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Abstract

Some zero-free regions were known on the right half of the complex plane in the form of
vertical strips for fractional hypergeometric zeta functions. In this paper, we describe and
demonstrate zero-free regions on the left half of the complex plane for fractional
hypergeometric zeta functions. The fractional hypergeometric zeta function of order “a” has

no zeros to the left half of the complex plane except the trivial zeros on the real axis.
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INTRODUCTION

The study of the location of zeros and zero-free regions of the families of zeta functions has
been studied by so many scholars, (Albeverio & Cebulla, 2007; Fekih-Ahmed, 2011,
Garunkstis & Steuding, 2007; Apostol, 1976; Hassen & Nguyen, 2011). The families of
hypergeometric zeta functions and fractional hypergeometric zeta functions are known only
in their integral representations as generalizations of the classical Riemann zeta function via
integral representation (Geleta & Hassen, 2016; Hassen & Nguyen, 2010). It was also
discovered that both the hypergeometric zeta functions ¢y (s) of order "N", and the fractional
hypergeometric zeta functions {,(s) of order "a", can be continued meromorphically to the
whole complex plane (Geleta & Hassen, 2016; Hassen & Nguyen, 2010). Following these
authors, it was described and demonstrated that zero free region on the right half plane
H={s=o0+iteCo>1} in the form of vertical strips V, ={1 <o <2 —a} for
fractional hypergeometric zeta functions {,(s) and Vy = {1 < o < 2} for hypergeometric
zeta functions {y (s), where a is a positive real number between 0 and 1 and "N" is a natural
number (Birmechu & Gelete, 2022). It was shown that the fractional hypergeometric zeta

functions ¢, (s) are zero-free for infinitely many positive real numbers "a" in the delta
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neighborhood of 1. Specifically, there is a positive real number & so that {,(s) is zero-free
where the classical Riemann zeta function {(s) is zero-free for a € (1 — 6,1 + §) (Geleta,
2022).

The fractional hypergeometric zeta function ¢, (s) has an infinite number of simple poles at
1,0,—1,—2,.., and an infinite number of zeros at 1—a,—a,—(1+a),—(2 +a),...
(Geleta, 2014; Geleta & Hassen, 2016). These zeros are called trivial zeros for the fractional
hypergeometric zeta function. Observe that if a > 1 is fixed, then all the trivial zeros for the
fractional hypergeometric zeta function are on the negative real axis, and if 0 < a < 1, then
“1 — a” is the only positive trivial zero for the fractional hypergeometric zeta function. The
question of whether or not these zeros are the only zeros of fractional hypergeometric zeta
function {,(s) is unsettled. It has been suggested that it is possible to extend zero-free
regions for these families of zeta functions to both the right and the left half of the complex
plane with some evidence but no proof (Birmechu & Gelete, 2022). Motivated by this
suggestion, in this paper, we show that the fractional hypergeometric zeta functions {,(s)
have no zeros fora >1onf{o+iteC:o<1l}and for0<a<1lon{o+it € C:o <0}
except the trivial zeros aforementioned. For 0 < a < 1 at present time we are not sure
whether or not "1 — a" is the only zero on the critical strip of the Riemann zeta function
{o+it € C:0 < o < 1} for the fractional hypergeometric zeta functions. To prove our
results we use the method of analytic continuation for fractional hypergeometric zeta
functions ¢, (s) strip-by-strip (Geleta & Hassen, 2016) to the left half of the complex plane;
positivity results on oscillatory integrals and monotonicity of real-valued functions
(Albeverio & Cebulla, 2007).

Throughout this paper, we use the following notations for vertical strips between the poles
of the fractional hypergeometric zeta functions. For each natural number n we define the
vertical strip 1, as follows:

V,={seCs=oc+it,teRand 1-n<o<2—n}

Vr={seCs=c+it,t>0and 1-n<oc<2-—n}

Vi ={seCs=0+it,t<0and 1-n<o<2—-n}
V,=VtuV,; UR.

In this paper, for each natural number n we first show that,
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n n
@ 1
I (S)=ZL al(s+k—2 +f ——ZL a) x~ Otk ) xsta=2g=x gy
na L, k(@)T'( ) o \ @0 L k(@)

is the analytic continuation of

s} sta-2

(s+a—-1) _ x
[(a+1) Sa() = fo ay(a,x)e* dx

I'(s+a-1)
r'(a+1)

on V,. So that {a(s) = F, 4(s) on each V},. Then to prove that {,(s) has no zeros on

V},, except for the trivial zeros mentioned, it is enough to show J (Fn,a(s)) has no zeros on

V¥ and V. This can be accomplished by showing that 3 (M (a(s)> =3 (Fn,a (s)),

r(a+1)

where J(z) represents an imaginary part of z.

Observe that the left-hand side F;S(Z:)l) ¢, (s) is defined only for ¢ > 1, but the right-hand

side F, ,(s) is defined for 0 € R\{1,0,-1,-2,-3,...,2 — n}.

The main result of this paper is the following:

Theorem 3.1 Let a be a fixed positive real number. Then {,(s) has no zeros on V}, except
for infinitely many trivial zeros on the left side of ¢ = 0, one in each of the intervals
I, =[-n,1—mn], for a € (0,1) and one in each of the intervals I,, = [1 —n,2 —n] for

a > 1, wheren € N.

In this theorem, the trivial zero "1 — a" is not included, as we are not sure whether or not it
is the only positive root in the critical strip {s € C:0 < 0 = R(s) < 1} of the classical
Riemann zeta function. We present this issue in the conclusion part as a conjecture based on

some evidence.

The structure of the present work is as follows. In section 2 we review some of the main
results obtained so far regarding fractional hypergeometric zeta functions ,(s) which we
think are important for the coming sections. In section 3 we reveal and prove our main result
and demonstrate that {,(s) are zero-free on the left half of the complex plane, except for the

aforementioned trivial zeros. In section 4 we give some concluding remarks.

Preliminaries
In this section, we review basic terms and results which we will use to prove the main result

of this paper. As our work is the continuation of (Birmechu & Gelete, 2022; Geleta, 2022),
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we review some results concerning fractional hypergeometric zeta functions ¢, (s) and its

analytic continuation, to state and prove our results in perspective.

Definition 2.1 Lets = ¢ + it be a complex variable. Then the Riemann zeta function {(s)

for ¢ > 1 is defined by the Dirichlet series

{(s) = i n=s,

n=1
Respectively by an Euler product over prime numbers P
(@ =] Ja-»
peEP

For ¢ > 1, the classical zeta function {(s) is also defined by the integral

( ) B 1 joo xS—l d
<(s T T(s)), ex—1 %
where I'(s) is the Gamma function given by
r'(s) =f x5 le *dx.
0

Since the convergent of the infinite product of non-zero factors is not zero, the zeta function
does not vanish on the right half of the complex plane for ¢ > 1. Therefore, this product
formula is one of the important tools to show that the Riemann zeta function is zero-free on

the right half of the complex plane (actually for o > 1).

The functional equation is also another important representation of the zeta function to

locate the zeros of the zeta function. It is given by
s
2(s) = 2(2m)*1¢(1 — s)I'(1 — s) sin (7)
and it is the celebrated functional equation for the Riemann zeta function. The reflection
principle
((8) =((s) fors e C
provides a further functional equation for the Riemann zeta function. The functional

equation, together with the reflection principle, evokes a strong symmetry of the Riemann

zeta function with respect to the so-called critical line ¢ = %

Definition 2.2 The points s = —2,—4, —6, ... are called the “trivial” zeros of the zeta

function {(s), and the vertical strip V = {s € C: 0 < ¢ < 1} is called the critical strip.
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Regarding the zeros inside the critical strip, it is conjectured that these nontrivial zeros all
lay on the critical line at ¢ = % This conjecture is known as Riemann’s Hypothesis.

As a generalization of the Riemann zeta function {(s) via integral representation we have
the following definition:

Definition 2.3 The fractional hypergeometric zeta function ¢, (s) is defined for all positive
real numbers "a" and o > 1 as

Fla+1) [®xSta2e™* p
I'(s+a-1)J), ay(ax) X

{a(s) =

where I'(s) is the Gamma function defined by
r'(s) =j t5 et dt

0

and y(a, x) is the lower incomplete gamma function given by y(a, x) = fox t?le~tdt, and

they have the following relation,

I'(s) = fwts‘le‘t dt = fxta‘le‘t dt + foota‘le‘t dt = y(a,x) + I'(a,x).
0 0 X

In the above expression I'(a,x) = fx°° t%le~tdt is called the upper incomplete gamma
function.

Observe that when a = N, the natural number we get the hypergeometric zeta functions
{y(s), and if a =1, we get a classical Riemann zeta function {(s). The fractional
hypergeometric zeta functions {,(s) have poles ats = 1,0,—1,—2,...and zeros ats = 1 —
a,—a,—(1+a),—(2+a),..(Geleta & Hassen, 2016). These zeros are called the trivial
zeros of {,(s).

Concerning zero free regions for fractional hypergeometric zeta function {,(s), the

following results were known.

Theorem 2.1. Let 0 < a < 1 be fixed. Then {,(s) # 0 in the vertical strip

V,={s=0+iteC1<o0<2-—a}(Birmechu & Gelete, 2022).

Theorem 2.2 There is a positive number & such that the fractional hypergeometric zeta

functions of order "a", {,(s) is zero free for a € (1 — 6,1 + &) where the zeta function is

zero-free (Geleta, 2022).

Positivity Properties of Integrals
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Proposition 2.1 For some nonnegative integer k and positive real number t, let the function

h(r) = 0on (0,0), h € L} .(0,),h is decreasing and strictly decreasing on some open

(k+ D

sub-intervals of the type (k” ) Then

f h(r) sin(tr) dr > 0.
0
Moreover,
T
J- h(r)sin(tr)dr > 0
0

for any T > 0 provided, h satisfies the above assumptions where (0, ) is replaced with
(0, T) (Albeverio & Cebulla, 2007).

Corollary 2.1 Let t >0 and %, > 1 be such that tIn(%,,) = 2rk, for some positive
integer k and let g > 0 on [%,;, ), g € L}, (%4, ) such that x — xg(x) is decreasing

on [ft,k, oo), strictly decreasing on (lan”, In @) for some positive integer j. Then

foo g(x)sin(tlnx)dx > 0.

Xtk
Moreover,
T
f gx)sin(tlnx)dx >0
Xk
For any T > X, ,, whenever xg(x) is decreasing in [it,k, T], strictly decreasing on (lnj?”,

]+1)n

for some positive integer j such that ln— > Xy, and In———

InY +t1)”) < T (Albeverio &

Cebulla, 2007).

Analytic Continuation

Next, we review the analytic continuation. The analytic continuation of an analytic function
is a process of extending the domain of the function to a larger domain.

Definition 2.4 Let f and g both be analytic in domains D; and D, respectively. If D, N D, #
@ and f(s) = g(s) for all s in D, n D,, then we call g a direct analytic continuation of f to
D,.

The analytic continuation of the fractional hypergeometric zeta functions {,(s) has been
shown strip-by-strip in stages (Geleta & Hassen, 2016). Concerning the analytic

continuation of ¢, (s), the following results were also known.
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Theorem 2.3For0 <R(s) =0 < 1,

[ee]

() = I'(s—1)+ fo (ﬁ - xia) xSta=2g™% dx]

s+a-1)
(Geleta & Hassen, 2016).

I'(a+1) [

1
ay(ax)
y(a,x) is the lower incomplete gamma function given by y(a,x) = fox t%le~tdt and,

In general this analytic continuation is based on the series representation of , Where

I'(a, x) is the upper incomplete gamma function given by I'(a, x) = fx°° t*le~tdt and they
have the following relation, I'(s) = y(s,x) + I'(s, x).

T 1o a? a 5
ay(a,x)_x T+a” 1+a)3 2!Q2+a) x

a3 a? a X
+ ((1 T 0+0C+a) 133 +a))x +]

a? a

To simplify things put L, (a) = 1,L,(a) = % Li(a) =

a’ (1+a)?  21(2+a)
ad a? a
(14+a)3 (1+a)(2+a)  3!(3+a)’’

L,(a) = .. the coefficients of x*~* foreach k = 1,2,3, ....
Using the above notation observe that,

n n
1 1

— _ Z Lk(a)x—a+k—1 + Z Lk(a)x—a+k—1_
ar(@x)  ay(ax) L &

From this multiplying both sides by x5t%~2¢~* we obtain,

sta-2 ,-x

n
X e — 1 _ Z Lk(a)x—a+k—1 xs+a—ze—x
ay(a,x)  \ay(ax) &

n
+ xSta=2g~x z L (a)x~**k=1 for x € (0, ).
k=1
Extending zero free Region to the left half of the Complex plane for {,(s)
In this section, we prove our main result and demonstrate that the fractional hypergeometric
zeta function {,(s) has no zeros on the left half of the complex plane except the trivial

Zeros.

Theorem 3.1 Let a be a fixed positive real number. Then {,(s) has no zeros on ¥}, except
for infinitely many trivial zeros on the left side of o = 0, one in each of the intervals
I, = [-n,1 —mn], for a € (0,1) and one in each of the intervals I,, = [1 —n,2 — n] for

a > 1,wheren € N.
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Proof: From the analytic continuation of F(”a 1)

¢, (s) oneach ¥, we have,

I(s+a—-1) 0(s) = f x”“‘ze‘x
0

—dx =FE ,wh
F'(a+1) ay(a, x) * = Fya(s), where

Fra(s) = Z L(@T(s +k=2) + f (a)/(a x) Z L)z 1) e
k=1 0

F, 4 (s) is obtained as an analytic continuation of F(”a 1)

{,(s) as follows:

The analytic continuation of ¢, (s) is based on the series representation of - (1 = where
y(a, x) is the lower incomplete gamma function given by y(a, x) = fox t* et dt and,

I'(a, x) is the upper incomplete gamma function given by I'(a, x) = fx°° t*le~t dt.

The series representation of |s given by

1, 1t a? a X
ay(a,x)_x 1+ax 1+a)? 2!Q2+a) x

a3 a? a X
+ ((1 Ta? (1+a)C2+a) +3!(3 +a))x +]

To simplify things put L, (a) = 1,L,(a) = —, Li(a) =

2

(1+a)2 2'(2+a)' Li(@) =0 (1+a)3
a

(1+a)(2+a)  3!(3+a)’

2 .. the coefficients of x*~* foreach k = 1,2, 3, ....

Using the above notation observe that,

n n
1 1
_ _ Z Lk(a)x—a+k—1 + z Lk(a)x—a+k—1.
ay(a,x) ay(a,x) e k=1

From this multiplying both sides by x5+4~2¢~* we obtain,

st+a-2 ,—-x

n
X ¢ = 1 — Z Lk(a)x—a+k—1 xs+a—ze—x
ay(a, x) ay(a,x) &4

+ xSta=2gx Z L (a)x~%*k=1 for x € (0,00).

k=1

But then

F(S +a-— 1) [e9] xs+a—Ze—x 1 xs+a—Ze—x o xs+a—ze—x
= (s)=J 7dx=f 7dx+f ——dx
I'a+1) Sa o ay(a,x) o av(a,x) , ay(a,x)
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1 1 n
— _ L —a+k-1 sta-2,-x 4
fo (ay(a,x) Z e(@)x >x € x
k=1
© ,.S+a—-2,-x

1 § x e
+ J- xSta=2e=x Z Li(a)x~ %tk dx + f ————dx,
0 ] 1 ay(a,x)

where
1 n 1
f xs+a—ze—xz Lk(a)x—a+k—1 dx = f Z Lk(a)xs+k—3e—x dx
0 k=1 0 k=1
n 1
= Z Lk(a)f xSHk=3e=% dyx
k=1 0
n
= Z Ly(@)y(s+k—-2,1)
k=1
n
= Z Ly(@)[T(s+k—=2)—-T(s+k—2,1)],(since I'(s) = y(s,x) + I'(s,x))
k=1
- Z L(@)T(s +k—2)— z Le(@T(s + k —2,1)
k=1 k=1
n n 0
= Z Ly(@)T(s+k—2)— Z Lk(a)f xSth=3 e=Xdx
k=1 k=1 1
n © n
= Z Ly(a)T(s+k—2)— f Z Li(a) x~atk=1ysta=2 gXy
k=1 1 k=1
Therefore,
I(s+a—-1) o ySta=2p=%

F(a+1) Sals) = fo ay(a, x) dx
- Z Le(@T(s + k — 2)
k=1

n
et 1
+ f (ay(a o Z Lk(a)x‘“““l)x”“_ze_xdx =F, 4(s).
0 ’ k=1

The right-hand side converges for 0 € Up_;(—k, —(k — 1)) fora > 1 and

o €U (1—k2—-k) for0<a< 1

In particular, for n = 1, 2,and 3 we have the following expressions respectively,



Ethiop. J. Educ. & Sci. Vol. 18 No. 2 March, 2023 86

(oo}

1 1
( _ _> xs+a—ze—x dx,
ay(a,x) x°

Fi,(s)=T(s—-1) +f

0

[oe]

a 1 a
Fya(s) = ——T(s) + T(s — 1 S S S WP
2a(5) a+1 )+ -1+ J; <ay(a, x) x¢ (a+ l)x“‘l) X ¢

3 3

© 1
F. a(s)zZL al(s+k—-2 +f —ZL a) x~0tk=1 | xsta=2e=% gy,
3, L k(@TI( ) N\o@n L K(a)

Now we have shown that

I'(s+a-1)
r'(a+1)

a(s) = Fua(s).

Observe that F, ,(s) is obtained by subtracting the terms

1 n
f xs+a—ze—x z Lk(a)x—a+k—1 dx
0 k=1

and adding the same terms

1 n
f xs+a—ze—x Z Lk(a)x—a+k—1 dx
0 k=1

1 xs+a—ze—x . .
to the term [, de in the following:

F(S +a-— 1) [e9] xs+a—ze—x 1 xs+a—Ze—x o xs+a—Ze—x
—,(s) =j 7dx=J 7dx+j ——dx.
Fla+1) a o ay(a,x) o av(a,x) , ay(a,x)
r'(s+a-1)
r'(a+1)
imaginary part of F, ,(s). Their difference is the integral on the left-hand side is convergent
only for o > 1, but the integral on the right-hand side converges for

Therefore, the sign of the imaginary part of ¢, (s) is the same as the sign of the

o € R\{1,0,-1,-2,-3,...,2 —n}.
To apply positivity properties of the oscillatory integral, for x € (0, ), put
s+a-2

h(x) = ay(a, x)e*

Then since for 1 < 0 + a — 2 < 0, the function h(x) is nonnegative, h(x) € L},.(0, ) and

strictly decreases on any sub-interval (0, ) hence by Miintz formula we have

oox0+a—2 -X
f msin(t In x) dx > 0.
0 Y
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This implies that

N(I‘(s+a—1)
gl———— 7

NCEE)) (a(s)> > 0.

But as explained above,

r -1
3 (% @(s)) = 3(Fra()) > 0.

Thus, {,(s) # 0 on V;;*. But, then by reflection principle ,(s) = ,(5), so that {,(s) # 0,
on V, as well. Therefore, {,(s) # 0 on the left half of the complex plane except the

aforementioned trivial zeros on the real axis.

CONCLUSION

In this paper, we described zero free regions on the left half of the complex plane. Moreover,
for 0 < a < 1, we showed that ¢, (s) has no zeros on V, except for infinitely many trivial
zeros on the left side of o = 0, one in each of the intervals I, = [-n,1 —n], fora € (0,1)
and one in each of the intervals I, = [1 —n,2 — n] for a > 1, where n € N. Generally, if
n < a < (n+ 1), then on each interval [-n, 1 —n] we have exactly one trivial zero for
fractional hypergeometric zeta function {,(s) of order "a". But for 0 < a < 1, we are not
sure whether or not "1 — a" is the only zero of {,(s) on I; = (0, 1). However, by analyzing
the paper (Geleta, 2022) we conjecture that there are more zeros of {,(s) on I; besides the

trivial zero "1 —a". And we call these zeros the nontrivial zeros of the fractional

hypergeometric zeta functions. We expect and hope that a proof of such conjecture may

shed light either to prove or disprove the Riemann Hypothesis.
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