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ABSTRACT

There is growing- belief that both the conventional Bose: Einstein condensation (CBEC) and nbn-con\ientional Bose
Einstein condensation (NBEC) can. be obtained from repulsrve and attractivie interactions of bosons respectively. However, there is
‘'still no generally accepted model to -obtain. both condensates. Since results in the literature show that the Hubbard model two

@' :ctron interactions. has both' repulsive and attracttve regions depending on’ the interaction” strength, we. are considering its
extenslon to charged bosons to investigate the | possrbmty of obtaining the condensates from jt. As a preliminary investigation, we
have compared in this present study, the two ‘electron variational Hubbard Hamiltonian with that modified for charged bosons in N =
2,NxN=4x4and NxNxN=5x5x5 lattices. The results show only slight differences between the cases of the electrons and
bosons. The implication that there is possibility of obtaining both condensates from the Hubbard model is then discussed in relation
to superconductivity.
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INTRODUCTION

Superconductivity (SC) and Bose Einstein condensation (BEC) are two very’ important phenomena in low temperature
physics. The former is believed to occur in superconducting materials when there is an appropriate interaction mechanism of the |
electrons which are fermions so that there is an energy gap between the excited states and the ground state (Akpojotor 1999). The
latier occurs when there is collapse of an aggregate of bosons to a collective ground state in which they all have the same minimai
ground state momentum (Liboff 1992). Recently, it has been adduced (Bru and Zagrebnov 2000) that BEC can be induced by
interaction of bosons. As a matter of increasing belief, the two kinds of condensates, the conventional Bose-Einstein conde-isation
(CBEC) and the non-conventional Bose-Einstein condensation (NBEC) can be obtained from repulsive and attractive interactions of
bosons respectively (Van den Berg, Lewis .and deSmedt 1984: Zagrebnov. 1999: Bru and Zagrebnov 2000a: 2000b). It is very
tempting, therefore, to study the interaction of bosons using a modified Hubbard Hamiltonian since results in the literature fromv
similar studies for the interaction of electrons, show that there are both repulsive and attractive regions in-the: model as one varies
the size of the interaction strength (Enarbe and Idiodi 2002; Endgibe’2003; Akpojotor and Idiodi; 2004). Before embarking on such a
study, it is necessary to make a. prellmmary comparison of the model for the interactions of the twa classes of particles. This is the
study we have undertaken here :
The mathematical approach for this study is the simplified formulation of the variational techniques developed recently
(Akpo;otor and Idiodi;, 2004), This approximation technique was first developed for one ‘and. two dimensions by Clien and Mei.
(1989) and recently extended to three dimension by Enaibe (2003). The approach is very effective in calculating the ground state
. energy and wavefunction of time rndependent Hamiltonians (Bransden and Joachain. 1989). Usually, to use the approach, there are

three basic steps. The first one is to obtain the matrix representation of the: Hamiltonian of the system being studied. The second is
o solve this matrix to obtain its: eigenvalues and eigenvectors. The 'smallest eigenvalue is the ground state energy and its
* -gorresponding eigenvectors are used: in the third step to compute the pair correlation functions to determine the repulsive and
- attractive regions of the model. We will undertake the first step and then make a little:incursion into the second.step in this study. .

The plan of this study is‘the following: In the next section (sec.ll), we will formulate the variational technique to obtain the
matrix representations of the Hubbard: Hamrltoman two electron and two boson interactionsin N=2, NxN=4x4 andNxNxN =
5 x 5 x § lattices. The results will be presented in sec. 1l where we will also obtain the ‘energy spectra and wavefunctlons of both
Hamiltomans for N = 2. This will be followed by’ a conclusion. \

FORMULATION OF THE VARIATIONAL' ENERGY

The variational ground ‘state energy is given by (Chén and Mei, 1989) '
i - (wiHly)
e =
(w/w)

: where the H is the, Hubbard Hamiltonian to be defined later for electrons and bosons while the ket in the Hilbert space is the trial
wavefunctron defined as )

ly > = ZA‘X,‘/r//, > | @22

in Eq. (2.2), the X is the vanatlonal parameter, the L is the lattice separatlon between the two particles and the S denotes

the total number of such separatlons possible in a given lattice. A single lattice separation is denoted by a and all'other separations
.are written in terms of . Owing to the convention introduced in Akpojotor et al. (2002; 2005), L takes values from '
. Le =0,1,2...8-1. (2.3)
The bra in Eq. (2.1) is that of the ket in Eq. (2. 2), that is, ,
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N-| ~ ' : S
<yl = Y X, <y, : e
I __“ N N . ’
We have shown that wuthout going through. the often tedious procedure of the Chen and Mei (1989) approach the matrix:

" representation can dlrectly be expressed as, (Akpojotor . and Idiodi 2004),

© (2.5)

A, =IE)X, =E, - .4[3] +2T ..
\ 4] el
0

E,
- where the * f =Fis the total energy, the U4t is the mteractlon strength between the two particles, the L are the separations

of the new states produced by using enher the two electron or two boson Hubbard model to'activate a state wuth separatlon Lc and

tha T is the number of such new states for the various L

The Two Electron Interaction
The single band Hubbard model is given by (Chen-and Mei 1989)

H=-1| YC.C +HC.|+US nyn, 26)
A RINEX: ' ) '

where (, (C ) and n, _ are respectively the creation (a‘nnihilation)' and number operators for an electron in the Wannier state on
the ith (jth) lattice site with spin projection o, H.C is the Hermman conjugate U is the onsite Coutomb interaction and t restrict the

_hopping of the electron to nearest- neighbour site.

To obtain L' and T, we heed onily the particle creati‘on énd annihilation operators of the Hubbard Hamiltonian'given by

=l Y0, +CHC, +CC +C c - v | @.7)
Lo )
to activate a selected state in Lc (Akpolotor and Idiodi 2004). Thls was done for N =2, N XN=4x4 and NxNxN=5x5x 5 For
N=2, the two new states obtained by actlvatmg a state in L=0 belong to L' =1 hence T=2 wh|Ie the two new states for le=1 belong
to L' =0hence T = 2. ' :

The L'and T obtained above are introduced into Eq. (2. 5) to obtain’ the matnx representatlon of .the ‘two electron ‘
Ham;i?oman on an N = 2 Jattice as shown in Eq, (2.10).

The Two Charged Boson Interaction

To modify the Hubbard Hamiltonian given by Eq. (2 6) to be valid for charged bosons, all that is. needed to be done is {0

‘exclude the spins and this will relax the Pauli exclusion principle which holds that two fermions with the same spins cannot occupy

the same quantum state. Consequently, the, Hubbard Hamiltonian for the bosons is

H=-1 Y C'C, +HC}+UZn | | (2.8)
<, >, ‘ ) ’ .
and Eq (2.7) becomes
>CC +CIC | | | @9
<, g3 |

- Agin the case of electrons, the above equation was used to activate selected states in the various separations in N =2, N

xN=4x4and NxNxN=5x5x5 We observe that for N = 2, only one new state was obtained by activating a state in L=0 so

that. L =1 and T=1 while the two new states for L.=1 belong to L' =0hence T=2.
The L and T obtdined above are introduced into Eq. (2.5) to obtain the matrix representatton of the two boson Ham:ltoman

‘0 ran N=2 lamce as shown in Eq. (2.13).

: PRESENTATION OF RESULTS

'ﬁhe L' and T Of N x N=4 x 4 and N x N x N= 5 x 5 x 5 are obtained both for the two electron and two boson cases usmg
the same procedure shown for*N = 2 in the preceding section. They are then introduced into Eq. (2.5) to obtain the matrix
representatuons of the Hamiltonians. for the respective lattices considered as shown in Eqgs. (2.10 ~ 2.15).

U - \
Ew4(47} 2 {x(,} =0 ‘ v (2.10)
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(2.11) .

2.12)

(2.13)

(2.14)

(2.15)

From Egs. (2.10 —~ 2.15), it is easy to observe that the matrices of the two electron Hubbard Hamiltonian and their
equivalents for the two boson modified Hubbard Hamiltonian are the same except for the element Hos where in all dimensions, that
o‘f electron interaction is twice that of the bason interaction.

To have an insight into how this little difference in the matrix element Hy, could affect the energy spectra and wavefurmon,
we wil determine the energy spectra and variiational parameters of both Hamiltonians for the case of N = 2 by using Eqs (2.10) and

(2.13).
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‘Observe that Eq. (2.10) is thematrix form of the ergenvarue problem (Harper 1989) Therefore we can obtam the
eigenvalue, E by demanding that to obtain a non-trivial solution, its determinant must be zero i.e

|H, , - 1E|=0 ST}
This will yield a quadratrc equation;
E‘—4[ JE 4 = \ (3.2)
4¢ '

which can be resolved by using the simple Aimighty formular as

3.3)

3.49)

The Two Boson Interactionon N = 2
If we follow the same procedure to resolve the matrrx form of the two boson modified Hubbard Hamlltoman in Eq. (2.13),
we will obtain the ground state energy as

_ 7(3.5)

. Several arbitrary values are chosen for the interaction strength such as UJ/4t=10, 5, 0, -5 and ~10 and then substituted inic
- Eds. (3 4) and (3.5) to compute for the ground state energies of the different Hamiltonians. - Thereafter, the corresporr&mq
eigenvectors which are the variational parameters are obtained. The results are shown in Table1.

Tqble1 Comparison of the total energies and variational parameters for two eleciron and two boson varratlonal Hubbard
interactions on an N = 2 lattice.

E,Iectrons v " Bosons
Interaction stenght
Urat Total energy | -~ Variational parameters Total energy Variational parameters
E=Bt | ~ E = Egft
XO * X1 B | XO X1
10 -0.0998 0.0498 0.9988 -0.0499 0.0250° '0.9997
5 -0.1980 0.0985" 0.9951 -0.0995 0.0497 | 0.9988
0 -2.0000 0.7071 0.70717 1.4142 05774 0.8165
-5 -20.1980 09951 | 0.0985 |  -20.0995 0.9951 0.0990
-10 -40.0998 0.9988 0.0498 -40.0499 0.9988 0.0499

in Tabie 1, we observe that the total energy of the two interacting electrons is negative, non- degenerate and decreases as
U/4t is decreased. Thrs observation is consistent in the case of the two interacting bosons. The implication is that for both types of
interactions, the interaction between the particles is enhanced as the interaction strength is decreased.

Further, we observe that for the variational parameters of the two interacting electrons, the Xo increases as U/t is
decreased while the X, decreases as the U/4t is decreased. This is also the trend for the two interacting bosons. The implication is
that for both types of interactions, the interacting particles prefer to stay apart on different sites when the interaction strength is
increased above zero while they prefer o stay together on the same site when it is decreased below zero.

CONCLUSION

" The results obtained in this study are so encouraging that it will not be naive not” fo expect any major abnormality when we
shall comipute ‘the pair correlatlon function (PCF) to determine the repulsive and attractive regions of the modified Huf)bard
.Hamiltonian for bosons. We excitedly foresee an interesting scenaric where a srngle model, the Hubbard model, perhaps with
appropriate modifications, will be used to obtain and probably account for the physics of the two most rmportant phenomena in low
temperature physics, superconductivity and Bose Einstein condensation.
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