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ABSTRACT

In this paper, the existence and uniqueness of coupled coincidence and coupled common fixed point of
mixed monotone mappings in the setting of partially ordered metric spaces has been proved. Our
results extend and generalize several well-known comparable results in the literature. An example is
also provided in support of our main result.
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INTRODUCTION

Fixed point theory is a powerful tool in modern mathematics. It is also considered to be the key
connection between pure and applied mathematics. Its application is not limited to various branches of
mathematics but also in many fields such as, Economics, Biology, Chemistry, Physics, Statistics,
Computer Science, Engineering etc. This is because in almost all scientific disciplines, most of the
problems can be converted into fixed point equations. In other words, the existence of a solution to a
theoretical or real-world problem is equivalent to the existence of a fixed point for a suitable map or
operator.

The Banach Contraction Principle is the most famous elementary result in the metric fixed point theory
and it has fascinated many researchers since 1922. A huge amount of literature contains applications,
generalizations and extensions of this principle carried out by several authors in different directions,
for example, by weakening the hypotheses, using different setups, considering various types of
mappings and generalized form of metric spaces. He developed a theorem called Banach contraction
principle which states as follows. Let X be a complete metric space and T : X — X be a contraction
mapping. Then T has a unique fixed point. This principle is one of very useful tools to test the
existence and uniqueness of the solution of considerable problems arising in mathematics.

One of the generalizations of Banach contraction principle is in the setting of partially ordered metric
spaces given by Ran and Reurings (2004). They generalized Banach contraction principle in partially
ordered sets with some applications to matrix equations. Also, Nieto and Lopez (2007) and Agarwal et
al. (2008) presented some new results for contractions in partially ordered metric spaces. Bhaskar and
Lakshmikantham (2006) initiated the concept of coupled fixed point for non-linear contractions in
partially ordered metric spaces. Lakshmikantham and Ciric (2009) established coupled coincidence
and coupled common fixed point theorems for two mappings F and g where F has the mixed g-
monotone property.
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In 2018, Liu et al. established the existence of coupled fixed point for a single mapping satisfying
certain contraction condition in a complete partially ordered metric space. Inspired and motivated by
the research works of Liu et al. (2018), in this paper we establish new coupled coincidence and
coupled common fixed point results for a pair of mixed monotone mappings in the framework of
partially ordered complete metric spaces. To the best of our knowledge, there are no similar results in
the literature. In this research undertaking, we followed standard procedures.

First, we recall some known definitions and theorems.

Throughout this paper R denotes the set of real numbers; R*= [0, +), ¢ denotes all altering distance
functions, and ¥ denotes the set of continuous functions such that

¥ = {y € C(RY, R*Y)|P(0) = 0,andforany ¢t > 0,(t) > 0}

Definition 1 (Khan et al., 1984). A function ¢: R* — R* is called an altering distance function if the
following conditions are satisfied.

(i) ¢ is continuous and non-decreasing.
(i) @ () = oifandonlyift=0.

Definition 2 Let (X,d) be a metric space and T: X — X be a self-map, then T is said to be a
contraction mapping if there exists a constant k € [0,1) called a contraction factor such that

d(Tx,Ty) < kd(x,y)
forall x,y € X.

Definition 3 A set M is said to be partially ordered set if there is a binary relation "<" defined on it
such that:

(i) a < aforalla € M (Reflexivity);
(ii) Ifa < bandb <aforalla,b e M,thena = b (anti-symmetry);
(iii) Ifa < band < c,thena < cforall a,b,c € M (Transitivity).

The pair (M, <) is called partially ordered set.
Note: Two elements a,b € M are said to be comparable ifa < borb < aor both.
Definition 4 Let X be a nonempty set, then (X, d, <) is said be partially ordered metric space if:

(i) (X,d) is ametric space and
(i) (X, =) isapartially ordered set.

Definition 5 (Bhaskar & Lakshmikantham, 2006). Let X be a partially ordered set. A mapping
F: X X X — X issaid to have a mixed monotone property if F(x,y) is monotone non-decreasing in
x and monotone non-increasing in y, that is, for any x,y € X;

X1, %2 €EX, %0 S % 2 F(a,y) S F(xp,y)and yy, ¥, €X,y1 <y, = F(x,y1) = F(x,y2).
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Definition 6 (Bhaskar & Lakshmikantham, 2006). An element (x,y) € X X X where X is any
nonempty set is called a coupled fixed point of the mapping F: X X X - X if F(x,y) = x and

F(y,x) = y.
Definition 7 (Lakshmikantham and Ciric, 2009). An element (x,y) € X X X is called:

(i) a coupled coincidence point of the mappings F: X X X - X and g: X - X if
F(x,y) = g(x)and F(y,x) = g(y),and (gx, gy) is called coupled point of coincidence.

(ii) a coupled common fixed point of the mappings F: X X X - X and g: X - X if
Fx,y) = g(x) = xand F(y,x) = g(y) = y.

Definition 8 (Lakshmikantham and Ciric, 2009). Let X be a partially ordered set. A mapping F : X X
X - Xandg: X — X be two mappings.

(i) We say that F has the g -mixed monotone property if F(x,y) is g monotone non-decreasing
in x and non-increasing in y. That is, for any x;,x, € X and y;,y, € X; g(x) < g(x,) =

F(x,y) < Fxg,y) and g(y1) < g(2) = F(x, 1) = F(x,¥2).
(ii) Let (X,d) be a metric space, the mappings F: X X X - Xand g: X — X are called
compatible if

limp, 0o d(gF (Xn, Y0), F (9%, gyn)) = 0 and limy,_o,d(gF (Y, Xn), F(gYn, g%)) = 0
whenever {x,} and {y,} are sequences in X such that lim,_,.F (x,, y,) = lim,_. gx, and
limy, L F (Y, %) = limy 00 9.

Definition 9 (Lakshmikantham and Ciric, 2009). Suppose X is a non-empty set. The mappings
F:XxX - Xand g: X — X are called commutative if

9(F(x,y)) = F(gx,gy) and g(F(y,x)) = F(gy,gx)
forall x,y € X.
Definition 10 (Abbas et al., 2010). Suppose X is a non-empty set. The mappings
F:XxX - Xandg:X — X are called weakly compatible if

9(F(x,)) = F(gx,gy)and g(F(y,x)) = F(gy,gx)
whenever gx = F(x,y) and gy = F(y,x).
Theorem 1 (Liu, Mao & Shi, 2018). Assume
(H)Y € ¥.

(H,) Let X be a partially ordered metric space and a mapping F: X x X — X being a mixed
monotone mapping, there exists a constant k € (0,1) such that:

p[d(Fw,v),F(x,y)) + d(F(v,w),F(y,x))] < ko(dwx)+ d@,y))

“Ykl[d(wx) + d(v,y)])
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forall x,y,u,v € X and for each u < x and v > y. Moreover, ¢ satisfies

o(t + 5) < @) + ¢(s), forallt,s € 9.

(H3) There exists (ug,v,) € X X Xsuchthatuy, < F(ug,v,) and vy = F(ug, v,)-
(H,) One of the following conditions holds.

a) F is continuous (or)
b) X has the following properties:

(i) Ifanon-decreasing sequence {u,} — u, then u,, < u forall n;
(if) If a non-increasing sequence {v,} = v, then v, > v for all n.

Then there exist u,v € X suchthatu = F(u,v)and F(v,u) = v.
RESULT AND DISCUSSION

Theorem 2 Let (X, d, <) be a partially ordered complete metric space. Suppose F : X X X — X and
g : X — X are continuous such that F has the mixed g-monotone property and commutes with g on
X such that there exist xo, yo € X with gx, < F(xq, yo) and gyo = F(yo, xo). The following
conditions are satisfied.

i) FX x X)c gX).
(ii) There exists k € (0,1) such that

o[d(F(x, ), F(w,v)) + d(F(y,x),F(v,w)] < ko((d(gx, gu) +d(gy,gv))
= (k[d(gx, gu) d(gy,gv)]) ey}

forall x,y,u,v € X with gx > guand gy < gv, ¢ satisfies
o(t + 5) < @) + o(s), forallt,s € 9.
Then F and g have a coupled coincidence point.

Proof. By the hypothesis there exist x, € X and y, € X such that gx, < F(xy, yo) and gy, >
F(yo, xo).Since F(X x X) € g(X), there exist x;,y; € X such that

gx1 = F(xo, yo) and gy: = F(yo, Xo).
Again from F(X x X) S g(X), there exist x,,y, € X such that
gx; = F(xy,y1) and gy, = F(y1,x1).
Continuing this process we can construct sequences {gx,} and {gy,} in X such that
9%ns1 = F(xn,yn) and gyniq = F(Yn, xn)
forn = 0,1,2,-- and since F has g-monotone property, we have

gxo < F(xg,y0) = gx1 < gxz << F(xp,yn) = gXpyr <o
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Similarly gyo > gy1 = 9¥2.--7 F(ynXn) = G¥n+1 = -

If gx, =gx,41 and gy = gy, for some n, then gx, = F(x,, ) andgy, = F(yn, x,), ie.,
(2, y) s a coupled coincidence point of F and g and this completes the proof.

So, from now on, we assume that gx, # gx,,1and gy # gyn..for n = 0,1,2,---. Since gx,_; <
gxnand gy,_1 = gyn, for n = 1,2, then from Eq. (1), we have

old(gxni1, 9xn) + d(GYns1, gVl = @[A(F (X, y0), F (tn-1, Yn-1))

+ d(F s %), F (Yn-1, Xn-1))]

< kp(d(gxn, gxn-1) + d(gYn, gyn-1))

— Y(k[d(gxn, gxn-1) + d(GVn, gYn-1)])

< ko(d(gxn, gxn-1) + A(GYn 9Yn-1))-
Since k € (0,1) and ¢ is non-decreasing, we have
A(gxni1, gxn) + d(GYns1, 9¥n) < d(gxn, gxn-1) + d(GVn, 9Yn-1)- (2

Thus, Eq. (2) holds for eachn € N.

Let 8, = d(gXn+1,9%n) + A(GYn+1, IVn)-

It follows that the sequence {&,,} is a monotone decreasing sequence of non-negative real numbers and
consequently there exists § = 0 such that

lim, 6, = 6.
Now, we show that § = 0.
Suppose on the contrary, that § > 0.
Since ¢ is continuous, we have
@(8) = limy,e0 @(6n)

= limy o 9(A(GXns1, 9%n) + A(GYns1, IYn))

IA

klimy .o @(d(gxn gxn-1) + d(GgYn gYn-1))

—limpLe Y(k[d(gxn, gXn-1) + d(gYn, GYn-1)1)

IA

kp(8) — limye Y(kbp_q) < k() < @(8)(sincek € (0,1)).
This is a contradiction. Hence § = 0.

Now, we want to show that {gx,}and {gy,} are Cauchy sequences.
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Suppose at least {gx,} or {gy,} is not a Cauchy sequence, then there exists a positive constant & such
that for any k > 0, there exist n, > m;, > k such that

s = d(g%xn, , 9%m) + d(gYny »9GYm,) Z €. ®)
Let n;, be the smallest integer satisfyingn;, > m;, > k and Eq. (3) holds. Thus

d(gxny_,» GXm,) + AV, »9Ym,) < €. (4)
From Eq. (3), Eq. (4), and by the triangle inequality, we have

e < s = d(gxn, ,9%m,) + d(9Vn » 9Ymy)
< d (gxn, ,9%n,_,) + d(GXn,_,, 9%m,)
+ d(9Vnp 9Yne_,) + A(GYny_yr IVmy) 5)
= d(9%n,_,» 9%m,) + A(GYny_y» 9Ymy) + Ony,
< &g+ 6

Mkg-1"

Taking limitas k — o in Eq. (5), we get
e < ,lg?osk< e+}!1l£106n

k-1"

Since lim,,_,,6,, = 0, it follows that lim;,_, 5.

ne_, = 0. Hence limy s, = €.

Again, by the triangle inequality, we have
Sk < d(gxn,  gxny,,) + d(Gxn,,, 2 9Xmy,) T AGXm, 9Xm) + A(GVny » IVny,)
+d(9Ynsyr 9Ymier) + AGYmpesy GVmy)
= Oy, + Oy, + d(gXny,, » 9%my,,) + GV, GVmy,r)
Further by the sub-additivity property of ¢, we have
@ (k) S @ (B, + 6my) + @ (d(gxny,,  9%my,,) ) + @ (A(GYnprr IV, ))-
It follows that
¢ (d(9%ne, » 9%me,)) + @ (A(9Vngyrr 9Yms,))
= 0 (4(FCtny I FCimy  m)))
+ @AdF Oy » X )s (F Oy » Xmy )
< ko (d(gxn, 9%m,) + A(gVn > 9Ym,))
—(k[d (g2, , 9%m,) + A(gVns.» GVm,)D-
Thus, we have

@ (s1) < ko (s1) = ksi) + @ (6n, + Om,) (6)
< @) = Y(ks) + @ (6ny + 6m,) (sincek € (0,1)).
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Taking limit as k — oin Eq. (6), we get
My o00 @ (Si) < limyoe @(si) — limgoop(kse) + liMgooo[@ (8n, + 6, )]
Since 6, — 0, s, — ¢, and ¥ is continuous, we have
@) = ¢9(0) + ¢(&) = limyeP(ksi)
= @(e) = lime,P(ksi) < @(e),
which is a contradiction.
Therefore, {gx,} and {gy,} are Cauchy sequences in X.
S0, limy ;00 A(GXn, GXm) =0,  limy 100 d(gYn, 9Ym) = 0.
Since X is complete, there exist x,y € X such that
limy o G241 = My F (X0, ¥0) = %, liMyse0 9Yne1 = Moo F (U, x0) =
Since F and g are commutative we have
9(g%n+1) = g(F(Xn,¥0)) = F(g%n , GYn)- ™
9(gyne1) = G(FOn,xn)) = F(g¥n , g%n). ®)
Now, our claimis gx = F(x,y)and gy = F(y,x).
Since F andg are continuous, letting n — oo in Eq. (7) and Eq. (8), we get
gx = limye, g(gxne1) = limyog(F(xn ) = limpoeoF (g%n , gyn) = F(x,y),
9y = 1My g(gYns1) = liMpse G(F(n, %n)) = limpy o F(gyn , 9%n) = F ().
Hence (gx, gy) is a coupled point of coincidence and (x, y) is a coupled coincidence point of F and g.

Theorem 3 Let all the conditions of Theorem 2 be fulfilled and in addition let the following conditions
be satisfied

(i) forevery (x,y) and (z,t) in X x X there exists a (u, v) in X x X such that

(9(w), g(v)) is comparable to both (g(x), g(»)) and (g(2), g(t)).
(if) F and g are weakly compatible.

Then F and g have a unique coupled common fixed point, that is, there exists a unique
(x,y) e X x Xsuchthatx = g(x) = F(x,y)and y = g(y) = F(y,x).

Proof. First we show the uniqueness of coupled point of coincidence of F and g. From Theorem 2 the
set of coupled coincidence points of F and g is non-empty. Let (x,y) and (z,t) be coupled
coincidence points of F and g that is
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Fx,y) = gx.F(zt) = gz, F(y,x) = gy.F(t,z) = gt.
Claim:gx = gzand gy = gt.
By assumption there exists (u, v) € X X X such that (F (u, v), F (v, u)) is comparable to
Both (F(x,y), F(y,x)) and (F(z,t), F(t,z)).
Without loss of generality, we can assume that
(F(x,y),F(y,x)) < (F(u,v),F(v,u)) and (F(z,t),F(t,z)) < (F(u,v),F(v,u)).
Putuy = uand v, = v and by hypothesis there exists (u;,v;) € X X X suchthat
gur = F(ug,v), gv1 = F(vg, Up).
Forn = 1, continuing the process we construct sequences {gu,, } and {gv,,} such that
Guns1 = F(up, vp) and gvpyq = F(vp, un)
for all n.

Further set xo = x, yo = v, zo =z and t, = t, then on the same way we define sequences

{gxn} {gm}, {9z} and {gt,}. Since (gx,gy) = (F(x,y), F(r,x)) = (gx1,gy1) and
(F(u,v),F(v,u)) = (guy,gv,) are comparable, we have

(gx, gy) < (gu, gv).

By induction (gx,, gyn) < (gu,, gvy,) forall n. Then

o(d(gx, guns1) + d(gy, gVn41))

= (p(d(F(x, Y)!F(un! vn)) + d(F(Y! x)'F(vnfun)))

ko(d(gx, gu,) + d(gy, gva)) o)
—(k[d(gx, gun) + d(gy, gv)])

ko(d(gx, gu,) + d(gy, gvn)).

IA

IA

Since ¢ is non-decreasing and k € (0,1) we see that

a(gx, gune1) + d(gy, gvns1) < d(gx, gu,) + d(gy, gvn),

which implies {d(gx, gu,) + d(gy, gv,)} is a non-increasing sequence. Hence there exists v = 0
such that lim,_ [d(gx, gu,) + d(gy,gvy)] = r.

Taking the limit in Eq. (9) asn — oo, we get
o(r) < o) —P(kr).
It follows that () < 0. From the property of 1y we have
Y(r) = 0and r = 0.

Therefore, lim,_ [d(gx, gu,) + d(gy,gv,)] = 0, which in turn implies that
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lim,_, d(gx, gu,) = 0andlim,_ . d(gy,gv,) = 0. (10)
Similarly, we can prove that

lim,_, d(gz, gu,) = 0andlim,_. d(gt,gv,) = 0. (11)_

From Eg. (10), Eqg. (11) and by the uniqueness of the limit, it follows that gx = gz and gy = gt.
Hence (gx, gy) is a unique coupled point of coincidence.

Since gx = F(x,y)and gy = F(y,x), by the weakly compatible of F and g, we have
9(gx) = g(F(x,y)) = F(gx,gy) and g(gy) = g(F(y,x)) = F(gy, gx).
Denoting gx = aand gy = b, we get
g(a) = F(a,b)and g(b) = F(b,a). (12)
Thus, (a, b) is a coupled coincidence point of Fand g.

Thenwithz = aandt = b, it follows that ga = gxand gb = gy. Thatis

g(@) = aand g(b) = b. (13)
From Eq. (12) and Eq. (13), we have
a = g(a) = F(a,b).
b = gb) = F(b,a).

Therefore, (a, b) is a coupled common fixed point of F and g.

To prove the uniqueness of the point (a, b), assume that (c, d) is another coupled common fixed point
of F and g, that is,

¢ = gc = F(c,d),d = gd = F(d,c).
Since (¢, d) is a coupled coincidence point of F and g, we have
gc = gx = aandgd = gy = b.
So,c = gc = ga = a andd = gd = gb = b.
Hence the coupled common fixed point is unique.

Theorem 4 Let (X,d) is a partially ordered complete metric space and F: X X X —» X and g :
X — X are maps where F has the mixed g-monotone property and for k € (0,1) satisfying

pld(F(x,y), Fw,v)) + d(F(y,x),Fv,w)] < ko(d(gx, guw) + d(gy,gv))
(14)

— P(k[d(gx, gu) + d(gy,gv)])

forall x,y,u,v € Xand gx > guand gy < gv. Suppose F(X X X) S g(X), g is continuous and
commutes with F and also suppose X has the following properties
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(a) If a non-decreasing sequence {x,} = x, then x,, < x for all n.
(b) If a non-increasing sequence {y,,} = y, then y,, > y for all n.

If there exist xy,yo € X such that gx, < F(xo,¥0) and gy, > F(¥o,%o), then F and g have a
coupled coincidence pint.

Proof. In Theorem 2, we have proved that {gx, }and {gy,,} are Cauchy sequences in X and since X is
complete, there exist x,y € X such that

lim,_ e gx, = xandlim,_, gy, = ¥.

From the continuity of g, we have

lim,,_,, g(gx,) = gx andlim,,, g(gy,) = gy-

Since F and g commute to each other, we have
9(Gxn+1) = g(F(xn, Yn)) = F(gxn, gyn and
9(@GYn+1) = gFE O x0)) = F(gyn, gxn).
Again { gx, } is a non-decreasing and gx,, — x, and {gy,,} is a non-increasing and

gyn = ¥.Sowe have gx, < xand gy, > y. Then by the triangle inequality, we have
@(d(gx, F(x,¥))) < ¢(d(gx,9(gxn+1)) + d(g(g%n+1), F (x,¥)))
= @(d(9x, 9(gxn+1)) + d(F(gxn, gyn), F(x,¥)))
< 9d(gx, 9(gxn+1))) + @(d(F(gxn, gyn), F (x,)))
< 9(d(gx 9(gxn+1))) + @(d(F(gxn, gy, F (x,)) (15)
+ d(F(9Yn, 9xn), F (¥, %)))
o(d(gx, 9(gxn+1))) + ko(d(g(gxn), gx)
+ d(g(gyn), 9¥)) — (k[d(g(gxn), gx)

+ d(g(gyn), 9¥)D.
Taking n — oo in Eq. (15), we get

IA

@(d(gx,F(x,y)) < 0.
This implies that F(x,y) = gx.

Similarly
@(d(9y, F(y,x))) < @(d(gy, 9(gYn+1)) + d(g(gYn+1), F(,x)))
@(d(9y,9(gyn+1) + d(F(gyn 9%2), F 3, %))
@(d(gy, 9(gyns1))) + 9(d(F(gyn, gxn), F(y,%)))
@(d(gy,9(gyn+1))) + 0(d(F(gyn, gxn), F(y, %)) (16)
+ d(F(9%n, gyn), F(x,)))
< 0(d(9y,9(Gyn+1))) + ko(d(g(gyn), 9y)

+d(g(gxn), gx) — Y(k[d(g(gyn), 9Y)

+ d(g(gxn), gD

INIA T IA

Taking n — oo in Eq. (16), we get
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od(gy, F(y,x)) <

This implies that F(y,x) = gy.

Therefore, (gx, gy) is a coupled point of coincidence and (x,y) a coupled coincidence point of F and
g.

Remark: If we take g = I (the identity map), then Theorem 2 will be reduced to Theorem 1.
Example: Let X = R be a set endowed with the usual order and usual metric

dx,y) = |x—yl
forall x,y € X.

(X, <) is a partially ordered set and (X, <, d) is a partially ordered metric space.

Define the mappings F: X x X - X by F(x,y) = x—;y

forall (x,y) € X x Xandg: X - X
by g (x) = >forallx € X. Then

(i) F and g are continuous.

(ii) For any x4,x, € X and for allx,y € X,gx; < gx, = F(x,y) < F(xp,y) and gy; <
gy, = F(x,y1) = F(x,y,) which implies F has g-monotone property.

(iii) There exist x, = 0 and y, = 0 such that xy, vy € X, gxo < F(xq,¥0) and

g¥o > F(yo, %), thatis, g(0) = 2= 0 < F(0,0) = =2 = 0and
g0 =2=03% FO0) =222 =
x-2y x-2y x y £ 2 x-2y
W) g(Fey) = g(=2 )= Z2and Fgx,gy) = F(L,%) = =22,
which shows that g(F (x,y)) = F(gx,gy)-
In addition
y_zx e
Q(F(y,x))—g( )= X and F(gy, gx) = F(z 2)— =
which gives that g(F(y,x)) = F(gy, gx).
Hence F and g are commutative.
i =3t =t =5
(i) Let p(t) = " P = . and k = o then

d(F(x, v), F(u, v)) + d(F(y, x), F(v, u))

x—2y U—2v. 2v

8

y—2x v2u
P55

2v-2 17 2u—-2x
-
8 8 8

1 1
5|x—u|+ ;|y—17|+ sly—vl+ Jlu—x|

IA
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3

=2(lx—ul +ly - vl).

and then
¢ (d(F,y), Fw ) + d(F(y,2), F(,w)) = 2 G (lx — ul + |y — v])

15
=5 Ux—ul+ly-vD,

d(gx, gu) + d(gy, gv) = [z =3+ 2| =3 lx—ul + 3 ly—vl =3 (x—ul + ly—v),

and
15y /5\ 1
ko(d(gx, gu) + d(gy,gv)) = (1—6) (Z) (E(Ix—ul + ly—vD))
75
= mﬂx_lﬂ + ly—v)).

Again, (k[d(gx, gu) + d(gy, gn)D) =2 (22 (x—ul + ly=vD) ) = 2 (lx—ul + ly—vD.

5
ko(d(gx,gu) + d(gy.gv)) — P(kld(gx,gu) + d(gy,gv)]) -

= 128(Ix—ul + ly—vl) -

3
-5 (x—ul + ly-vD)

63
= E(Ix—ul + ly—v).

Hence
15
¢ (d(FGY), F) + d(FO,2),F,w)) = 55 (x —ul + Iy = v])

< ko(d(gx, gu) + d(gy, gv))
—yP(kld(gx, gu) + d(gy,gv)])

63
= g (x—ul + [y-vD).
Therefore, all the conditions of the Theorem 2 hold and Fand g have a unique coupled point of
coincidence and a unique coupled common fixed point which are (g0, g0) and (0,0) respectively.
This is because g(F(0,0)) = F(g0, g0) = F(0,0) = 0.

CONCLUSION

In 2018, Liu et al. established the existence of coupled fixed point for mapping satisfying certain
contraction condition in a complete partially ordered metric space. In this paper, we have explored the
properties of partially ordered metric spaces and established and proved the existence and uniqueness
of coupled coincidence and coupled common fixed point results for a pair of mixed monotone
mappings satisfying certain contractive condition in the setting of partially ordered metric spaces.
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Also, we provided an example in support of our main result. Our work extended coupled fixed point
result of a single map to coupled coincidence point and coupled common fixed point results for a pair
of maps. The presented theorems extend and generalize several well-known comparable results in
literature.
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