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ABSTRACT

Let E be a real g-uniformly smooth Banach space (for example, Lp or |p spaces ,1<p<ew) and let
T: E-—E be asymptotically pseudocontractive mapping with nonempty fixed point set F(T) and
areal sequence {k.} »=1". Let {X}r:1 be the sequence generated from an arbitrary x; in E
by Xne1=(1-an) Xn + anl "Xy, , n21. If the range of T is bounded and there exists a strictly
increasing function ¢ - [0, o) -»[ 0, o) with ®(0)=0 such that (T™,-p, j(Xa-p)) < kn||xn-p||2- O(||%n-
pll), peF(T), then {x.\}*n=1 converges strongly to p, provided that {kn} and {an} satisfy certain
properties. This result compliments the results of Chang, Park and Cho (2000), by dropping the
Lipschitz conditionon T,
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1. INTRODUCTION

Let E be an arbitrary real Banach space and let Jq (g>1) denote the generalized duality
mapping from E into 25" given by Jq (x)={feE* (x,fy = ||x||* and |if|| = ||x||*"}, where E* denotes the
dual space of £ and (., .) denotes the genaralised duality pairing. In particular, J; is called the
normalized duality mapping and is usually denoted by J. It is well known (see for example Xu
(1991)) that Jo(x)=liIx{lq2d(x) if x % 0, and that if E is uniformly smooth then Jq is single-valued and
uniformly continuous on bounded sets. In the sequel we shall denote the single-valued
generalized duality mapping by jq.

Let £ be a real Banach space. The modulus of smoothness of E is the function
pe: [0,0) — [0,20) defined by
pe(t) = sup {2 ({lx+y]] + -yl =1:|x[l<1, (lyll <t}
E is uniformly smooth f and only if lim (pe (x )t) =0 as © — 0. Hibert spaces, Lg
(or Ip) spaces, with 1<p<oo,and the Sobolev spaces, WP, m a positive integer , and 1<p<w , are g
uniformly smooth. Hilbert spaces are 2-uniformly smooth while

Lp (orip) or WP, is {p-uniformiy smooth if1<p<2,
2-niformly smooth if p = 2.

The following theorem gives a geometric characterization of g-uniformly smooth Banach
spaces :
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Theorem HKX (Xu (1991), P.1130): Let g > 1 and let E be a real Banach space. Then the:
following statements are equivalent: ’

1. E is g-uniformly smooth .
2. There exists a constant ¢, > 0 such that for all x,y cE
lxtylI? < X7 +asy, o(x)> + cq llylI® M
3. There exists a constant dq such thatforall X,y € E, and t € [0, 1]
H(1-0x + tyl¥ 2 (1-4) [IX)1? + tlly][7 — wa(t) dq lix-ylI%, (2)

where wq () =19 (1-t) + t(1-)%.

Let K be a nonempty subset of an arbitrary real Banach space E. A mapping T:K— K is
called asymptotically pseudocontractive with sequence {kn}
g [1,0), imk, =1 (see Schu (1991), Chang et al (2000), Osilike and Igbokwe

N—va0

(2002)) if for all x,y & K, there exists j(x-y) € J(x-y) such that

(T — T, j(X-Y)) < kn |[x-YII? (3)

foralln e N. As shown in Schu (1991), this class of mapping is more general than the important
class of asymptotically nonexpansive mapping (ie mappings T:K— K such that ||T"x - T < ka |Ix-
yll, for all x, ye K, for some sequence {k.} with lim ky =1, n—»w and forallne N ) introduced by
Goebel and Kirk (1972). T is called uniformly L-Lipschitzian if ||T"x — T]} < L || x-y |}, for all x, ye
K, ne N andforsomel >0.
| The class of asymptotically pseudocontractive maps was introduced by Schu (1991). In
(1991) Schu also introduced the modified Mann iteration method {x,} generated from an arbitrary
x1 € Kby '
' Xna1 = (1-0tn) Xn + otn T" Xq, NZ 1, (4)

where {a,} is a real sequence in [0, 1].

In 2000, Chang, Park and Cho proved the following theorem:

Theorem CPC (Chang et al (2000), Theorem 2.3):  Let K be a nonempty closed convex subset
of E. Let TK->Kbea uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a
sequence {k,} in [1,%) such ‘

that lim ko= 1.

N-~poc
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Let {an} be a sequence in [0, 1] satisfying the following conditions:

(Hlan—>0asn-—->x (ii) ;Z_":a.,=oo.

Let {x,} be the modified Mann iterative sequence defined by (4). If F(T) = {xe K: Tx=x} =
¢, and if for any given p e F(T), there exists a strictly increasing function ¢ : [0, @) — [0, ) with
¢(0) = 0 such that . ‘

(T Xt = Py j(Xns1 = P)) < Kn [Xne1 =PI - @(1IXns1 = PII) 5)

for all n > 1, where j(Xns1 — P) € J(Xne1 — P) is such that (T* Xne1 = T P, j(Xns1 = P)) < K [Xns1 = PII
vV n 21, then the sequence {x»} converges strongly to the fixed point p of T.

- The assumption that T is uniformly L-Lipschtizian appears restrictive since it is not satisfied

by many continuous maps. |

It is our purpose in this paper to enlarge the class of operators satisfying Theorem CPC by

dropping the uniform L-Lipschitizian condition. No continuity assumption will be made on the

operator T. Furthermore, we shall extend the result to the more general modified Mann iteration .

methods with errors in the senses of Liu (1995) and Xu (1998). We shall prove our result in
g-uniformly smooth spaces. Qur method of proof is short. Our results complement those of
Chang, Park and Cho (2000) and a very recent result of Osilike and Igbokwe (2002).

2. MAIN RESULTS
In the sequel, we shall require the following Lemma:
Lemma 2.1: Let {an}, {bn} and {t,} be nonnegative real sequences such that
Zth=oo, th > 0asn - o by =0 (t;) and satisfy
at<ah -ty d(an) +bp, N1 (6)

where ¢ : [0, ) — [0, =) is a strictly increasing function'with $(0) = 0. Thena,—»>0as n— o,
Proof:The prove of the lemma follows from the following two claims:

Claim 1: liminfa,=0.

Assume the contrary and let lim inf a, = & > 0. Then there exists a positive
integer No such that vV n > Ng, an > 6/2. Also bn = O(t,) implies that 3 Ny > 0 such that by/ta < %
?(8/2) (ileba<¥%2 ¢ (3/2) 1), V n21. DefineN  max{No, Ns}. Then V n2 N, (6)implies

ahwi <@h—tnd (812) + % 6 (812) ty

< a%h-%o(8/2) t,

so that
Y% ¢ (6/2) ta s @% - @%e,



140 ‘ BORAYES §. 1G0UWE

Therefore, V ri = N,
%4 ®12) Iy <at.

Hence, T t, < e, contradicting T t, = . Thus lim inf a, = 0. Therefore, there exists a subseguence
{an} of {an} such that a,; — 0 as j - . Thus given any = > 0 there exists an integer jo > 0 such
thatVj 2 jo an<e/f2. Also,IN2>0suchthatV n = N by <% ¢ (e/2) t,.

- Denote ny by n" and set n" > max {nj:, N2}. I

Claim 2: amk<el2, V k=0

For k = 0O, the claim is clearly true. We assume that the claim is frue for some k > 0.
Suppose the claim is false for k+1. Then ap«. ks = ¢/2. But from (6)

Sql2q < aqn‘+ k+1 S aqn'ﬂ( - tn'+k ¢ (an'+ k#1) + bn'+k
< (ef2)Y —tyex ¢ (€/2) + V2 toeek ¢ (£/2)
= 429 = Y% ¢ (e/2) thes k < €929,

which is a contradiction. Claim 2 is therefore proved. Since ¢ » 0 is arbitrary, this implies that a,
— 0 as n — o, completing the proof qf the lemma.

Theorem 2.2: Let E be a real g-uniformly smooth Banach space and let T:E-» E be an
asymptotically pseudocontractive mapping with a nonempty fixed point set F(T) and a real
sequence {kn} in [1, ©) such that limk, = 1, n — «. Let {&,} be a real sequence in [0, 1] satisfying
(i) liman=0,n->0 and (i) oy =cw. Let{x}be the sequence generated from an arbitrary x4
€ E by e

| Xpet = (1-0tp) Xp + 0n T Xn, N2 1 (7

If the range of T is bounded and if for some p e F(T) there exists a strictly increasing
function ¢ : [0, ) —> [0, o) with $(0) = 0 such that

(T X0 =P, j(%n ~P)> < kn |IXn = PIIZ - & (11X~ PID. | ()
then {xn} converges strongly to p.

Proof: SetM = asuip IIT" xn = p|]. Using (4), (1) and (5) we obtain:
. nz

[1Xne1 =Pl = [I(T - < 2{Xn = P) + n(T" Xn ~ pII°
< (1-an)? X0 = P)T+ (1 = ctn) 0in (T X = P, Jol — BN
+ €qa% ||T"x ~ plI* |
< [(1- o)+ (1 - &) 0 kn] {1 = PII°
= q(1 - ctn) 0t O([[Xn= PIf) + Cq % M*
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<[ -qon + o+ q(1 - an) kel I~ pi|
= q(1 - an) o §{|Xa - Pi) + €4 % M?
< [+ qan (% — D] X - PlI* - a(1 - an) e ${lixa ~ pll)
+ Cqa’ M9 (9)

Let D = sup {||T" xa ~.pll. n = 1} + || xs = p||. Then by simple induction |jx,—pll <D, ¥V n

1\
-

It follows from (9) that

[Xn+1 = PII* < [IX0 =PI = 0 (1 - otn) 0t len pil) +bn, V 0 =1 (10)
where

bn=Cq(anMq+qan(kn"‘1) Dq. '
Now, if we set a, = |[x,~pll, and tn = (1 - o) an, in (10) we obtain
a% < a% —th d(an) + bn,  which is (6).

Thus by lemma 2.1, x, — p as n - o, completing the proof of theorem 2.2. .
Remark: Once convergence results have been proved for the original modified Mann iteration
method (4), the extensions of the resuilts to the modified iteration method with errors in the sense
of Liu (1995) and Xu (1998) are usually straight forward on imposing the necessary conditions on
the error term. Hence, we have the following results whose proofs are omitted because they
follow by straight forward modifications of the proofs on the corresponding results for the original
modified Mann iteration method (4).

Theorem 2.3: Let E, T and o, be as in Theorem 2.2. Let {x,} be the sequance generated
from an arbitrary x; ¢ E by

Xn+1=(1'an)xn*anTan+un, nz 1
where I ||ud|| < . If the range of T is bounded and if for some p ¢ F(T), there exists a stricily
increasing function ¢ : [0, ) —» [0, oc) with ¢(0) = 0 such that

T % =P, % = P)) < ka [IXn =PI - &l %0 =PI,

then {x,} converges strongly to p.

Theorem 2.4: Let E and T be as in theorem 2.2. Let {x,} be the sequence generated from
an arbitrary x; ¢ E by
Xne1 T @nXn ¥ D T  Xn+ Con, N1, (1)

where (iYan+ brn+ch=1 (i) Zby=o,limbya=0and (i) L cn<ow.
If {un} is a bounded sequence in E, the range of T is bounded and for some pe F(T) there exists a
strictly increasing function ¢ : [0, <) —» [0, ®) with ¢(0) = 0 such that '
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(T" X =P, (X0 = P)) <kn lI¥2 = PII* - $(}ixa ~ pI]).
then {x,} converges étrong!y to p.
Set o, = by + ¢y in (11) to obtain

X1 = (1 = 0tn) Xo + O T" Xo + Co (Un—T" %), ¥V N = 1.
The rest of the proof follows as in the proof of Theorem 2.2.
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