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Abstract: In the modern era of statistics,
distribution theory plays a crucial role in
accurately modelling phenomena across
various scientific fields. Traditional statistical
distributions often fall short of adequately
representing complex lifetime data. To address
this limitation, this study introduces the
Exponentiated Type Il Generalized Topp-
Leone-G (ET2GTL-G) family of distributions.
This study employs the maximum likelihood
estimation (MLE) method to estimate the
parameters of the ET2GTL-G family and
illustrates its application to two real-life
datasets: (1) civil engineering hailing times,
and (2) failure and service times for a
windshield. Comparative analyses  with
existing  distributions, such as the
Kumaraswamy Extension Exponential
(KEED), Kumaraswamy Exponential (KED),
Exponential ~ Generalized  Exponentiated
Exponential (EGEE), and Exponentiated
Weibull-Exponential (EWED) distributions,
highlight the superior goodness-of-fit and
empirical flexibility of the ET2GTL-G
distribution. For the first dataset, the ET2GTL-
G distribution reported a minimum Akaike
Information Criterion (AIC) value of 274.7174,
compared to the next best-fit KED with an AIC
value of 275.0377. For the second dataset, the
ET2GTL-G distribution achieved an AIC value
of 204.2458, outperforming the EGEE
distribution which had an AIC value of
206.9956. These results underscore the
potential of the ET2GTL-G family to improve
the modelling of lifetime data, thereby
contributing significantly to the fields of
medicine, engineering, and beyond.
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1.0 Introduction

The role of distribution theory is particularly
powerful in the modern period of statistics.
Without selecting the right mathematical form
of a model, statistical modelling of the
phenomenon, applications, or data validity
might be a little bit challenging. In many fields
of pure science and social science, traditional
statistical distributions have been utilized to
derive inferences and model data such as
modelling  environment  pollution in
environmental science, modelling duration
without claims in actuarial science, modelling
machines' life cycle in engineering, modelling
patient survival times after surgery in medical
sciences, the modelling failure rate of software
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in computer science, and measuring average
time from marriage to divorce in social
sciences. According to Yahaya and Doguwa
(2021), many problems abound in various
fields of human endeavour cannot be perfectly
and adequately handled by most commonly
known conventional probability distributions
available for modelling lifetime data sets such
as Normal, Weibull, Pareto, Gomepertz,
Rayleigh, Exponential, e.t.c, and there is a clear
need for an extended version of these classical
distributions to enhance their capability while
also improving their goodness of fit. Some of
well- the well-known modified families of
distributions in the literature proposed by
different researchers to improve the standard
theoretical distribution but are not limited to
the Beta-G by Eugene et al.(2002), Weibull-X
family of distributions of Alzaatreh et al
(2013), Exponentiated Generalized class of
Cordeiro et al.(2013), Logistics-G introduced
by Torabi and Montzeri (2014), Gamma-X
family of Alzaatreh et al. (2014), Odd
Generalized Exponential-G of Tahir et al.
(2015), Type I half- logistic family of Cordeiro
et al. (2016), Kumaraswamy-Weibull-
Generated family of Hassan and Elgarhy
(2016), New Weibull-G family of Tahir et al
(2016), Generalized Transmuted-G of Nofal et
al.(2017), New Generalized family of
distributions of Ahmad (2018), Topp-Leone
Kumaraswamy- G family of distribution by
Ibrahim et al. (2020), Rayleigh-Exponentiated
Odd Generalized-X Family by Yahaya and
Doguwa (2021), Type | Half Logistic
Exponentiated-G family by Bello et al (2021).
According to Hussain et al. (2023), the
Generalized  distribution can be used

effectively in fitting lifetime datasets because it
can accommodate monotonic and non-
monotonic data characteristics. Since there is a
clear need for generalized families of
distributions to offer greater distributional
flexibility and be able to model lifetime with
monotonically and non-monotonically
increasing, decreasing and constant or more
importantly with bathtub-shaped failure rates,
Hence, this study proposed Exponentiated
Type Il Generalized Topp-Leone-G family of
distribution capable of modelling with
monotonic and  non-monotonic  hazard
functions that can provide better fits to medical
and Engineering data.

In this work, a new generalized family of
distribution is  proposed called the
Exponentiated Type Il Generalized Topp-
Leone-G family (ET.GTL-G) from the
Cumulative Distribution Function (cdf) of the
Exponentiated-G family defined by Guptal et
al. (1998) as

FEG(X;G,f):Gg(X;f) (1)
With the pdf of;
fes (%,6,£) =09 (%, £)G ™ (x;¢) )

Where @is a shape parameter belonging to a
set of positive real numbers (i.e. €>0).
According to Alzaatreh et al. (2013), the cdf of
the T-X family of distribution is given as

W[G(x)]
F(x)= [ rod=RW[c(x)]] @
where W[(ls(x)] must be found to satisfy the
following conditions
(i) W[G(X)] e[ a,]

(i)  W[G(x)]is differentiable and monotonically non-decreasing, and (4)

(iii)  W[G(X)] > a, asx —-0and W [G(X)] > a, as X >

Let r(t) be the pdf of a random variable T €[e;, @, ]for —0 <@, <a, <wand W[G(x)] be a

function of the cdf of a random variable X .

Then the pdf corresponding to equation (3.3) is given by;
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f(x)= { [G(x)]}rw GO ©)

Let X be any arbitrary random variable with CDF:G(x;&).Also, let T e (e, ,) be a random

variable with a PDF: r(t). Furthermore, let our proposed link function be Type Il Generalized
Topp-Leone family of distribution, (Hassan et al., 2019) and it is given as,

Fron o(tia,8) =1-[1-H¥ (&) | (6)
And the Probability Density Function (pdf) is given as
szGTL—G t B,a, &) =2apn(t; £)H zﬁil(t; ) [1_ H? (t; 5)}0!_1 @)

where #>0,a>0;t>0and F(t;&) and f (t;£) are the cdf and pdf of the baseline distribution
with parameter vector & .

2.0 Exponentiated Type Il Generalized Topp-Leone-G Family Of Distribution (ET.GTL-G)
The CDF of ET.GTL-G family of distribution that generalized T.GTL-G is given by:

Ferar o t, p,a,6,8) = |:1_[1_ H 24 (t; f)]a} o
And its pdf is derived as

feren ot B.2,0,8) = 2afOnGOH (t:6)[1-HY (t 5}“[1—[1—H2ﬂ(t;§)]“]

9)
Proof:
Let the Exponentiated-G be the baseline distribution with the cdf and pdf defined in equations (1)
and (2) and let equation (6) be the link function, we can write;
Fretc (65.a.5)

FerorotB@,0,6)= [ fe(x:6,£)dx (10)

0

6-1

Hi-H ()"

Feren s t8,2,0,9)= [ 09(x£)G" (x&)x (12)

0

Let y=G(x;&), when x —0, y —0, when x >1- [1 H? (t ] y—{ —[l—HZﬂ(t;f)]a}

Yo g(xe) o= Y

dx 9(x;$)
el | dy
" F t;5,a,0,&) = 0g(x; &)y
ETZGTL—G( B.a,0,8) '([ g(x f)y 9(x.&)
|:1—[1—H Zﬂ(t;g)]q

Fererio t B a,0,5)=0 J. y’ 'y

0




Communication in Physical Sciences, 2024, 11(4): 785-798

Y‘Hﬂ [1{1*"'” (t?ff)ﬂ
Ft, 6,a,6,&) = 6{0_14_]]

0

0 ‘[1[1H Z/f(t;.f)T}

0

[
=[1—[1—H2ﬂ(t;§)] } 0
14
FETZGTL—G t6,a,0,8) = |:1_[1— H?/ (t; 5)] }
3.0 Important Representation
The binomial expansion to expand cdf of ET.GTL-G is given below as;

-3

i=0 |
Using the series expansion in equation (12), then equation (8) becomes

[F()]
[REICE Y E (4 FRLTER)

Consider;

[1-HE” | =3 (1) (Oj j H (&)

j=0
Therefore,

1 HE T ] =33 () (9_"}(0? ] H(te)”

i+j Hh i
where; B, =(-1)"" (a j
Also, we have expansion for pdf as;

f(t,a,B,0,8) = ii%h(t;f)H (t;é:)Zﬁ(m—l)—l

p=0 n=0

where; 7, = 2a86(-1)"" {Hglj(a(“nk)—lj

788

(12)

(13)

(14)
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4.0 Statistical Properties of ET.GTL-G
Family of Distribution

In this section, some statistical properties of the
ET.GTL-G family of distributions were
derived.

4.1 Moments

Since the moments are necessary and important
in any statistical analysis, especially in
applications. Therefore, r™the moment for the
variable T ~ ET,GTL -G says x', is derived as

follows;

=E(tr):Ttrf(t)dt

(15)

By using important representation in equation (14), we have

_ jtf 2apONGAH (5:2)7 " Y (1) [9 ;1j[a(1+ ) _1jdt

p.n=0

§)2/>’(n+l) dt

v 3

4.2 Moment Generating Function (MGF)

o'—.r—\

" (16)

(17)

The Moment Generating Function T ~ ET,GTL -G is given as:

t)= Te“f (t)dt

(18)

By using important representation in (14), we have

=J- z}/q 5)2:5“” dt
0 pa0
t)zzqur
p,n=0

where, B, je‘xyq (EE)H ()7 dt

4.3 Probability Weighted Moments (PWM)

The class of moment used to describe inverse
form estimators for the parameters and
quantiles of a distribution is known as
Probability Weighted Moments (PWMs) and
was proposed by Greenwood et al., (1979).
The PWMs, represented by zr,scan be

derived for a random variable T using the
following relationship.
1

rr,s=jT'2aﬁ9h(t;§)

>3 (-

i,j=0 p,n=0

o)

(19)

(20)

or,s=E[T'F(t)° ] jT f(t ) dt

(21)
The PMWs are derived by substituting
equations (13) and (14) into equation (21)
replacing h with s, we have

(22)

Ofi]H (t;g)Zﬁ(nJerrl)—l dt

J
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7r,s :J.Triiiiyqﬂkh(t,g)H (t;g)Zﬂ(nH#l)—l dt
0 p=0

n=0 i=0 j=0

- iiiiﬂ/pﬂijrh(t;g) H (t;éj)Zﬂ(n+j+l)—1 dt
rr,S:iiii7Pﬂk-Tr12ﬂ(n+j+1)_1

(23)

(24)

(25)

1 .
where, rr,Zﬂ(rH_ j +1)—1=_[Trh(t;§)H (t;g)Zﬂ(n+J+l)—l
0

4.4  Quantile Function of ET.GTL-G

The quantile function is an important tool to
create random variables from any continuous
probability distribution. As a result, it has a
significant position in probability theory. For t
, the quantile functionis F(t)=U , where U is

distributed as U (0,1). The ET2.GTL-G family
is easily simulated by inverting equation (8)

which yields the Quantile function Q(U)
defined as
Q(u)=H (&) 1{1—u9

(26)

R(t;0,a,&)=P(T >t)=1-F(t;¢)

R(t;0,0,&)=P(T >t) =1—[1_[1_ H 2/ (t;g)ﬂg

4.6 Hazard Function

where H (t;é)f1 is the quantile function of the

baseline cdf G(t;&). The first quartile, the

median and the third quartile are obtained by
settingg U =025~ U =05 U =0.75,

respectively in equation (26)
where t=Q" is the quantile function of the
baseline distribution.

4.5 Reliability Function

The Probability of an item not failing before
some time is known as the survival or
reliability function and it is defined as;

(27)

The hazard function is the probability of an event of interest occurring within a relatively short

period and it is given as;

T(Ga p0,8) -~ E@ P 0:E)

R(ta, B,6;¢)

2aﬂ9h(t;§)H(t;§)2ﬂ-1[1—H(t;cs)Zﬂ]“‘l[l-@_H(t;g)wﬂ"

-1

T(te,B.6;¢)=

4.7 Distribution of Order Statistics

Order statistics have been extensively applied
in many fields of statistics, such as reliability
and life testing. Let T,T,..T be independent

Py <

S

1—[1—[1— H (t;g)Z”TT

(28)

and identically distributed (i.i.d)random

variables with their corresponding continuous
distribution function F(t) . Let

T, <T,, <..<T,the corresponding ordered
random sample be from a population of size n.
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LetF, (t) and f, (t),r =1,2,3...,ndenote  the
cdf and pdf of the r"order statistics T,,

1
f (t)=——
e (1) B(r,n—r+1

respectively. David (1970) gave the probability
density function of T, as;

) FPO[1-F()] (1) (29)

By substituting equation (8) and equation (9) into equation (29), we have;

20pONGAOH 87 [1-HEE” ] 1-[1-HES™ ]|

r-1 n-r

S

(30)

6-1

The pdf of the maximum order statistics is obtained by setting r=n equation (30) as;

o (G 8.6,€) = 2napon(t YHY G [1-H (t:) | [1—[1— H 2 (t;g)ﬂ

n-1

{[1—[1— Hzﬁ(t;é)]aﬂ

6-1

Also, the pdf of the minimum order statistics is obtained by setting r =1in equation (3.30)

f (6, 5,0.8) = 2napon( O G A[1- 1 (66) ] [1-[1-w (66) ']

n-1

{1—[1—[1— H2 (t;é)]aﬂ

5.0 Sub-Model

In this section, we provide a sub-model of this
family corresponding to the baseline
Exponential (Ex) distribution to show the
flexibility of the new family.

5.1 Exponentiated Type Il Generalized Topp-
Leone Exponential Distribution (ET.GTLEX)

Let us consider the Exponential distribution
which is the baseline distribution with
parameters & with cumulative distribution and

(31)
(32)
probability ~ density  functions  given,
respectively by;
He, (t;6)=1-e™ (33)
and
he, (t;5) = oe™ (34)

where t >0,6 >0

Then the cdf and pdf of the proposed
ET.GTLEX distribution with four parameters
are obtained by inserting equation (33) into
equation (8) and are respectively given as

FETZGTLEX (t; ﬂ’ a,0, 5) = [1_ [1_ [1_ e—é‘t]Zﬂ]a ]9 (35)

and

ferone (. 8.2.0,6,£) = 2Babse " [1-e " [1—[1— e ]wr [1—[1—[1_ e }zﬂT T_l

(36)

where t>0,«,6,and.o >0, are the shape parameters ¢ > 0 is a scale parameter
Furthermore, the following are the reliability function, hazard rate function and quantile function

respectively

R

e N

S
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R(tct, ,6,5) = [ -[1-[1-e] H
(37)
a -1
2patse * [1-e* " ‘1[1—[1 e’ } {1-[1-[1-;(“]2‘3 H
r(t; 8, a,6,8) = - :
1{1— 1—[1—ef“]ﬂ } (38)
1
-1 2p
L og|1-|1-|1-U7 |"
t=Q(U)==|-lo
QU)=5| e _ (39)
u — 012612 5=12 p=12 5 — =128=125-12-09
- =1762125=12 p=12 BRIt
1=228=12 =12 =12 B e
. “ - q=2T8=125=12 p=12 a=126=126=12 p=
\__ " \
N g‘
1
5 @ 2 3
v_
° T T T I T T ° I T I I I
0 1 2 3 4 5 0 1 2 3 4

Fig. 1. Plots of Pdf of the ET2GTLEXx distribution for different parameter values.
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Fig. 2. Plots of Hazard function of the ET.GTLEXx distribution for different parameter
values.

6.0 Parameter Estimation ET>GTL-G family. Then, the likelihood

In this work, the maximum likelihood Estimate function based on the observed sample for the

T . .
is used to estimate the unknown parameter of ~ Vector ¢ of the parameter (05 B,0,& ) 1s given
the ET2GTL-G family for complete data. Let  by;

t,t,..t,be a random sample of size N from the

log(¢#)=nlog(2)+nlog(a)+nlog(B)+nlog(8)+

g|og[h(t;(§)]+(2ﬂ—1)§|og[H (t;g)]+(a-1)g|og[l_ H (tif)zq+(9—1)§log[l—[1—H (t;é)zqa}

(47)
The components of the score Vector U = (U{I,Uﬂ,Ug,Uf)T are given as
o [1-H (6E)” ] log[1-H (1)
u =—+Z|og[1 H ()" |+ (60- 12[ (62)"] log] a( ] (48)
a = [1—[1—H(t;§)2ﬂ} }
n n 0 H(t 2ﬁlogH( 5)
=—4+25 | X -
gt EOQ[H(t )+ (e le 1-H(t¢)”
4 (49)

—H(t;¢ Zﬁ}a H(t;g)zﬂ IogH(t;g)
1-[1-H ()" [
_H (t;g)zqa} (50)
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_ehE) e e H(EE)
U‘f_izl h(t; &) (27 1); H (t;¢) 2A(

o [1-H )" | TH G H ()

1)Zn: H(t;&)" (t g)

T 1-H(te)”
(51)

2pa(6-1) [1_[1_ y (t;g)w]a}

Equating U,,U;U,=0 and solving these

equations simultaneously yields the MLEs.
Equation (48), (49), (50) and equation (51)
cannot be solved analytically, and analytical
software is required to solve them numerically.

7.0  Application to Real-Life Dataset

In this section, we fit the ET.GTLEX
distribution to two real data sets and give a
comparative study with the fits of the
Kumaraswamy Extension Exponential
distribution (KEED) by Elbatal, et al., (2018).
Kumaraswamy  Exponential  distribution

( ) VBl (1+ /IX)a 1 () |:1_ Q1) :|7_l l:l_ |:1_ et T}

(KED) by Adepoju and Chukwu (2015), The
Exponential ~ Generalized  Exponentiated
Exponential distribution (EGEE) by Bukoye
and Oyeyemi, (2018), The Exponentiated
Weibull-Exponential distribution (EWED) by
Elgarhy, et al. (2017). as comparator
distributions for illustrative purposes. This
application proved empirically the flexibility of
the new distribution in modeling real-life data.
All the computations are performed using the
AdequacyModel package in R software.

The KEED by Elbatal, et al., (2018) has a
probability density function given as:

-1
(52)

The KED by Adebayo and Chukwu (2015) has pdf defined as:

(9 =apre (1o ] [1-[1-e T ]

(53)

The EGEE by Bukoye and Oyeyemi, (2018) has pdf defined as:

f(x)=

And

A LA T p
azﬂe_;{l e 6} {1{1e9} ] 1{1{1e9} ]

(54)

The EWED by Elgarhy, et al. (2017). has pdf given as:

P B

The two datasets that were used as examples in
the application demonstrate the new family of

distributions’  flexibility and ‘best fit’
compared to the above comparator
Data Set 1

(55)
distributions in modelling the data sets
experimentally. The R programming language
is used to carry out all of the computations.

The first data set as listed below represents the data set shown below represents the civil engineering data
with 85 hailing times, previously used by Kotz and Dorp (2004):

4.79, 4.75, 5.40, 4.70, 6.50, 5.30, 6.00, 5.90, 4.80, 6.70, 6.00, 4.95, 7.90, 5.40, 3.50, 4.54, 6.90, 5.80, 5.40,
5.70, 8.00, 5.40, 5.60, 7.50, 7.00, 4.60, 3.20, 3.90, 5.90, 3.40, 5.20, 5.90, 4.40, 5.20, 7.40, 5.70, 6.00, 3.60,
6.20, 5.70, 5.80, 5.90, 6.00, 5.15, 6.00, 4.82, 5.90, 6.00, 7.30, 7.10, 4.73, 5.90, 3.60, 6.30, 7.00, 5.10, 6.00,
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6.60, 4.40, 6.80, 5.60, 5.90, 5.90, 8.60, 6.00, 5.80, 5.40, 6.50, 4.80, 6.40, 4.15, 4.90, 6.50, 8.20, 7.00, 8.50,
5.90, 4.40, 5.80, 4.30, 5.10, 5.90, 4.70, 3.50, 6.80.

04

0 | o ETZ2GTFLER
== EGEEX
KEXx

—\ = KEEX
=l EWEx

Density

Data

Fig. 3: Fitted pdfs for the ET.GTLEX, EGEEX, KEX, KEEX, and EWEX, distributions to the data set
1

Table 1: MLE, Log-Likelihood and Goodness of fits statistics for Data 1

Distribution J/j a 0 A 4 o LL AIC
ET.GTLEx 4.7976  6.0888 2.0676 - - 0.3273 -133.3587  274.7174
EGEE 9.9583  4.5668 3.5730 3.3744 - - -135.235 278.47
KED 0.2888 11.7176 - 8.5072 - - -134.5189  275.0377
KEED 5.1259 3.0992 0.0590 7.4310 -134.9512 277.9023

EWED 0.3117  0.0060 - 0.2926  0.5932 - -444.6284  897.2569

Table 1 presents the results of the Maximum  presented in Figure 3, also confirms the
Likelihood Estimation of the parameters of the  superiority of the proposed distribution
proposed distribution and the Four comparator ~ amongst its comparators. Thus the proposed
distributions. Based on the goodness of fit distribution ‘best fit’ civil engineering data
measure, the proposed distribution reported the  hailing times data set amongst the range of
minimum AIC value, though followed closely  distributions considered.

by the KED. The visual inspection of the fit

Data Set 2

The second data set shown below represents the failure and service times for a windshield,
previously used Kundu and Ragab (2009):

0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 1.719, 2.717, 0.280, 1.794,
2.819, 0.313, 1.915, 2.820, 0.389, 1.920, 2.878, 0.487, 1.963, 2.950, 0.622, 1.978, 3.003, 0.900,
2.053, 3.102, 0.952, 2.065, 3.304, 0.996, 2.117, 3.483,1.003, 2.137, 3.500, 1.010, 2.141, 3.622,
1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240, 4.015, 1.183, 2.341, 4.628, 1.244, 2.435,
4.806, 1.249, 2.464, 4.881,1.262, 2.543, 5.140.
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Fig. 5: Fitted pdfs for the ET.GTLEX, EGEEX, KEX, KEEX, and EWEX, distributions to the data set

2

Table 2: MLE, Log-Likelihood and Goodness of fits statistics for Data set 2
Distribution p a % A 4 o LL AIC
ET.GTLEx 4.6739  4.2458 0.1610 - 0.4472  -98.1229  204.2458
EGEE 0.3570  8.1041 3.8821  4.0832 - -99.49782  206.9956
KED 0.2445  1.8150 - 4.3041 - -101.8542  209.7085
KEED 2.0812  6.3446 0.0409 1.5193 -99.61453  207.2291
EWED 0.3813  0.8037 1.0111 3.1110 -99.76702  207.534

Table 2 presents the results of the Maximum
Likelihood Estimation of the parameters of the
proposed distribution and the four comparator
distributions. Based on the goodness of fit
measure, the proposed distribution reported the
minimum AIC value, though followed closely
by the EGEE. The visual inspection of the fit
presented in Figure 3, also confirms the
superiority of the proposed distribution
amongst its comparators. Thus the proposed
distribution ‘best fit’ failure and service times
for a windshield data set amongst the range of
distributions considered.

8.0 Conclusion

This study introduced the Exponentiated Type
Il Generalized Topp-Leone-G (ET2GTL-G)
family of distributions, designed to offer
greater flexibility in modeling complex
lifetime data. The ET2GTL-G distribution
integrates the cumulative distribution function
of the Exponentiated-G family with a Type Il
Generalized Topp-Leone link  function,
resulting in a versatile model capable of

representing both monotonic and non-
monotonic hazard functions. Key statistical

properties, such as moments, moment
generating function, probability weighted
moments, quantile  function, reliability

function, hazard function, and the distribution
of order statistics, were derived and analyzed
comprehensively.

Using the maximum likelihood estimation
method, the parameters of the ET2GTL-G
family were estimated and applied to real-life
datasets: civil engineering hailing times and
failure/service times for a windshield. The
comparative analyses revealed that the
ET2GTL-G distribution outperformed existing
distributions, such as the Kumaraswamy
Extension Exponential, Kumaraswamy
Exponential, Exponential Generalized
Exponentiated Exponential, and Exponentiated
Weibull-Exponential ~ distributions.  The
ET2GTL-G distribution reported lower Akaike
Information Criterion (AIC) values, indicating
a better fit for the data.
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The results underscore the potential of the
ET2GTL-G family to enhance the modeling of
lifetime data, contributing significantly to
fields like medical and engineering. Future
research should focus on exploring the
application of the ET2GTL-G family to a
broader range of datasets and investigating the
potential  for  further  extensions  or
modifications to improve its flexibility and
applicability in other domains.
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