31
GLOBAIL JOURNAIL OF MATHEMATYICAL SCIENNCES VOL. 6, NO. 1, 2007: 31 - 37
COPYRIGHT (C) BACHUDO SCIENCE CO. LTD. PRINTED IN NIGERJA. ISSN 1596-6208

ESTIMATION OF PURE AUTOREGRESSIVE VECTOR MODELS FOR
REVENUE SERIES

A. E. USORO And C. O. OMEKARA
(Received 31January 2007, Revision Accepted 12 April, 2007)

ABSTRACT

This paper aims at applying multivariate approach to Box and Jenkins univariate time series modeling to three
vector series. General Autoregressive Vector Models with time varying coefficients are estimated. The first vector is a
response vector, while others are predictor vectors. By matrix expansion each vector, whether response or predictor is
& linear combination of other time varying vectors and itself. The models are linear and parameters are estimated by
least squares method. The estimates obtained prove reality of the models estimated.

KEYWORDS: Autoregressive Vector Models, Response and predictor vectors, Feedforward and feedback
parameters, Vector series and white noise.

1. INTRODUCTION

According to Dufour (2006), an m-dimensional vector process [X; : t€Z] follows an Autoregressive (p) model{
or VAR(p) model] if it satisfies an equation of the form:
Xy =+ TOX 8 for every t,
Where, ®,, @, ., @, are mxm fixed matrices and [a, " t € Z] is a white noise process.

Multivariate Autoregressive analysis is an analysis multiple time series whose vector of current values of all
variables is modelled as a linear sum of previous activities (Harrison and Penny, 2003). Consider ¢ time series
generated from d variables (brains regions) with a system such as a functional network in the brain and where p is the
order of the model. Here the scalar p denotes order, however, later we will use p(a) to mean the probability of a. A
Multivariate Autoregressive (p) model predicts the next value in a d-dimensional time series, y, as a linear combination
of the p previous values

d
Yo = ZYnA() + €n
=1
where yn = [YnpYn@y - - Yl IS the n" sample of a d-dimensional time series, each A(;) is a d-by-d matrix of
coefficients (weights) and e, = [ey1. €u2), -« €n) 1S additive Gaussian noise with zero mean and covariance R.

Harrison and Penny (2003) assumed that the data rmean has been subtracted from the time series. The model

c.an be written in the standard form of a multivariate linear regression model as follows,

Yo = XaW + &,
where X, = [Yn.1, Yoz, - ., Ynp] @re the p previous multivariate time series samples and W is a (pxd) - by- d matrix of
WMAR coefficients (weights). There are therefore a total of k = pxdxd MAR coefficients. If the n rows of Y, X and E are .
Vn, Xp @nd €, respectively and there are n = 1.... N samples then we can write

Yo YWk B

Where Y is an (N — p}-by-(pxd) matrix and E is an (N-p)-by-d matrix. The number of rows N-p (rather than N) arises as
samples at time points before p do not have sufficient preceding samples to allow prediction.

Sims (1996 carried out muitivariate time series modelling of consumption and gross national products of
tnited State America. He considered alternative approaches to modelling the joint behavior of consumption and
(Gross National Products. The approaches included ordinary least sguares (OLS) and maximum likelihood methods.
inciuding two iags of each variabie, in fogs, and a constant, the VAR linear regression model by OLS was obtained as

C=(9542L+ 0456[»2)('} + (,1427L»,1432L22Y +.01258 + ¢,

Y = ((29910-.2300L1C + (1.2139L- 2908LAY + 09799 + £,

Apart from OLS method of oblaining the bivariate models, the same sysiem was estimated maximum likelihood
method. The estimated system is

C= (‘94/1?3{.‘~.0364Lf)c v (15710~ 14091_7)Y + 01385 + g

Y = (28770-2228L5C + (1.20451- 27731.4Y + 09615 + £y

The coefficients of ihis system are closed to the system estimated by OLS.
This paper considers modeling of revenue series, which consists of three vector series, a response (Xy) and two
predictor vectors (Xy) and (X3). The distributions of autocorreiation and partial autocorrelation functions show that the
greater proportion of the observations assumed by the vector series is accounted for by a pure autoregressive
process.
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2 LINEAR VECTOR MODELS

The general Vector Autoregressive, VAR(p) process is given as

~ ~N ) e h
( X1t Y111 Yi12 Yis Vm( Xit1 Y211 Y212 Y213 ... YZN Xit2
Xat Y121 Y122 Y123 Yiak | Xoer Y221 Y222 Y223 Y22« || Xat2
Xat | =| Y131 Y132 Yi33... Yiae | Xaer|+| Yos1 Y232 Y33 Y2k || Xaro
Xt Yirt Yoz Yia - Yo || Xnes Y2rt Yzrz Yoo oo Yo | X2
(- J \ /L J j& S

(. ©
61 Y31z Y313 ... Ya—b Xis @1 Yp 12 Vp13-~-Ym x1t-pw

Ya21 Y322 Y323..-Yazk | Xaa Yp2t Yp22 Yp23.--¥pad Xawp

+]Vaa1 Vasz Vaza...Vask | Xaws [+...# | Vpat Vpaz Ve Vpak| Xawp

W Y3r2 Y3r3 -uYau Xn.a Yort Ype2 Yoz .- Yok |Xorp

. ) \_ _/

Unt
. /
The above matrices give the following models:

p n Kk

Xie = Z 2 ZYarXia . . : . {2.1)
a=1i=1f=1
p n k

Xa = Y ¥ 7 YaoXKia . . . . {2.2)
a=1i=1f=1
p nk

X = 3 T 3 YarrXita . . . . (2.3)
a=1i=1f=1
p nKk

Xot =3 2 2 YartXira . . N X))
a=1i=1f=1

Therefore, models ‘2.1', '2.2’,'2.3’ and ‘2.4’ express linear autoregressive relationships af Xy, Xo, Xa,... X vectors with
distributed lags. Ya 1, Yazt Yaar-. . Yaer are the matrices of coefficients of the autoregressive vector series.

31 VECTOR AUTOREGRESSIVE LNEAR MODELS

The distribution of autocorrelation and partial autocorrelation functions
As shown in Figure 3.1. 3.2 and 3.3 of non-stationary vector series suggested pure autoregressive process of order
three for Xy, order two for X, and order one for X3. On the basis of the order for each vector series, the vector models

are:.
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X Vi Y12 ¥13) X Y211 Y21z O Xy
Xot | = Wizt Yi2z Yizs| Xat |+ Va2 Yoz O | Xoo
Xat Viar  Yise  Yia3 Xaes Y2z1 Yoaz O | Xawo

Y311 0 0 xn-sw} ‘(Un }
|

Y334 ‘ 0 0 X3t_3

+oyaxy 0 O | Xaa [+ | Uy

The expansion of the matrices produces the following models:

Xo = ¥y 11 Xie 1t e 2Xo004Y1 10Xa01+ Y2 11 Xaet Y2 o XotYs iXpa*Ue Lo 3.1)
Xot = Y121 Xe01+Y1 22Kar %Y1 23Xa0 1+ Yo 21 X vz V2 2 Xono Y3 e X3+ Lo 3.2)
Xat = Y131 K101+Y 1 32Xa01 Y1 33Xan+ Yo Xaeat Y2 32Xot 2 Y3 31 Xq +Ua - (33)

The above models are models of linear relationship between each vector and the distributed lag of the vector itself
ancl other vectors. The models are similar to muitipie regression models, and application of ordinary least squares
method provides estimates for the parameters. The values shown in appendix (1) are values of the predictor lagged
vectors whose regression estimates give the following results:

X = 0.720Xyy = 0.271Xo0y + 0.052X15 + 0.197X 22 + 0.288Xees ... . (3.9)
Xt = 0.264Xy,.4 + 0.069X50; + 0.143X4,5 + 0.108X 505 + 0.196X 315 ... (3.5)
Xy = 0.456X.; — 0.340X5 ¢ — 0.0916Xs, + 0.088Xp, + 0.0915Xvs ... (3.8)

The above estimated models are used to obtain the estimate of the non-stationary revenue series as shown in
apoendix '2' Appendix ‘1’ contains actual values of the non-stationary revenue series. Moreover, estimates obtained
for the vectors, Xy, Xy and Xy are graphically shown with the original revenue series in figures '3.1°, '3.2" and '3.3".

CONCLUSION

The distribution of autocorrelation and partial autocorrelation functions suggested the order for each vector
with which the trivariate models were obtained. The least squares regression estimates of the models show the
contribution of each feedforward and feedback parameter to each response vector in the autoregressive vector
maodels. It is established that in multivariate time series modeling, every vector, be it response or predictor, could as
well be modeled with time varying coefficients.
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APPENDIX 1. ACTUAL INTERNALLY GENERATED REVENUE SERIES REPRESENTED BY THREE VECTORS.
sin A Xat Xat sin_| Xu X2 Xat s/in_| Xy Xat Xat
1 30.87 17.01 13.86 | 41 186.82 139.41 47.41 81 164.91 145.21 19.70
2 31.26 17.31 13.95 | 42 169.89 137.98 31.91 82 215.65 139.52 | 76.13
3 29.35 16.10 13.25 [ 43 176.91 147.73 29.18 83 167.03 151.33 15.70
4 30.05 18.68 11.37 | 44 256.21 238.38 17.83 84 219.36 160.19 | §9.17
5 25.96 17.486 8.50 45 260.00 169.12 90.88 85 176.06 129.01 47.05
6 30.31 20.55 9.76 46 43475 | 308.15 126.60 | 86 251.51 70.66 180.85

| 7 31.54 17.04 1450 | 47 | 258.23 | 207.11 51.12 87 325.11 207.01 118.10
8 45,20 23.85 21.35 | 48 169.79 143.58 26.21 88 257.86 192.54 | 65.32
9 41.07 20.57 20.50 | 49 358.15 328.97 29.18 89 195.03 162.92 32.11
10 45.46 24.86 20.60 | 50 397.26 383.01 14.25 90 220.52 165.52 55.00
11 48.68 29.65 19.03 | 51 279.01 152.71 126.30 | 91 225.77 107 .42 118.35
12 40.17 28.67 11.50 | 52 220.75 157.39 | 63.36 92 167.89 120.52 | 47.37
13 4579 29.76 16.03 | 53 178.99 149.68 29.31 93 198.30 11285 | 85.45
14 32.76 22.89 9.87 54 164.50 105.69 58.81 94 257.08 115.70 141.38
15 30.77 23.25 7.52 55 192.33 138.53 [ 53.80 95 183.01 110.86 | 72.15
16 32.07 21.97 10.10 | 56 108.54 100.29 | 98.25 96 106.12 | 76.75 29.37
17 37.83 19.64 18.19 | 57 143.54 86.21 57.33 97 207.17 166.60 | 50.57
18 43 .85 22.60 21.25 | 58 155.90 124.20 | 31.70 08 209.36 179.21 30.15
19 30.77 12.60 18.17 | 59 198.51 12068 | 77.83 99 309.66 191.79 117.87
20 37.06 14.53 22.53 | 60 260.93 175.79 85.14 100 | 394.27 | 258.99 135.28
21 31.96 10.61 21.35 | 61 29944 | 270.84 28.60 101 | 388.93 | 232.97 155.96
22 29.00 10.30 18.70 | 62 211.02 185.08 25.94 102 | 250.32 198.14 52.18
23 30.36 15.04 16.32 | 63 188.06 158.68 | 29.38 103 | 328.70 | 289.35 39.15
24 36.63 16.90 19.73 | 64 252.71 247 66 5.05 104 | 475.41 285.73 189.68
25 4577 30.45 1532 | 65 185.72 160.47 25.25 105 | 396.98 241.31 155.67
26 50.00 31.50 18.50 | 66 101.75 77.25 24.50 106 | 461.13 317.68 143.45
27 72.50 55.20 17.30 | 67 145.56 118.56 27.00 107 | 331.10 138.69 192.41
28 77.18 51.73 25.45 | 68 184.41 156.59 27.83 108 | 363.17 263.85 99.32
29 104.08 67.58 36.50 | 69 184.41 156.59 27.82 109 | 248.50 | 202.20 | 46.30
30 120.70 80.90 39.80 | 70 149.33 73.20 76.13 110 | 339.98 | 224.38 115.60
31 157.34 111.47 4587 | 71 153.39 138.19 15.70 111 | 377.75 245.45 132.30
32 220.45 164.79 55.66 | 72 171.38 115.46 5592 112 | 300.42 244 .67 55.75
33 198.76 132.35 66.41 | 73 180.48 96.33 84.15 113 | 366.28 | 303.08 | 63.20
34 171.03 156.70 14.33 | 74 170.13 135.03 3510 114 | 441.37 270.02 171.35
35 231.97 205.76 2621 |75 184.16 145.96 38.20 115 | 246.69 151.69 | 95.00
36 343.58 321.12 2246 | 76 124.36 81.71 42.65 116 | 416.48 327.73 | 88.75
37 143.73 132.88 10.85 | 77 222 .96 194 .45 28.51 117 | 320.97 213.59 107.35
38 126.16 91.21 3495 | 78 175.75 151.25 24.50 118 | 347.35 | 27214 | 75.21
39 107.93 74.75 33.18 | 79 614.93 587.93 27.00 | 119 | 422.91 291.66 131.25
40 162.04 139.41 22.63 | 80 142.32 114.50 27.82 T120 641.23 485.56 155.67
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APPENDIX 2: ESTIMATES FROM PURE AUTOREGRESSIVE MODELS FOR THREE VECTOR SERIES:
X1t Xzt X3 sin | Xy Xa Xat s/n | Xu Xat Xa

41 135.41 | 10067 | 3474 81 269.42 | 231.69 | 37.72

’ 42 163.52 | 118.38 | 45.14 82 286.12 | 206.97 | 79.15
43 168.57 | 127.99 | 40.58 83 19543 | 133.77 | 61.66
30.66 21.26 9.40 44 176.95 | 132.79 | 44.16 84 165.23 | 132.86 | 32.37
30.24 21.30 8.95 45 206.86 | 158.71 | 48.15 85 21490 | 151.564 { 63.37
27.62 20.14 7.49 46 | 252.33 | 177.47 [ 74.86 86 182.65 | 136.88 | 45.77
28.67 20.92 8.75 47 349.79 { 24175 | 108.04 | 87 25947 | 153.42 | 106.06
31.16 21.15 10.01 | 48 287.61 | 229.07 | 5854 88 255.43 | 178.25 | 77.18
39.77 25.88 1390 | 49 | 262.45 | 19943 | 63.02 89 263.28 | 199.64 | 63.65
40.09 27.50 1258 (50 | 27989 | 207.71 | 72.18 90 240.94 | 184.27 | 56.67
11 | 45.15 30.68 14.47 | 51 31415 | 251.46 | 62.69 91 230.16 | 165.76 | 64.40
12 | 46.06 32.15 13.91 52 358.35 | 252.78 | 105.57 | 92 233.45 | 154.73 | 78.73
13 | 42.57 31.68 10.89 | 53 27497 | 20364 | 71.43 93 184.41 | 130.84 | 44.57
14 | 46.61 32.54 14.07 54 210.89 | 160.96 | 49.94 94 209.48 | 141.48 | 68.00
18 | 37.15 27.88 9.27 55 101,96 | 13584 | 56.11 a5 234.43 | 149.34 | 85.09
16 | 35.21 25.88 9.34 56 18166 | 130.41 | 51.25 96 194.77 | 144.18 | 50.59
17 | 32,72 23.33 9.39 57 200.24 | 13410 | 66.13 97 160.81 | 121.95 | 38.85
18 | 36.74 24.34 12.49 | 58 165.27 | 120.84 | 44.42 98 179.89 | 124.87 | 55.02
19 [40.48 26.96 13.52 | 59 160.03 | 118.55 | 41.49 99 174.14 | 135.05 | 39.10
20 | 36.33 25.14 11.19 | 60 183.95 | 124.62 | 59.32 100 | 276.56 | 184.94 | 91.62
21 | 39.42 25.15 14.27 | 61 218.00 | 153.04 | 65.96 101 | 327.53 | 228.05 | 99.48
22 | 33.76 22.08 11.68 | 62 | 247.27 | 193.04 | 54.23 102 | 377.20 | 263.93 | 113.27
23 | 32.48 21.36 11.13 | 63 245.53 | 191.86 | 53.67 103 | 305.82 | 288.01 | 67.81
24 { 30.50 20.58 9.91 64 225.80 | 169.58 | 56.22 104 | 321.89 | 240.31 | 81.57
25 | 3466 | 22.49 12.16 | 65 | 216.38 | 169.28 | 47.10 105 | 410,698 | 272.64 | 138.05
26 | 38.64 27.21 11,43 | 66 206.06 | 159.98 | 46.07 106 | 39566 | 284.88 | 110.78
27 | 46.34 32.40 13.94 | 67 166.17 | 125.74 | 40.43 107 | 450.54 | 319.82 | 130.72
28 | 59.17 42.48 16.68 | 68 146.51 | 105.96 | 40.56 108 | 401.27 | 27523 | 126.04
29 | 7052 50.10 2042 | 69 150.39 | 113.10 | 37.29 109 | 366.92 | 266.92 | 100.00
30 | 91.61 62.99 28.62 70 172.49 | 131.38 | 41.11 110 | 28997 | 22507 | 64.91

31 | 105.82 [ 74.79 3104 171 [181.031 12399 [57.05 | 111 233(90""1"07.0@

-alo|o| ool sl vl =e
o 3

32 [ 13512 [ 9566 | 3946 | 72 | 14847 | 11563 | 32.83 | 112 523637 | 1
33 178,78 | 127.80 | 5067 | 73 | 17016 | 11948 | 50.68 | 113 217 7
34 [ 196.26 | 141.85 | 5441 | 74 | 179.64 | 121.49 | 58.15 | 114 [ 261 10

5 | 27096
73987
270.83

35 [180.35 [ 14199 | 3836 | 75 | 16343 | 124.10 | 39.32_ | 115
36 [208.02 | 15585 | 5217 |76 | 180.26 | 133.05 | 47.20 | 116
37 | 26189 | 201.86 | 60.04 | 77 | 15454 | 114.07 | 40.63 | 117
38 | 21510 | 176.60 | 3850 | 78 | 18324 | 135.02 | 48.21 118 242.94
39 | 19850 | 141.97 15653 |79 | 171.05] 134.19 | 36.85 | 119 . 261.22
40 | 123.23 | 89.78 3346 | 80 | 386.16 | 268.07 | 98.09 | 120 | 389,14 | 273.86






