRP], for k =1,2,...,n

and TS € [nRP],.
The following example shows that Theorem 2.3 is not necessarily true if 700 = [ + [.

Example 2.6 Let [] = (; ; ) = ((1) (1)> and [ = (11 ; ) We have 11 and 00 in [RO],,00 # 04+ 0 and
0 & [2R(1]-.

Proposition 2.6 Let (1,1 € B (H). If 1 € [JRO]- and [J is unitary equivalent to (1, then 01 € [JRO] .

Proof. By assumption, there is a unitary equivalent operator U € B, (%) such that S = U~1TU, which implies that

uﬁ — Uﬁ,ﬁ(f_'])ﬁ — 7ﬁuﬁ(uﬁ)—1.
Thus we have

0° =o-'ooo~'oo...0”'oo = 070”0
—0% = —pfof(oH L o oF(oH !
— _:ﬁDﬁi(Dﬁ)—1.
Since [ is A-unitary and using the fact that (1" > — [*" we conclude that
ERusEs-REY/ARiE (S

Thus (1" > — [1#",

Theorem 2.3 Let [1 € [1,(1) the following properties hold
(1) If 0" is unitary equivalent to 1# =" then
De[Dnn], e De[(0-N00], O0=23,...
(2) If 0" is unitary equivalent to 1#"~" for 1 = 1..... 1 then
De[0nl], e De[00], 0=23,...

Proof. (1) From the hypothesis there exists an operator U € B, (#): U*U = UU* = Pz such that T" = o*gfi-o.

Firstly, assume that (0 € [0, it follows that
DN+ > 0= FF T+ 0T D > 0= (T 0O > 0.
By Lemma 2.1, we deduce that (1" ="+ #'=" > 0and hence (1 € [(11 — 1)I[]]...
Conversely, assume that 0 € [(0 —1)00]-. We have by Lemma 2.1
DT 0T = 0= AT RO 2 0 0 + 0F = 0.
Hence 0J € [D0O0] .
(2) From the hypothesis we have
0 =pfo*-'o, ooo O0=12....,0
If we assume that 0 € [000], we have from (1) that 0 € [(J — 1)00]-. Repeating the process with [ € [(T —
1)10];, we obtain that (1 € [((1 —2)[1[1];.. Hence the following implications hold
De[0ol]l.=0e[(-ND0il]y=0€e[(0=-2)00],=...0 € [200], = 0 e [0]..
Conversely, assume that [] € [[1[1]. By Lemma 2.1 we obtain
P+ =050+ 00,2 0= e [200]..
Also
B4R = 05024+ 00y 2 0= 0 € [300],.



166

ABDELKADER BENALI

Repeating the process we obtain

040 = RO+ 0RO 2 0= D e [000].

This completes the proof.

Proposition 2.7 If [1 € [[1[1(1],, is such that %112 = 1217 then #1102 € [1111],..

Proof. Since T € [nRP], we have by Lemma 2.1 that

DU > 0= P+ 007 >0
= ()" + (R0 = 000000 02 = 0209

= (UF03) + (UF03F = 0.

Hence [1#112 € [[111[1],, as required.
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