GLOBAL JOURNAL OF MATHEMATICAL SCIENCES VOL. 3, NO.1, 2004: 5 - 1 B
COPYRIGHT(C) BACHUDO SCIENCE (0. LTD. PRINTED {N NIGERIA. ISSN 1596- ()’208 2

EXISTENCE AND UNIQUENESS OF SOLUTION OF FIRST
ORDER QUASILINEAR HYPERBOLIC SYSTEM IN TWO-IN-

DEPEDENDENT VARIABLES USING FIXED POINT THEOREMS
ETOP E. NDIYO and E. UKEJE

(Received 17 December 1999; Revision accepted 3 July 2003)

ABSTRACY
Lot At e u)ue 4+ DL e u)ug = Ot x,u) be a strictly hyperbolic n % n system with
w(0,0) = @la) its initial data. Using the relative compactibility of the domain of depen-

dence ol .r,olzm(m, the contraction mapping principle and Schauder fixed point theorem, the
existence and uniqueness of the solution to the Cauchy problem are established.
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T INTRODUCTION

The existence and uniqueness of solution to the first - order hyperbolic system in two
independent variables had been studied by some authors e.g. T J. Langan (1976) for Semi -
]inc(u hyperbolic system, Courant R. (1961), Lee - Da Tain and Yo Wen-Tzk (] %J) or Quasi -
linear hyperbolic systems. For the quasi - lincar case, the characteristics of the system can only
be determined when the solution Lo the system is ]\m)wn it is accepled that smooth solution
exists locally at Hx( point of consideration and this solution has been shown to be the same for
any of the f \p\ ‘ourant R (1961), Jellvey (1976), Lee Da - Tsin (1981).

Nevertheless, Hl(‘ information ahout the solution is still vet incomplete. We can by-pass the
dcl;(‘rminn(,i(m ol the soltion before we consider the existence and uniqueness of solution by
the use of fupction space theory.

Actually, the existence ov construction of asolution to a differential cquation, be it linear or
non - linear is olien reduced to the existence or location of a fixed point of an operator defined
on a subset of the space specified as the domain of dependence for such selution. The fixed
point so obtained is taken to be the desired solution or a representation of the solution to the
riven Cauchy problem provided that all the partial derivatives of the solution with respect to
the independent variables exist.

In order to make use of any of the fixed point theorems, the space of [unctions and the
type of operator mugt be clearly defined. We proceed as follows: The system of quast - linear
hyperbolic partial dillerential cquations is reduced to a system of integral eqnations in a domain
‘" on which the solution at a given point s defined. Some relevant defimtions and fixed point

theorems are stated. Some letnas are given and proved for clarity. Then we apply the theorems
to the system of integral equations to prove that the solution of the original problem exists and

15 unique.

2 THE SYSTEM OF EQUATIONS AND REDUCTION TO SYSTEM OF INTE-
CRAL BEQUATIONS

Consider the quasi-linear hyporbolic system of the form
Al e w)uy + B, v, wu, = C(L e, u) (2.1)

with

u(0, ) = ¢(a) (2.2)
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A

where u(l, ) is a column veetor with components (g, uy, . ow,), Al ) and B e u) ar

>on cocflicient matrices. All possess continnous partial derivatives in a domain to be s [)m mm
The nox n matrix AL a0} is asswmed to be symmetric and non-singular. w(0, @) is called the
initial data. Fquation (2.1) can bhe written in the form

M ey = d( e ) (2.3)
where ML u) = AR and </(/,, o) .»"\"'(.3'(/, wyul.

The matrix M posscsses n-distinet eigenvalues A eow) and noveal characteristios curves,
Fach characteristic curve is determined from the ordinary differential eqnation

dr

ez N (U == 12,3, .0 2.1

dr = A A (2.1)
Definition 2.0 The system (2.3) s hyperbolic if the matrix M s diagonalizable and

posscess real cigenvalues N e, w) and /,/;(.,, rou), ko= 120000, n (the corresponding linecarly
independent eigenvectors [ cigenfunctions) so that A7 can be decomposed in the form

A SAST!

where A = diag( Ay, Aoy A) and S s (L] .. 14 15 the matrix of the left eigenvectors.
The matrix 5 is also called the modal matrix of M(Mikhailov (1978), Valli (1996).

Lot the cigenvalues be ordered so that
Ao A, and e, ey, 03,00,
denote the respective characteristic curves, Equation (2.3) can therelore be written in the form
A SAS T = dU e ) (2.5)
Multiplying equation (2.5) \)'iy S8 on the left and substituting Vo= S e we then have

T N A L

which can compactly be written as

V, -+ AV, = F{t, 2, V).

——
I
[n)

——

lence for the k-th component using (2.6), the Cauchy problem becomes,

OVe . av ,
R P AT (T 27
o Ty = Flb e ) (2.7)
with
Vi(0,2) = S op(x) (2.8)

Let P(&,n) be any point on the ¢ — a plane at which we wish to find the solution. The point
P&, n) is therefore a point of intersection of all the characteristic curves having their value Py
at the point of intersection with the initial curve. Along the characteristic curves at ¢ = 7,

Xu(t) = Yi(r, &) (2.9)

The solution to equations (2.7) and (2.8) is obtained by integrating with respect to ¢ for
0 <t < ¢ and replacing X with equation (2.9). We thus have

WM“WI)f/ﬂthU@ﬂWUﬂhmwd - (2.10)

Equation (2.10) is the integral equation representation of the solution of the Cauchy problem
(2.7) and (2.8). It shows that the value of the solution at P({,7n) depends upon the value of
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Fi and V;, within a domain 0 bounded by the highest and lowest characteristic curves ¢, and
¢, and the line P P, (see Fig. 1).

XA

B -

pku_’(—:’k——’":,/
R—9— l
0 t=1 t=¢

The region  is called the domain of dependence of the solution at the point P(£,7) to
the Cauchy problem given by the equations (2.1) and (2.2). When V; is determined we use
equation SVi = Uy to obtain the component form of the required solution.

3. FIXED POINT THEOREMS AND APPLICATION TO (2.10)

Consider the bounded region (2, a subset of R x R*. Let the set C(Q) denote the space of
all continuous functions in 2.

Definition 3.1 In C(Q) the subsets C*(Q}) for k = 1,2, ..., consists of the functions whose
partial derivatives up to order k are continuous in € with norm defined by

llegey = 3 max|[D*f()]. (3.1)

la<h

where () is a compact set in R x R* and k € Z. The subset C¥(Q) is a linear space. We see
that convergence in the norm given by (3.1) means uniform convergence in Q of the functions.
and their partial derivatives up to order k. This space is called a Banach Space with norm (3.1)
according to Mikhailov [(1978, p. 102].

Definition 8.2 A subset H of C(f) is said to be equi-continuous ¥, for any € > 0, there
exists & > 0 such that |p; —p2| < § implies that [F{p,) ~ F(p2)| <e VI € H and V py,p2 € (L
Moreover it will be said to be uniformly bounded if there exists a constant C* > 0 such that

[Fleo < C* VI & H; [Floo = sup{(

F(P) - P e MHChidume(1995), p.161)
We state the Jollowing

Lemma 3.1:  Assume that H satisfies the definition 3.2 and Fi({, z,v) be continuous in H
with respect to vy so that

(i) AM >0 > |Fk(t,x4,vk)| < M, Yk

(ii) AL >0 3 |F(t,z,v}) — Fult,z,v})| < L|vf - vf| holds
for any two points (¢, z,v}) and (¢,z,v}) in H. Then H is relatively compact.

Proof: Let I(t,z,v,) be arbitrary and continous in H. Consider two points in H, one is
fixed, say (t,z,v;) and (£, z,v;) is arbitrary. Then

Bt au)| € 1t = Bu(te,s))] + 1Bt 2,07)
S L[’Ukml);{’{" 'Fk(t7x7vk)‘
<

Lé+ M = C
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Define

<Cr
IS e

|| = sup [#ilt, 2, 08)
peEN
Hence [ is uniformiy bounded.
Furthermore, il we choose 6 = T}ﬁ for a given ¢ > 0

we obtain [Fy(t,z,vf) — I(t,2,v})| < ¢ for any two points in H. Hence, by Arzela-Ascoli
theorem, H is relatively compact.

Any set ol clements i a Banach space is contained in some closed convex set. There exists
a smallest closed convex set { containing Q called the convex hull of (2.

By lemma 3.1 the space 0 is relatively compact and so it is a subset of a Banach Space, in
that € contain its convex hull i.e. © =, This implies that every infinite sequence of elements
in £ contains a subscquence converging to an element in that same space.

Definition 3.2 Let X and Y be Banach Spaces and
let T: D(I'y € X — Y be an operator. T is called a compact operator if and only if (i) 7" is
continuous and (ii) 7" maps bounded sets into relatively cornpact sets.

Lemma 3.2 Let Iy € C'(§2) and § is a non-empty relatively compact subset of a Banach
Space. Then T': 0 — ) defined by

TV = T(1, 2 00) = /0 Fuolt,z,v0)dt (3.2)
is a compact operator and contracting in the maximum norm.

Proof: Let g be the upper bound for the £}, and its partial derivatives with respect to the
independent variables, or sufficiently small strip ‘A’ in the neighbourhood of the x-axis we
have

. FIVY 2L ¢ h] " Al ‘;L~
0 =1V = | [ 00) — Falt )

so that

1 ryt o=~ é i 1 - E Q-
TVE =1V < /0 | Fy(t, 2, 0F) ~ F(Lz,0) ™) |d (3.3)
Since Fy(t,xyv) € C/(€1), then we apply the mean value theorem to the right-hand side of
(3.3) to get
LI , —
O R Py TR | et
8]
and by using the maximum norm we get eventually
where b is sufficiently small that Ape < 1 and the operator therefore is both continuous and
contracting, implying that |7
Let {V*}22 | be asequence in Q2 which converges uniformly to U € €. It follows [rom (3.4) that

ne=l

TV =TV < hpllod = oY, (3.4)

= L

I

TV TU|e() = max
<

Therefore by the unilorm continuity of 15, 1" is compact.

€
0

[C(Fa,00) = 1wl

VIe—=Ull—0 as n-— oo.

Contraction Mapping Principle
et 2 bew conpact set and let 770 Q0 — Q be a contraction map. Then 7' has a unique

fixed point in . Morcover, for any U € Q. the sequence {']'HUO}E“:‘ converges to the fixed
point (Martin (1976), p. 114).
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Schauder Fixed Point Theorem

Let © be a non-empty, closed, bounded, convex subset of a Banach Space X and suppose
T: @ — Qs a compact operator. Then T has a fixed point (Zeidler (1986) p. 57).

Using the above fixed point theorems we now express the main result of this paper in the
following theorem.

Theorem 3.1 (Existence and Uniqueness)

Let © (a% in fig. 1) which is the region bounded by the lower and upper characteristics and
the axis £ = 0, be a compact subset of a Banach Space and let the system (2.1) and (2.2) be
strictly hyperbolic in §2. Under the assumption of lemma (3.2) there exists a global solution to
the Cauchy problem (2.1) and (2.2) and this solution is unique.

Proof:  lor arbitrary fixed point P(£,n) € Q, and strict hyperbolicity of (2.1) in Q, the
solution at P(€,n) with representation as in (2. 10) we denote by Up. We define a sequence
(U} e Qby U, =T,U, n=1273,.... Assume that In,m with n > m such that

H(-[’IL - UmH S Z HUk - brk'«-l”

k=m+1
by the method of successive approximations.
Then
. .
W= Unll < D0 T Uy = Tica U
ke=m-1
T
P N T T
< jz_d M t l/l — l[()H
femmme-t- 1
- p 7 7 Qo
e | o A (3.5)
b —p

Since T is compact and contracting then by the contraction mapping principle we have from

(1.5)

T

i w/i»—[(lq — ]| — 0.

m-=o0 |

[ence  lim ([U7, — U1 — 0

DI e )
Thus {{7,} is a Cauchy sequence. Since € s compact, U, converges to an element Uy in € i.e
U, — Uy, Then by the uniform mapping principle, 70U, — Ty and we conclude by Schauder
: A )

fixed point theorem that there 1s a fixed point Uy such that T'Uy = Uy. lence, the solution to
the Cauchy problemn (2.1) and (2.2) exists,

We now show that the solution Ly s unique.

Suppose that 4V 3 TV = by, another fixed point, then

Uy =TVl < pl|lUo = Woll = p > 1, (3.6)

r [ o
and j_[H_;j"_»I_EH.)U < . Therelore
0
17(Uo = VoIl o IT[l[[Uo — Vol
o=Vl [[Uo— Vol

since < 1. The inequalities (3.6) and (3.7) lead to a contradiction and can only hold if
Uy = W. Hence Uy is nnique.
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CONCLUSION

Given a Cauchy problem, of a the type 2.1 and 2.2 where the system is strictly hyperbolic.
If it is known that the region of the domain of dependence is compact, then by the application
of some fixed point theorems, the solution to the problem is shown to exists and is unique.
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