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ABSTRACT

‘1 this paper we establish a first order differential subordination result and prove a criterion for starlikeness for
: 1 233 > functions which are analytic in the unit disc.
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INTRODUCTION AND STATEMENT OF THE RESULTS
Intuitively or roughly speaking a function f(z) is said to be univalent in a domain D, if it provides a one-to-one
-z21 g onto its image, f(D). Geometrically, this means the representation of the image domain can be visualised as

: == 2% points in the complex plane.
Formally, we define a univalent function as follows.
~z"~uon1.1: A function f(z) defined in a domain D of the complex plane is said to be univalent in D if

Hz) =fz). 2122 € D

implies that z,=z,

~--zr terms for this concept are : simple, or schlicht (the German word for simple). Russians refer to such functions as

e istni, which means single-sheeted (Goodman,1983; p.12)
=¢nition 1.2: Let f(z) and g(z) be analytic functionsin U={z: /z /<1) We say that f(z) is subordinate to g(z), writter

“: < g(z), if g(z) is univalent in U, f(0)=g(0) and f(U)c g(U) (Goodman, 1983, p.85)

T=%ntion 1.3: Let i :C*—~C be analytic in a domain Dc C? f(z) be analytic in Uwuth

=2). 2f(2))eD, where zeU, and let h(z) be analytic and univalent in U then f(z) is said to satisfy a first order
“erential subordination if
vlz), zf '(z)) < h(z). (1.1)

Miller and Mocanu, 1985).
Definition 1.4 : The univalent function g(z) is said to bé a dominant of the differential subordination (1.1) if f(z) < g(z)

‘srall f(z) satisfying'(1.1). If g*(z ) is a dominant of (1.1) and ‘g*(z} <g(z) for all dominants g(z) of (1.1), then gNz) is
said to be the best dominant of (1.1)-(Miller and Mocanu;, 1981).

Inthe geometric theory 6F complex-valued functions the definitions of investigated classes of functions are
~ritten, mostly, in the form of differential inequalities (Kanas,1 992).
For instance, we say a function f(z) is starlike if - '

Re{z//(())}>0 (zel). | (1.2)

Goodman,1883; p.111)

We say a function f(z) is convex if
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zf "(2)
Re{ 0 - l}>0‘(zeU) (1.3)

(Noodman,1983; p.111). .
Many properties or conditions for these classes of-functions are established and written as differential inequalities. For
example, Mocanu(2004) established the following sharp starlikeness condition for functions f(z), analytic in U, of the

n+l

form flz)=z+¢q,, .z +.-.

|2 "(@)—edf (@)-)|<n-ar - (1.4)
- - z n(n+l-a
of (Z)—(,f (z)—ﬂ%) JUt ) (15)
z n+l
where 0<a<n.
Miller and Mocanu [1978]-with some conditions on  :C*—C showed that
| w(f(z),zf(2),2%f"(2)) < 1 = |f(z)< 1, ze U (1.6)
and determined a class () of functions for which
Re {y(f(z),zf (2),2°f"(z))}>0 = Ref(z)>0 z€ U. (1.7)

All these inequalities one can write in a more general form as differential subordinations. The concept of
differential subordination was introduced by Miller and Mocanu [1981]. They showed that if A represents the unit disc
in (1.6) and the right-half plane in (1.7), y(r, s, t) is holomorphic and g(z) is a conformal mapping of U onto A such that
w(f(0),0,0)=g(0)=f(0),then (1.6) and (1.7) can-be jointly written as:

wie)of @.2F () 9) < g(z) =) < g(z), ze U, (1.8)

Differential subordinations and applications to starlikeness(univalence) and convexity (univalence) have been
considered by several authors; Miller and Mocanu (1985), Obradovic and Owa(1991), Kanas(1992), BuIboacé(2004).
Owa and Obradovic(1990) considered the subordination

1

(1-Mp(z) + Azp'(z) < [}f—i]y {1'—/%/17 1 222 J:h(z),OSyS]_ze U (1.9)

—Z

and provided some conditions for starlikeness in the class A={f(z): f(z) is analytic in U, with f(0) = f{0) — 1= 0}.
Inspired, principally, by this work we study a similar subordination and provide a condition for
starlikeness. We have the following results.

Theorem 1. Let a be a fixed number in [0,1]. Let f(z) be regular in U with f(0) =1.If

[f(z)]l—fl[f(z)+zf ’(z)]"<[t—§]{l‘_2:;+l} =h(z), (zeU.ae[O.l]). (1.10)

then

fle<*2=g(2) (1.11)
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== 3,2, s tne best dominant of this subordination.

Theorem 2: (A condition for starlikeness)

(o]
Letfiz)=z+ ) g,z .z€U, be regular in U with S2) #0VzeU . Let h(z) be a function regular in U such that

= )
h(0)=1 and
Re h(z)>0, zeU (1.12)
and either
h(z) is convex, (1.13)
or
H(z) = e is starllke (1.14)
h(z) '
If
a(1+ ff() Jrar- a{ Z{f(()))w(z), ael0.1], zeU (1.15)

then f(z) is starlike in U.

! PROOFS OF THE RESULTS

Proof of Theorem 1
To prove theorem 1 we need the following definitions due to Miiler and Mocanu(1981)

D=finition 2.1: We say q(z) eQ if q(z) is regular U and ll maz=x
¢
zel/

Definition 2. 2: Let 2be a domainin C and let g(z)eQ . Define ¥,(£2, g) to be the class of functions :C’_—»C that
satisfy the following conditions:
(a) w(r, s, t) is continuous in a domain DcC?

(b) (9(0),0,0)eD and y( q(0),0,0)e£2

(€) w(ro,So,to) g2when (1p,80 ,t0) €D, 1o =q(<), So =m¢q'($) and

: )
Redl+ L4} >m Re {1 + %} where [¢]=1, g(¢) is finite and m2n21.
" So q'(c) '

Denote ¥:(£2q) by ¥(€2q).

Definition 2.3: Let h(z) be a conformal mapping of Upnto £2and let q(z) Q. Denote by
¥h(h ,q) the class of functions we ¥, (2q) = Fu(h(U),q) which are holomorphic in their corresponding domams D and

satisfy ¢ g(0),0,0)=h(0). Write ¥4(h ,q) as ¥(h ,q).
Lemma 1: [Miller and Mocanu ,1981, Theorem 8]; Let :C*—C be holomorphic in a domain D and let h(z) be univalent

in U. Suppose f(z) = a +f,2" + ... is regular in U. f(z)=a, n>1,
*(f(z), zf (z2), 2 "(z)) e D, zeU and y (f(z), 2f (2), Z°f (z)) < h(z). If the differential equation
u/(q(z)r,\zq'(z) 2°q"(z)) =h(z) has a univalent solution g(z) eQ with
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q(0) =a, and if we ¥4(h,q) then f(z)<q(z) and q(z) is the best dominant.

Now, let i be such that y(r, s, t) =’ “[r + s]*. We can rewrite (1.11) as

v (2), 2 '(2). 7f "'(2)) <h(z). (2.1)
Applying lemma 1, we only need to show that:
(a) q(z)=i—i§ is the solution of the differential equation
v (q(2). 24 '(2), 7’9" (2)) =h(z) (22)
(b) q(z) is univalent and q(0)= f{0), and that

(¢) ye ¥u(h.q).
For the proof of (a), we solve the differential equation (2.2) which we rewrite as:

[0
[q(z)]l ”[q(z)+ zq (z)]a []+ ]l: £4 +1:' =h(z), (zeU, ae[() /l). (2.3)
To solve (2.3), we use the transformation —
q:1(2)=q"(2) - (24)
which enables us to rewrite (2.3) as
qiz)+ oz q;'(2) = h"(2) (2.5)
“This is a first order linear differential equation in g,(2) with solution given by
q:(2) = l/aL(1+t) (Iziﬁ)t(""’"'dt (2.6)
_t.“

]

1 o
Writing w GL) “  and s= (i*j ) @ we see that

-t

a1() = —L— [ aw (2.7)

|
From which we have ¢,(z)= (1"'; ) and easily obtain ¢(z) = 1+;’

For the proof of (b), we use the definition of a univalent function to show that g(z)= %:: is univalent. Now

suppose q(2,)=q(z,), z;,z2€U then itis not difficult to see that it would imply z,=z, Also q(0) = 1 = f(0).
To prove (c), we show that we ¥,(h(rz),q(rz)), re 10,1] rather than we ¥,(h,q) because we want to ensure that

the conditions of the theorem are satisfied on £2 = ‘h(U) . To do this, we note that y(r, s, ) =r'"“[r + s]“ is
holomorphic in a domain DcC 2,

(q(0),0,0)=(1,0,0)c C>, and y(1,0,0)e2= (—/_ and show that y(q(ro),mreq'(re ),Pq “(ro) e h{U), where h,=h(rz), re 10.1{

,1¢1=1and m21. Using [9][g(z)+2¢' @} = h(z) . we obtain
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w

W(q(rQ;erh (ré))= [q(rQ]I-a,jq(r‘O+mt{hl/a(rgqn_l,,. a)(ré-’)_ q(rg}Jaz

a-mg" o)+ e “0g" )] ey

This completes the proof.

Proof of Theorem 2

The proof requires the following lemmas and definition:

Lemma 2: [Miller and Mocanu.1§81, Lemma1). Let q(z) eQ with g(0)=a, and let

{z)=a+1,2" + .., be regularin U with f(z) = a and n > 1_If there exists a point zoeU such that f(z4) € q(oU) and

fi/z/</zo/)c q(U), then B

zof'(z0) = m&pq’($y and

2y )

Lemma 3: [Pommerenke, 1975). The function L(z, t) = a,()z + ..., with a,(t)= 0 t> 0 is a subordination chain if and
only if ‘

Re{1+ _Z_o_f_"(ﬂ} 2mR 4’0 4’”) , where q (f( zo) —4 =e 60 and mzn2l.

20L

Req Oz 5L >0V zeU and t20.

ot
Definition 2.4; The function L(z, f), zeU, t> 0, is a subordination chain if L(. ,f) is regular and univalent in U for all ¢t 20,
L(z, .) is continuously differentiable on [0,0[ VZeU, and
L(z,5)< L(z,t), when Ogs<t.

zp'(2) ) '

Let P(z) =
RiRe (p(z)

Then P(z) is regular in U and P(0)=1.
(1.15) can be written as -

zP' (z)
P(2) + —=>< h(z). (2.8)
To prove that p(z) is starlike is equivalent to proving that P(z) < h(z) (since it would imply ReP(z) =

' a
Re( AL ) >0).
pz)
Assume that the functions P(z) and h(z) satisfy the conditicns of the theorem on (7 . Else replace P(z) by P(2) =

P(rz) and h(z) by h{z)=h(rz), re]0,1[, so that P, and h,satisfy the conditions of the theorem on (7 . We would then
show that P, < h, ¥re]0,1[ and obtain P < h by lettingr— 7~
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Suppose ' |

. Case 1: (1 .12).and (1.13) are satisfied, but P(z) is not subordinate to h(z). By lemma 2 there exist points zoeU and ¢,e

AJ and an m2 1 such that P(z,) = h(<y) and 2o P'(2o) = m & h'(o). So for this 2,

Pzo)* Zop(zj)o) T hG )+ 2o h 6o - 4'();‘) (2.9)
Gl (6o

1S s i)

From (1.12), Re(h’(¢,))>0 and we obtzin

arg| (') 1< 5. (2.10)

Aiso o h'(4y) is an outside normal to the boundary of the convex domain h(U). This together-with (2.10) implies that
the expression in (2.9) represents a complex outside of h(U). This contradlcts {(2.8) and we conclude that P< h
Case 2 (1.12) and (1.14) are satisfied, then the function

Lz ) = hz) + tz: (( )) =h(z) + t H) e
is regular in U for £20.
%@:h'(w[nt] £0 for 120 2.12)
L(z, t) is also continuously differentiable on [0, VzeU.
z0L
oz /) - 1 Rel H ) : :
Re %L_ Re h(z)+tRe{ i) >0,t20, (2.13)
/4

(by (1.12) and (1.14) ).
By lemma 3 L(z, t) is a subordination chain and we'have L(z, s) < L(z, t) forO<s<t

From (2.11) we obtain

h(z) = L(z,0). (2.14)
Hence
L(¢, Y e h(U) for| ¢1=1 and t> 0. (2.15)
Assume P(z) is not subordinate to h(z). As in case 1 we have
Z0 (Zo)
P = = 1. 2.16
(Z + = = Pz =L(¢, m),zeU, | &l=1and m> (2.16)

(2.16) combined with (2.14) contradicts (2.8) and we again conclude that P < h. This completes the proof
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