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THE COMPUTATION OF SYSTEM MATRICES FOR BIGUADRATIC
SQUARE FINITE ELEMENTS

GABRIEL AIAH OLAYI
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ABSTRACT
An aigorithm for the automatic generation of system matfices for biquadratic square elements is
established . It is shown that no matter how large the system matrices may be, the mass matrix has
only 13 distinct elements while the stiffness matrix has 16. Also established is an algorithm for
generating lacger system matrices from given system matrices.
KEY WURDS: Biquadratic Square Elements, System Matrices, Finite Flement Method.

INTRODUCTION

Finite Element Method is the most powerful numerical technique for solving partial différential
equation problems (Strang and Fix, 1973 p1-135; Olayi 2001). The purpose of this paper is to

" produce the distinct entries of the mass and stiffness matrices and so generate the system matrices

associated with some finite element approximations for the solution of self-adjoint, second order
partial differential equations using square elements. it is hoped that this result together with others
in the series (Olavi, 2001; Olayi, 2000) will encourage others to develop algorithms for automatic -
generation of system matrices of other types of finite elements. In this way, we will end up with
algorithms and tables for the distinct entries of system matrices corresponding to different types of
finite elements as it has been done for the generation of finite elements (Bellingeri, etc, 1995). This
will not only reduce the initial amount of work involved in using the Finite Element Method , but will
greatly reduce the complexity in Finite Element Programming, and open up the method for more
applications and to more users. 4

A relationship is also established between the distinct entries of system matrices for two
separate subdivisions of a square domain with the same bi-k™ finite elements.
DEFINITIONS

A Biquadratic Element is a polynomial of degree two in each of two variables and possessing
(2+1)? degrees of freedom within the element. More generally, a Bi-k™ element is a polynomial of
degree k in each of two variables and possessing (k+1)? degrees of freedom within the clement. For
the construction of these elements see (Olayi, 1977) and (Strang and Fix, 1973).

An element basis function s a polynomial which is one at the node with which it is associated
and zero at all other nodes of the element. A basis function ¢, for a trial space is a piecewise
polynomial whose pieces are the element basis ﬁ,mctxons associated with t the j* node of the system.

T he matrices M= (m,), mvzfj¢4¢jdxdy and
R

K=(k).k; = I I [¢, it .4 y]dtdy whered, , = % ¢, andthe g, arethe basisfunctions

for trial space on R, are called Finite Element System Matrices (Norne & de Vries, 1973) or when
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there is no ambiguity, System matrices. M is called the mass matrix and K fs called stiffness matrix
(Barry, 1974; Norrie & de Vries, 1973; Strang & Fix, 1973).

The square, s = {(x, y) | 0 < x, y < h} will be called the standard square element or standard
element when there is no ambiguity. '

THE BIQUADRATIC SYSTEM MATRICES

| Theorem 1 gives the value of the distinct entries in the M and K matrices for a system of’
biquadratic square elements. The restriction of the domain to a square does not restrict the
applicability of the theorem (Olayi, 2000). On how to construct the basis functions for the trial space
consult any of the references especially one of Norrie & de Vries, 1973, Olayi, 1977; Strang & Fix,
1973 and Strang, 1972. The proof of this theorem gives the algorithm by which the full M and K
matrices can be generated.
Theorem 1. A square R is divided into N* squares of size h. If o,(x,¥),j=1,2, ..., n
where n=2N + 1, are the basis functions of the trial space composed of biquadratic square elements
then

@ {H 4 dxayli, j = 1.?2,...,n2}
R

2

= {-16m,, ~-8my,, -4in,,~2m,, 0, m,, 4m,, 8m,, 16m,, 32m,, 64m,, 128m,, 256m,}
. P 2
(b) {'“. [¢i,x¢j,x + éﬂ,y?ﬁ,y]dx@)lza.] = 172"“’” }
R .

= {~112k,, -96k,, -35k;, -32k,, -18ks, -6k, ~2ks, 0, 10k;, 42k, 56ky, 112K,
176k, 224k,, 352k,, 512k,}
where m, = h?/900, k, = 1/90.

Proof: The valuem, = ﬂ ¢,¢,dxdy andk, = ” [ﬁax%’x% ¢;;y¢j‘y]dxdy each depends an the
R R

relative positions of nodes i andj. These fall into 17 classes and produce 13 distinct values for myand

16 for k; as follows:

D. i=j

b-<1. Ifjis a,comer node of R then my = 16m,, k; = 56k,

D-2. Ifjisa midedge node (i.e. node at tfie\midpoint of an edge) on the boundary of R then m,
64my,, k; = 176k,.

D-3. Ifjisa boundary node other than those of D-1 and D-2 then m; =32m,, k; = 112k,

D-4. 1fjis a node at the centre of an element then, my = 256m,, k; =512k,.

D-5. Ifjis a midedge node in the interior of R then my = 128m,, k; = 352k,

D-6. Ifjis a interior node other than those D-4 and-D-5 then my= 64m,, ky; = 224k,

0. i»j ‘

O-1. Ifiand j are adjacent nodes on the boundary of R then my = 8m,, k; = -18k,.



THE COMPUTATION OF SYSTEM MATRICES FOR BIQUARATIC SQUARE FINITE ELEMENTS

531

0-2.
0-3.
04.
0-5.
0-6.
0-7.
0-8.
0-9.

0-10.

0-11.

Ifi and j are at distance h apart, on‘the same edge and on the boundary of R, then m;; = -4m,,
ky = -35k,.

Ifi and j are adjacent nodes, at least one of which is in the interior of R, then my = 16m,, k;
= 42k,.

If one of i, j is a node at a vertex of an element and the other a centre node of the same
element, or if i and j are midedge nodes/of edges that meet at a vertex of the same element,
then my = 4m,, k; = -32](2.‘

Ifi and j are nodes at the two ends of a diagonal of an element, then m; = m,, k; = -2k,

" Ifone of i, j is a centre node and the other a midedge node of the same element, then my; =

32m,, ky # -96k,.

If one of i, j is a midedge node and the other a vertex node on a different edge of the same
element, then my = -2im,, k; = 10k,.

Ifi and j are midedge nodes of parallel edges of the same element then my = -16m,, }; = 0.
If i and j are not nodes of the same element then my = 0 = k.

Ifi and j are h units apart on the same edge and one of i or j is in the interior of R, then my; =
-8m,, ky = -6k,

If i and j are h units apart on the same edge with both i and j in the interior of R, then m;; =
8m,, k; = 42k,.

If each square element is transformed into the standard element, then the product of only the

following integrals are involved in the computation of m; and k; for biquadratic square finite elements.

)
(i)
(iif)
@(iv)
)
(vi)
(vii)

(vili)

] 3

[ w ol b=~ wihydw= &
[Pw?wih-$dw =5 = ["ww/ h=1)dw
h 2

Jwow i h= 37w 1 h-aw= - 5.
[FwCw ! =2y Oo 1 h- 1y dw =2
[P1-2whyzaw = 4

0 3

h M

f, - 2w/ BY2w! A= $)dw= - 4= [ (1- 2)(3 - D)aw.
M- 1Y aw=2=["Qwin-3)d

oLk 2 == \win-3)aw.

[[@w/n-9win-Law= 4.

RELATION BETWEEN SYSTEM MATRICES

Theorem 2. A squareR is divided into V. 12 squares of size #,- M " and KD are the corresponding
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system matrices for a system of bi-k™ elements on R. If R were subdivided into N square of size

h; with AP K® the corresponding system matrices for a system of bi-k™ elements, then

M P =gm®, =12,

@ EP=i0,0=12,..,L

- where § = = , J and L are the total distinét number of entries in the mass and stiffness matrices for
a system of bi-k® elements. mﬁ“ ,mjz) are the corresponding distinct entries in M® and M®
‘with &5 and k{> similarly defined. |

- Proof: For each of the two subdivisions, each elements is transformed into standard element s,, s,.

(0’ hl) (hl’ hl) (0: h2) (h2’ h2)
j1 j2

5y S

il i2
0,0) ,0) (0,0 (hy, 0)

Fig 2. Standard elements in the two subdivisions.
Let @ 5, ¢ ;, be the basis function for node i1, j1 respectively of's, and @ ,, ¢ ;, the basis functions

t%r\qor(esponding noges i2, j2 of s,.
:2(t u) = ¢11(h » h,)

= ¢ ulBt, Bu) @
Simiterly ¢ 5(t, u) = 4 (Bt B) G

b,
m@y = [ [ (139,50 w)dtdlu
b | -
= fo L ¢, (Bt, Budg,(Bt, fu)didu from (), ‘(n)

By ph )
= ﬁgﬁ '}Z; ¢§R(V’W)?{ﬁt(vaw)dde,

And ,
= [T 808 ) (0, (0 0) et

LA b 1, 300, B i+ ¢i1,u<ﬂt,ﬂu)¢,1,u(ﬂr,ﬂu> Yidu
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= ,[ j E ¢ﬂ,v(Vaw)¢5ﬁ,v(vsW) + ¢“,“,(V,W)¢ﬂ,w(1’,W) }a’vdw,

L]

- D
- kil,jl :

This completes the proof of theorem 2.

Note: Theorem 2 is a generalized version of lemma 5.1 in (Olayi, 1977) and theorem 2 in (Ol yi,
2000). For bilinear elements J = 6 = L; for biquadratic elements J =13 and L = 16. For general Li-k*
elements § and L are not exactly known but can be determined once k is known and are usually less
than half the dimension of the larger trial space.

CONCLUSHN

The proof of Theorem 1 provides an algorithm for the antomatic generation of system
muairices for biquadratic square elements and shows that no matter how large the system matricos i vy
be, the mass tatrix contains oniy 13 distinct elements while the stiffness matrix has 16. Theorum 2
gives an algorithm for generating larger system matrices from given system matrices and shows that
the values of the distinct elements of stiffitess matrix remain unchanged.
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