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ORIGINAL RESEARCH 
 

Abstract- The contractive-type coupled fixed point theory is a generalization of Banach contraction theory. This research analyses the 
existence and uniqueness of mappings defined on Cauchy metric spaces via coupled fixed point theorem which satisfies a contractive 
inequality of integral-type. Furthermore, it generalizes contractive inequality of integral-type of fixed point to coupled fixed point theorem as 
an improvement to available research in literature. Some illustrative examples to back up our claims are included. 
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1 INTRODUCTION 
ecently, the study of fixed point and common fixed 
point of mappings which satisfies contractive 
conditions of integral type has gained several 

momentums from researchers in the area of study. 
Aliouche (2006) introduced the notion of a common fixed 
point for compatible mappings in symmetric spaces of 
integral type, which was later supported by the work of 
Jachymski (2009) as a remark on contractive conditions of 
integral type. 

Motivated by the works in Branciari (2002), Altun, 
Turkoglu and Rhoades (2007), Djoudi and Merghadi 
(2008), Jachymski (2009), Beygmohammadi and Razani 
(2010), this work introduce a new coupled fixed points 
theorem of contractive mappings of integral type and 
examines its existence and uniqueness in Cauchy spaces. 
Also, illustrations to complement our claims were given. 

2 PRELIMINARY NOTES 
In this part of the work, we will consider some succeeding 

definition and theorems. 

Theorem 1 (Agarwal et al., 2008): Let (Χ, ≤) be a partially 

ordered set and 𝑑 a metric in 𝜒 such that (Χ, 𝑑) is a Cauchy 

metric space. If there is a non-decreasing function 

Ψ: [0, ∞) → [0, ∞) with lim
𝑛→∞

Ψ𝑛(𝑡) = 0 for each 𝑡 > 0 and 

suppose Π: Χ → Χ is a non-decreasing mapping with 

𝑑(Π𝜃, Π𝜆) ≤ Ψ(𝑑(𝜃, 𝜆)), ∀ 𝜃 ≥ 𝜆 
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Theorem 2 (Branciari, 2002): Let (Χ, 𝑑) be a complete 

metric space, 𝑐 ∈ [0,1), and let Π: Χ → Χ be a mapping 

such that for each 𝜃, 𝜆 ∈ Χ,  

∫ Ψ(𝑡)𝑑𝑡 ≤ 𝑐 ∫ Ψ(𝑡)𝑑𝑡
𝑑(𝜃,𝜆)

0

𝑑(Π𝜃,Π𝜆)

0

 

Where Ψ: [0, +∞) → [0, +∞] is a Lebesgue-integrable 

mapping which is summable on [0,+∞), and such that for 

each 휀 > 0, ∫ 𝜓(𝑡)𝑑𝑡 > 0
𝜀

0
; then Π has a unique fixed point 

𝛼 ∈ Χ such that for each 𝜃 ∈ Χ, lim
𝑛→+∞

Π𝑛𝜃 = 𝛼. 

Definition 1 (Gnana-Bhaskar & Lakshmikantham, 2009): 

An element (𝜃, 𝜆) ∈ Χ2 is called a coupled fixed point of 

the mapping Π if; 
𝛱(𝜃, 𝜆) = 𝜃, 𝛱(𝜆, 𝜃) = 𝜆 

3 MAIN RESULTS 
This part of the research presents the main results based 
on the generalization of fixed-point theorem of integral 
type to coupled fixed points. 

Theorem 3: Let  (Χ, 𝑑) be a Cauchy space, 𝑐 ∈ [0,1], and 
let Π: Χ2 → Χ be a mapping such that for 𝜃, 𝜆 ∈ Χ, 

∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝑐 ∫ 𝜇(𝑡)𝑑𝑡              
𝑑(𝜃,𝜆)

0 

𝑑(Π(𝜃,𝜆),   Π(λ,θ))

0

(1) 

and 

∫ 𝜇(𝑡)𝑑𝑡 ≤ ∫ 𝜇(𝑡)𝑑𝑡                   
𝑑(𝜆,𝜃)

 0

𝑑(Π(𝜆,𝜃),Π(𝜃,𝜆))

0

(2) 

where 𝜇: [0, +∞] → [0, +∞] is the Lebesgue integrable 
mapping which is summable on every compact subset of 
[0, +∞] such that for each 𝜃, 𝜆 ∈ Χ,    lim

𝑛→+∞
Π𝑛(𝜃, 𝜆) = 𝛼 

and lim
𝑛→+∞

Π𝑛(𝜆, 𝜃) = 𝛽. 

Proof: 

Step 1 

We have; 

∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝐶𝑛 ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝜃,   Π(𝜃,𝜆))

0

𝑑(Π𝑛(𝜃,𝜆 ),Π𝑛+1(𝜃,𝜆))

0

       (3) 

On iterating (1) n times; 

R 
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∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝑐 ∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛−1(𝜃,𝜆),   Π𝑛(𝜃,𝜆))

0

𝑑(Π𝑛(𝜃,𝜆 ),Π𝑛+1(𝜃,𝜆))

0

≤ 𝑐𝑛 ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝜃,   Π(θ,λ))

0

                    (4) 

Consequently, for 𝐶 ∈ [0,1], we have; 

∫ 𝜇(𝑡)𝑑𝑡 → 0 +   𝑎𝑠 𝑛 → +∞         
𝑑(Π𝑛(𝜃,𝜆),   Π𝑛+1(𝜃,𝜆))

0

(5) 

Similarly, 

∫ 𝜇(𝑡)𝑑𝑡 → 0 +   𝑎𝑠 𝑛 → +∞     
𝑑(Π𝑛(𝜆,𝜃),   Π𝑛+1( 𝜆,𝜃))

0

(6) 

Step 2 

We have   𝑑(Π𝑛(𝜃, 𝜆), Π𝑛+1(𝜃, 𝜆)) → 0     𝑎𝑠 𝑛 → +∞. 

Suppose that 

lim
𝑛→+∞

sup 𝑑(Π𝑛(𝜃, 𝜆), Π𝑛+1(𝜃, 𝜆)) = 휀 > 0             (7) 

Hence, there exists 𝑟𝜀 ∈ ℕ and {Π𝑛𝑟(𝜃, 𝜆)}𝑟≥𝑟𝜀
 such that 

𝑑(Π𝑛𝑟(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) → 휀 > 0 𝑎𝑠 𝑟 → +∞ and  

𝑑(Π𝑛𝑟(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) ≥ 휀
2⁄  𝑓𝑜𝑟 𝑟 ≥ 𝑟𝜀, then by Step 1, 

we obtain the following: 

lim
𝑟→+∞

∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛𝑟(𝜃,𝜆),Π𝑛𝑟+1(𝜃,𝜆))

0

≥ ∫ 𝜇(𝑡)𝑑𝑡 > 0    

𝜀
2⁄

0

   (8) 

lim
𝑟→+∞

∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛𝑟( 𝜆,𝜃),Π𝑛𝑟+1( 𝜆,𝜃))

0

≥ ∫ 𝜇(𝑡)𝑑𝑡 > 0             

𝜀
2⁄

0

           (9) 

Step 3 

For every 𝜃 ∈  Χ(Π𝑛(𝜃, 𝜆))𝑛∈ℕ being a Cauchy sequence, 

then ∀   휀 > 0, 

∃ 𝑟𝜀 ∈ ℕ | ∀ 𝑚, 𝑛 ∈ ℕ, 𝑚 > 𝑛 > 𝑟𝜀, then; 

𝑑(Π𝑚(𝜃, 𝜆), Π𝑛(𝜃, 𝜆)) < 휀                                           (10) 

If there exists 휀 > 0 such that for 𝑟 ∈ ℕ, there are 𝑚𝑟 , 𝑛𝑟 ∈

ℕ  𝑤𝑖𝑡ℎ 𝑚𝑟 > 𝑛𝑟 > 𝑟, such that 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) ≥

휀, 𝑡ℎ𝑒𝑛 {𝑚𝑟}𝑟∈ℕ and {𝑛𝑟}𝑟∈ℕ are sequences such that 𝑚𝑟 is 

minimal with 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) ≥ 휀 but 𝑑(Π𝑟1(𝜃, 𝜆),

Π𝑛𝑟(𝜃, 𝜆)) < 휀 for each 𝑟1 ∈ {(𝑛𝑟 + 1, … , (𝑚𝑟 − 1))}. 

Now we analyse the properties of  𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) 

and 

𝑑(Π𝑚𝑟+1(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) 

Firstly, we obtain 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) → 휀 + 𝑎𝑠 𝑟 →

+∞, and by applying triangular inequality and the result 

of Step 2; 

휀 ≤ 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) ≤ 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑚𝑟−1(𝜃, 𝜆)) +

𝑑(Π𝑚𝑟−1(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆)) < 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑚𝑟−1(𝜃, 𝜆)) +

휀 → 휀 + as 𝑟 → +∞                                                         (11) 

Therefore, there exists 𝑟 ∈ ℕ such that 𝑟 > 𝜎 and 

𝑑(Π𝑚𝑟+1(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) < 휀, that is, there exists 

{𝑟𝑘}𝑘∈ℕ ⊆ ℕ such that 𝑑 (Π𝑚𝑟𝑘
+1(𝜃, 𝜆), Π𝑛𝑟𝑘

+1(𝜃, 𝜆)) ≥ 휀, 

then; 

휀 ≤ 𝑑 (Π𝑚𝑟𝑘
+1(𝜃, 𝜆), Π𝑛𝑟𝑘

+1(𝜃, 𝜆))

≤ 𝑑 (Π𝑚𝑟𝑘
+1(𝜃, 𝜆), Π𝑚𝑟𝑘 (𝜃, 𝜆))

+ 𝑑(Π𝑚𝑟𝑘 (𝜃, 𝜆), Π𝑛𝑟𝑘 (𝜃, 𝜆))

+ 𝑑 (Π𝑛𝑟𝑘 (𝜃, 𝜆), Π𝑛𝑟𝑘
+1(𝜃, 𝜆))

→ 휀 𝑎𝑠𝑘                                 (12) 

And from Theorem 3.1; 

∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π

𝑚𝑟𝑘
+1

(𝜃,𝜆),Π
𝑛𝑟𝑘

+1
(𝜃,𝜆))

0

≤ 𝑐 ∫ 𝜇(𝑡)𝑑𝑡            
𝑑(Π

𝑚𝑟𝑘 (𝜃,𝜆),Π
𝑛𝑟𝑘 (𝜃,𝜆))

0

                       (13) 

Letting 𝑘 → +∞ in both sides of (13), we obtain 

∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝑐 ∫ 𝜇(𝑡)𝑑𝑡
𝜀

0

𝜀

0
 which is a contraction for 𝑐 ∈ [0, ) 

and the integral being positive. Hence for a certain 𝜎 ∈ ℕ, 

then 𝑑(Π𝑚𝑟+1(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) < 휀 ∀ 𝑟 > 𝜎. 

Finally, we show the stronger property that there exists a 

𝛿𝜀 ∈ [0, 휀) and 𝑟𝜀 ∈ ℕ such that 𝑟 > 𝑟𝜀, we have 

𝑑(Π𝑚𝑟+1(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆)) < 휀 − 𝛿𝜀. Suppose there exists 

{𝑟𝑘}𝑘∈ℕ such that 𝑑 (Π𝑚𝑟𝑘
+1(𝜃, 𝜆), Π𝑛𝑟𝑘

+1(𝜃, 𝜆)) →

휀  𝑎𝑠 𝑘 → +∞, then going by (13), we can show 

that{Π𝑛(𝜃, 𝜆)}𝑛∈ℕ is Cauchy for each natural number 𝑟 >

𝑟𝜀, hence; 

휀 ≤ 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆))

≤ 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑚𝑟+1(𝜃, 𝜆)) + 𝑑(Π𝑚𝑟+1(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆))

+ 𝑑(Π𝑛𝑟+1(𝜃, 𝜆), Π𝑛𝑟(𝜃, 𝜆))

< 𝑑(Π𝑚𝑟(𝜃, 𝜆), Π𝑚𝑟+1(𝜃, 𝜆)) + (휀 − 𝛿𝜀)

+  𝑑(Π𝑛𝑟(𝜃, 𝜆), Π𝑛𝑟+1(𝜃, 𝜆))                                              (14) 

Thus, 휀 < 휀 − 𝛿𝜀 this is a contradiction. This proves Step 

3. 

Step 4 

Existence of a fixed point. Since (χ, 𝑑) is a Cauchy Metric 

space, then there exists points 𝛼, 𝛽 ∈ 𝜒 such that 𝛼 =

lim
𝑛→+∞

Πn(θ, λ) and 𝛽 = lim
𝑛→+∞

Πn(θ, λ), furthermore, 𝛼 and 𝛽 

are fixed points. Now, suppose that 𝑑(𝛼, Π(𝛼, 𝛽)) > 0 and 

𝑑(𝛽, Π(𝛽, 𝛼)) > 0, thus 

𝑑(𝛼, Π(𝛼, 𝛽)) ≤ 𝑑(𝛼, Π𝑛+1(𝜃, 𝜆)) + 𝑑(Π𝑛+1(𝜃, 𝜆), Π(𝛼, 𝛽))

→ 0 𝑎𝑠 𝑛 → +∞                                (15) 
By implication, both 𝑑(𝛼, Π𝑛+1(𝜃, 𝜆)) and 

𝑑(Π𝑛+1(𝜃, 𝜆), Π(𝛼, 𝛽)) → 0 as 𝑛 → +∞, we now have; 

∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛+1(𝜃,𝜆),Π(𝛼,𝛽))

0

≤ 𝑐 ∫ 𝜇(𝑡)𝑑𝑡 → 0
𝑑(Π𝑛(𝜃,𝜆),𝛼)

0

  𝑎𝑠 𝑛

→ +∞                                                          (16) 

Now if 𝑑(Π𝑛+1(𝜃, 𝜆), Π(𝛼, 𝛽)) does not converge to 0 as 

𝑛 → +∞, then there exists {Π𝑛𝑟+1(𝜃, 𝜆)}𝑟∈ℕ ⊆

{Π𝑛+1(𝜃, 𝜆)}𝑛∈ℕ such that 𝑑((Π𝑛𝑟+1), Π(𝛼, 𝛽))  ≥ 휀 for a 

certain 휀 > 0;  thus we obtain the following 

contradictions; 

∫ 𝜇(𝑡)𝑑𝑡 ≤ ∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛+1(𝜃,𝜆),Π(𝛼,𝛽))

0

→ 0 𝑎𝑠 𝑟
𝜀

0

→ +∞                                                          (17) 

Similarly, 

∫ 𝜇(𝑡)𝑑𝑡 ≤ ∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π𝑛+1(𝜆,𝜃),Π( 𝛽,𝛼))

0

→ 0 𝑎𝑠 𝑟
𝜀

0

→ +∞                                                         (18) 

Step 5 

Uniqueness of the fixed point. Suppose we have two 

distinct points 𝛼, 𝛽 ∈ χ such that Π(𝛼, 𝛽) = 𝛼 and 

Π(𝛽, 𝛼) = 𝛽, then going by (1), we obtain; 
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∫ 𝜇(𝑡)𝑑𝑡 = ∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝐶 ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝛼,𝛽)

0

𝑑(Π(𝛼,𝛽),Π(𝛽,𝛼))

0

𝑑( 𝛼,𝛽)

0

< ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝛼,𝛽)

0

                             (19) 

And similarly, 

 

∫ 𝜇(𝑡)𝑑𝑡 = ∫ 𝜇(𝑡)𝑑𝑡 ≤ 𝐶 ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝛽,𝛼)

0

𝑑(Π(𝛽,𝛼),Π( 𝛼,𝛽))

0

𝑑(𝛽,𝛼)

0

< ∫ 𝜇(𝑡)𝑑𝑡
𝑑(𝛽,𝛼)

0

                        (20) 

 

Finally, this shows that 𝜃, 𝜆 ∈ Χ, lim
𝑛→+∞

Πn (θ, λ) = α =

Π(α, β) and  

lim
𝑛→+∞

Πn (λ, β) = β = Π(β, α), which completes the proof. 

 

4 EXAMPLES 
In this part of the research, we give some examples and 
concluding remarks on the contractive mappings of 
integral type, which clarify the connection between our 
results and the existing one. 

Example 1: Let Π: ℕ2 → ℕ  𝑎𝑛𝑑 𝜇: ℝ+ → ℝ+ be defined by; 

Π(𝜃, 𝜆) = {
1 𝑖𝑓 𝜃 ≠ 1 𝑎𝑛𝑑 𝜆 ≠ 1,

2 𝑖𝑓 𝜃 = 1 𝑎𝑛𝑑 𝜆 = 1;
 

𝜇(𝑡) = { 𝑒
1

(1−𝑡)    𝑖𝑓 𝑡>1⁄

0     𝑖𝑓 𝑡 ∈ [0,1]
                                (21) 

And let 𝑑: ℕ2 → ℝ+ be the Euclidean metric so that (ℕ, 𝑑) 

becomes a complete metris space. Now, for each 𝜃, 𝜆 ∈

ℕ, 𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃)) ≤ 1, for an arbitrary 𝑐[0,1). 

∫ 𝜇(𝑡)𝑑𝑡
𝑑(Π(𝜃,𝜆),Π(𝜆,𝜃))

0

≤ ∫ 𝜇(𝑡)𝑑𝑡 ≤ ∫ 𝜇(𝑡)𝑑𝑡 ≤ 0  
𝑑(𝜃,𝜆)

0

1

0

    (22) 

Thus, (1) is satisfied ∀ 𝐶 ∈ [0,1), and Π has no fixed point. 

Example 2: Let 𝜒 ≔ 𝜒2 → 𝜒 defined by; 

Π(𝜃, 𝜆) = {

1

𝑛1 + 1
 𝑖𝑓 𝜃 =

1

𝑛1

∀ 𝑛1 ∈ ℕ,

0                         𝑖𝑓 𝜃 = 0    

                        (23) 

Then (1) is satisfied with 𝜇(𝑡) = 𝑡
1

𝑡−2⁄ [1 − log 𝑡]∀𝑡 > 0,

𝜇(0) = 0 𝑎𝑛𝑑 𝑐 = 1
2⁄ . In this regard, one has ∫ 𝜇(𝑡)𝑑𝑡 =

𝑡1

0

𝑡1

1
𝑡1

⁄ , so that (1) is equivalent to 

𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃))
1

𝑑(Π(𝜃,𝜆),Π(𝜆,𝜃))⁄
≤ 𝐶𝑑(𝜃, 𝜆)

1
𝑑(𝜃,𝜆)⁄

∀ 𝜃
≠ 𝜆                                                            (24) 

Next is to prove the validity of (24). 

Let 𝑛1, 𝑛2 ∈ ℕ with 𝑛2 > 𝑛1 and let 𝜃 = 1
𝑛2

⁄  𝑎𝑛𝑑 𝜆 = 1
𝑛1

⁄ , 

then we have; 

𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃))
1

𝑑(Π(𝜃,𝜆),Π(𝜆,𝜃))⁄

= |
1

𝑛2 + 1
−

1

𝑛1 + 1
|

1
[1

(𝑛2+1)⁄ −1
(𝑛1+1)⁄ ]⁄

= [
𝑛2 − 𝑛1

(𝑛1 + 1)(𝑛2 + 1)
]

(𝑛1+1)(𝑛2+1)
(𝑛2−𝑛1)⁄

 

 

 

 

On the other hand; 

𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃))
1

𝑑(Π(𝜃,𝜆),Π(𝜆,𝜃))⁄
= |

1

𝑛1

−
1

𝑛2

|

1
|1

𝑛1⁄ −1
𝑛2⁄ |⁄

= [
𝑛2 − 𝑛1

𝑛1𝑛2

]

𝑛1𝑛2
(𝑛2−𝑛1)⁄

 

this shows that; 

[
𝑛2 − 𝑛1

(𝑛1 + 1)(𝑛2 + 1)
]

(𝑛1+1)(𝑛2+1)
(𝑛2−𝑛1)⁄

≤
1

2
[
𝑛2 − 𝑛1

𝑛1𝑛2

]

𝑛1𝑛2
(𝑛2−𝑛1)⁄

 

equivalently,  

[
𝑛2 − 𝑛1

(𝑛1 + 1)(𝑛2 + 1)
]

(𝑛1+1)(𝑛2+1)
(𝑛2−𝑛1)⁄

. [
𝑛1𝑛2

(𝑛1 + 1)(𝑛2 + 1)
]

𝑛1𝑛2
(𝑛2−𝑛1)⁄

≤
1

2
                                                                                                    (25) 

Inequality (25) is indeed true; analysing the second part, 

we have 

[
𝑛1𝑛2

(𝑛1 + 1)(𝑛2 + 1)
]

𝑛1𝑛2
(𝑛2−𝑛1)⁄

≤ 1                                        (26) 

Since 𝑛1𝑛2 < (𝑛1 + 1)(𝑛2 + 1) and 
𝑛1𝑛2

(𝑛2 − 𝑛1)⁄ > 0, 

and also 

[
𝑛2 − 𝑛1

(𝑛1 + 1)(𝑛2 + 1)
]

(𝑛1+1)(𝑛2+1)
(𝑛2−𝑛1)⁄

≤
1

2
                          (27) 

Since (𝑛1 + 1)(𝑛2 + 1), while the exponent is greater than 

1 (since for all 𝑛1, 𝑛2  ∈ ℕ, 𝑛1 + 𝑛2 + 1 > 𝑛2 − 𝑛1 is trivially 

satisfied). On the other hand, taking 𝜃 =
1

𝑛
(𝑛 ∈ ℕ) and 

𝜆 = 0, we have; 

𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃))
1

𝑑(Π(𝜃,𝜆),Π(𝜆,𝜃))⁄
= [

1

𝑛 + 1
]

𝑛+1

≤
1

2
[
1

𝑛
]

𝑛

=
1

2
𝑑(𝜃, 𝜆)

1
𝑑(𝜃,𝜆)⁄

                                    (28) 

Because for each 𝑛 ∈ ℕ, we have; 

[
𝑛

𝑛 + 1
]

𝑛

.
1

𝑛 + 1
≤

1

2
                                                                 (29) 

Since 𝑛 (𝑛 + 1)⁄ < 1 and 1 (𝑛 + 1)⁄ ≤ 1
2⁄ . 

Therefore, Π satisfies condition (24) with 𝑐 = 1
2⁄  and 

hence (1) with 𝑐 and for 𝜇 defined by 𝜇(𝑡) = 𝑡
1

𝑡−2⁄ [1 −

log 𝑡] for 𝑡 > 0 and 𝜇(0) = 0, but 

𝑆𝑢𝑝{𝜃,𝜆∈𝑋|𝜃≠𝜆}

𝑑(Π(𝜃, 𝜆), Π(𝜆, 𝜃))

𝑑(𝜃, 𝜆)
= 1                 (30) 

 
Thus, it is not a Banach contraction. 

5 CONCLUSION 
In this research, as an extension to the work of Branciari 
(2002), we introduced an integral type coupled fixed point 
theorem and examined its existence and uniqueness in 
Cauchy spaces. Hence, the obtained results give a valid 
proof of the method and also, examples are given to 
validate our claims. Consequently, as a recommendation 
for further works, the results herein can be extended to 
other spaces like Hilbert and Sobolev spaces and also to 
tripled fixed point theorems. 
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