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ABSTRACT

“are than ever, the applications of the negative binomial distribution have received greater attention especially in
; ure, biology, health and accident statistics, population counts and communication networks. This paper sets out
to roview the forms and areas of applications of the negative binomial distribution (NBD). An example is presented.
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INTRODUCTION

The negative binomial distribution becomes necessary for use and application when the poisson distribution fails in both
its assumptions and applications. It is to be recognised that the poisson distribution describes certain cases in cosmic
radiation in physics, incidences of strikes, break downs in telephone equipment and certain other forms of “accidents.”
However, in many situations the simple conditions for the poisson distributions that successive events occur
independently of each at a constant rate do not quite hold. Consequently, irregular events which do not appear to follow
simple independent probability processes have to be described by more complex stochastic models. Infact, the simplicity
of the poisson distribution with a single parameter makes it rather inflexible. Indeed the main importance of the poisson
distribution is a constituent of more complex models.

SIX (6) CONFIGURATIONS OF THE NBD
The NBD is either reverse-J-shaped or if the mean is large, humpbacked with a long positive tail to the right.

THE PASCAL FORM (FELLER, 1957)

This is given by
PA=(i+1-1) PG (1=0, 1,2 ...) oot (1)
i (r=1.23)

Heré p may be estimated if unknown but r is usually known. Haldane (1943) has provided an unbiased estimator of p.
Both the approximate and exact expressions for the variance of p have been provided by Haldane (1943) and Finney
(1949) respectively.

THE ANSCOMBE FORM (ANSCOMBE, 1950)
Here the NBD depends on two parameters (m,k). With m as the mean and k as the variance , the form is

m
m+ k

(i) =l 1) (1+1”:—)_k (
illk)

The parameter k is positive but usually non-integral which can be estimated by the maximum like hood method.
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THE TRUNCATED FORM
Rider (1955) and Sampford (1955) have observed that in some cases, the value of i = o cannot be observed . If the
NBD of equation (1) is divided by 1-p(o), where p(0) = p’, we have

P(i) = (‘"")pfq'g DI (= 1,20 coereeeeeenenie st ss et 3)

Sampford (1955) has an iterative method of obtaining the moment and maximum likelihood estimators of the parameters
of the truncated NBD. Brass (1958) has smlphﬁed methods for estimating those parameters.

THE OLDHAM FORM {OLDHAM, 1968)
Oldhiam used

2= kfm, b = k to obtain

?”(i):[b+;—1](%[)b(a~]ﬁ)i,(i:0,l;2 ..... - )

The estimation of the parameters in the NBD Oldham form has been discussed by Fisher (194 1) and Bliss and
Fisher (1953).

The Fisher Form. Fxsher (1941)
Fisher used
P mq—1+PP q* to obtain
k

i+ k-1 )
P(f)=p0[ i )(z’f) W= OL200) e S (5)

In this notation, the probability generating function (pgf) is (q-pt)™, and the mean, variances and corrected third
moment are kp, kpq and kpq (q+p) Ross and Preece (1985). These results illustrate the anology with the ordinary
binomial distribution, whose probability generating function is (q+pt)" and whose mean, variance and corrected third
moment are np, npq and npq (q-p), with g=1-p.

The Bliss Form (Bliss, 1953)
Bliss used Fisher’s p and q, with R=p/q which gives,

AL \ PR : '
P(I}:i\ i [(R),(=012..) (6)

The Freeman Form (Freeman,1980)
Freeman used Fisher’s p and also A = m which gives

i+k-1 i
O T R L L R D Yoo %
\ k+2

USES O THE NBD

The NBD may arise as a result of randomly distributed colonies. If colonies or groups of individuals are
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distributed randomly over an area (or in time) so that the number of colonies observed in samples of fixed area (or
duration) has a poisson distribution, we obtain a negative binomial distribution for the total count if the number of
individuals in the colonies are distributed independently in a logarithmic series distribution. Queenouille (1949),
williamson and Brether Ion (1964), have discussed the model of randomly distributed colonies in the context of industrial
purchasing. Neyman (1939), Jones et al (1984), Anscombe (1949), Skellam (1952), and Evans (1953) have applied the
model in entomology and bacterilogy.

McKendrick (1914), Yule (1924), Furry (1939) and Kendall (1949) have discussed a model of population
growth, in which there are constant rates of birth and death per individual and a gonstant rate of immigration which is
NBD. This model has been applied to the growth of some living populations e.g population of bacteria and to the spread
of an infectious disease in a community (Irwin, 1954). Other situationd where NBD has found a reasonable fit can be
found as discussed by wise (1984), Oakland (1980), Magee (1953), Brass (1958) and Kemsley (1965).

Yule (1910) and Haldane (1945) have shown that if a proportion p of an individual in a population possess a
certain characteristic, tlie number of observations in excess of r which must be taken to obtain exactly individuals with
the characteristic has the Paschal form of thu NBD. The Anscombe form given above is a model which is widely applied
to accident statistics (Green wood and Yule, 1920; Arbous and Kerich, 1951; Adelstein, 1952; Grosswell and Froggart
1960; Irwin, 1964). The compound poisson model of the NBD has been applied to the study of consumer purchasing
behaviour (Ehrenberg, 1959; Chatfield and associates, 1966; Chaffield and Goodhardt, 1970; Charlton and associate,
1972).

APPLICATION OF THE NBD

We shall now consider the application of the NBD.Consider the following (hypothetical) problem
Twenty-five leaves were selected at random from each of six similar apple trees in an orchard, and the adult
female European red mites on each leaf counted:

No. of mites per leaf 0 1 2 3 4 5 6 7 8
No. of leaves 70 38 17 10 9 3 2 1 0
(frequency)

source : Annual Abstract of statistics 1972.
We desire to fit a negative binomial distribution to the data.

Result
Chi-squared = 422on6d.f
Parameter

1 Mean 1.1669 0.12729

2. Variance 2.43008 0.53786

3. K 1.02456 0.27584

4, /K 19.97603 026278
No of mites: 0 | 2 3 4 5 6 7 8
fo: 70 38 17 10 9 3 2 1 0
fe: 695 376 201 107 5.7 30 16 08 1.0

COMMENTS

Obviously the poisson distribution would not have fitted the above data properly since the mean is not equal to
the variance, the negative binomial distribution of the Anscombe form is appropriate here.
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CONCLUSION

The various mathematical models of the NBD have been highlighted. The six model forms discussed he.e can
be adapted to different situations and areas. The NBD has the potentials of overcoming the simplistic nature of the
poisson distribution. An additional parameter for the NBD gives it an added advantage over the poisson.
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