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ABSTRACT

In this paper, we consider a coupled time-fractional heat equations, one homogeneous and
the other a non-homogeneous. Analytic solutions of the involved variables, the main and
auxiliary, are presented with a special attention on the fractional order derivative a on the
range of (0, 1]. The main variable may represent some density function while the auxiliary
function plays the role of a source function. We consider the well-posedness of solution of
the equation in the sense of Lipschitz and energy method. Scaling becomes important tools
for the study of the solution near the singularity and larger numerical resolutions. We
present the analytic solutions of the system using the method of Fourier and Laplace
transforms, where one finds the solution in terms of a Green’s function, which is a scaled
Mittag-Leffler's function. The behaviour of the main and auxiliary variables is depicted
using numerical approximation.

Keywords: Caputo’s Fractional derivative, Laplace transform, Fourier transform, heat
equations, well-posedness.

INTRODUCTION conduction problem where heat diffuses through
Heat equation is famously known for the two connected media with different diffusion
description of heat diffusion in a a certain region. coefficients. References on the integer and

The equation was firstly studied by the Josheph fractional heat diffusion problems are
Fourier (1822), for instance see Cannon (1984) respectively Thambynayagam (2011) and
and Elsaid et al. (2016). As an evolution equation, Cosiglio (2019).

the main function «({ x) depends on the Fractional time heat equation has received a
temporal-variable ¢ It appears in several areas of significant attention in recent years in the area of
mathematics and application such as financial fractional calculus. In Mclean (2011), regular type

mathematics to model options, image analysis of solution to the time-fractional heat equation is
(Perona & Malik 1990) and in machine learning. studied. The evolution behaviour of the fractional
Several analytic and numerical techniques are diffusive wave equation considered in Cosiglio &
used in solving the heat equation including Mainardi (2019). Several other additional results
Fourier-Laplace methods, Crank-Nicolson (1947), on the issue of time-fraction heat equations are
... . These approaches are mostly applicable to available in Kochubei (2008), Li et al. (2015),
the both homogeneous and non-homogeneous Mainardi et. al. (2007), Mainardi et. al. (2008),
heat equations, where the latter is meant to Wilmott et. al. (1995), Zecova (2014), and the

represent heat problem with a source term. references therein.

In this work, we intend to study the solution Here we are concerned in the analytic
behaviour of the fractional time version of the solutions to the system of fractional
non-homogeneous heat equation where the problem, for 0 < a < 1,

source term satisfies a homogeneous heat
problem. This problem can be thought as a heat
0%u(x,t)  d%u(x,t)

I T +uT(x,t), Q=({,RY)cRxR* (D
u(0,x) = f(x), u(t,x)=0, on dlfort>0, (2)
0%T (x,t) 0%u(x,t)

5ra =, 32 , 0<a<l,xelcRt>0 3)
u(0,x) = f(x), u(t,x) =0, on dlfort>0 4
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where v;,v, are the thermal diffusivity
coefficients of two different media. By taking the
domain I = R, it simply means that the influence

(1

| f (m) )

DEF(®) = { Fon—a) ] (=

Fm@©,

This system of heat equation problem can be
described as one which deals with heat transfer
between two media of different thermal
diffusivity coefficients. The behaviour of the heat
flow in one media, the non-homogeneous heat
equation, depends on the behaviour of the other,
the homogeneous one. Or equivalently, the

of the actual boundaries is negligible. Moreover,
the fractional-time derivative of a function f(t) is

a%f . ’
DEf = Fg in Caputo’s sense, reads

dr, m—1<a<m

)
m=a

WELL-POSEDNESS

In this section, we consider the question of well-
posedness of the Cauchy problem. This is the
case of existence, uniqueness and continuous
dependence of solution on the initial data.
Existence & Uniqueness. Let us first define
fractional integral operator D;/“. Since

source of heat from one material depends on the
heat transferred from the other material.

t

Ditu(t,x) = Ju(‘[ x)dr then D %u(t,x) = @ )j(t — )% Yu(r,x)dr.

Expressing the heat equatlon using the fractional-time derlvatlve Df, we've
Dffu = v, 0%u+ F(t,x,T), (6)
where F(t,x,T) = u,T (¢, x). Applying direct fractional-time derivative D;* on both-sides to have
u(t,x) —u(0,x) = le{“(azu) + Dy *(F(t,x,T))

j(t —1)%192u(r, x)dr + —J(t —1)* 1 F(1,x, T)dr

r() I'(a)

By the Duhamel’s principle the solutlon reads

~ 1 ]
w(t,x) = Di® fRK(" = VF(6Y DY = s f fm(t — DK (x = YF(Ly, TdydT  (7)
0

where K(t,x) = t* ' K(x) and K(x) are the heat kernel functions for the integrals with respect to

t and x respectively. Then, with the initial condition 1 (0, x) = uy(x)
t

1
u(t,x) = —

I'(a) 2

The result of existence of such solution is
provided in Luchko (2009) where v is expressed
in terms of Fourier series. In (Li et al. 2015),
existence and uniqueness results for coupled
diffusion systems were discussed using
eigenfunction expansion. For more results on the
existence and uniqueness of solution see Luchko
(2009) and the references therein.

= g(x), equation (7) reads

f K(x—y,t)g(y)dy + f f K(x—vy,t—1)F(z,y, T)dydr] (8)
R
0

Theorem 2.1. Suppose the IVP above has a
continuous solution in Q x [0,t*] for t* > 0 and
finite real number, then the solution is unigue.
To check for uniqueness, we assume there are
two different solutions u;, and u,. We let v = u, —
u,. Consequently, the system of the equations
(1)-(4), as all the operators are linear, reduces to
a single one-dimensional problem in v only:

2%v(x,t) 0%v(x,t)
e ~Vi—5 53— =0, xR’
v(0,x)=0, v(t,x)=0, on dQfort>0.

The equation (3) in the system (1)-(4) is not considered, as the equation for vis independent of
the temperature variable T(t, x). By using the energy method, the mass of the solution is given as
J(@) = J-vz da.

Q

The fractional-time derivative of X{), using m = 1 in the general derivative form (5), yields
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2

0°j()
ot«

at«

zf (6“17) 40 =2 f 0V 0 =2 f W 109) 2 f|v 12da
= Vel— = V. VvV —= = 4V V— — LV v .
Q ! o 0x? ! aa 0N ! Q

The last equality is obtained by applying Divergence theorem. Again, by the virtue of the relation that

ofv —v,02v = 0 one gets

9] (t)
at*
Obviously, % < 0 if v; > 0 which has been the

case considered in this paper. As a result, the A{)
is a nonincreasing function, with the fact that X0)
= 0 and X&) =0 implies that A# = 0. However,
the integral [v? being nonnegative and
continuous w.r.t. all its arguments, it then follows
that vis identically zero for £ > 0. Thus u; —u, =
v=0 or u, =u, thereby proving that the
solution is unique.

d“a(t,k)
dt@

= —2v1J- [Vv|2dQ.
Q

Continuous Dependence.

Theorem 2.2. Suyppose (6) is defined on and
within Rt x Q. If f is continuous and u € SQ),
then, the Lipschitz condition is satisfied and the
solution depends continuously on the initial data
uo, X).
Proof. Suppose u = u(t,x) is a solution of the
main fractional equation (1). Suppose further
that 92w is continuous on R* x Q. Then, from the
relation (in Fourier space)

=-—vk?a(t k) +F 9

obtained by the Fourier transform F(u): = @ = [ u(t,x)e"**dx of both sides of (6). Let us take the

right-hand-side of (9) to be G = —v,k? @i + F, so we have

|G1(t,uy) — Go(tuy)| = |[—vik? ey, k) + F + vik? 4(ty, k) — F| < vik?|a, — Q).
As we can find Lipschitz's constant L. := v;k? > 0, the Lipschitz condition is satisfied. To check for
continuous dependence, suppose 1 = (£, k) be a perturbation to the solution 1 so that the
perturbation of the corresponding initial data satisfies |&, — @,| < 6. Then, we want to show that
|& — 2| < ¢, for & small positive. By direct integration of (9),

t
DS = ~ (t B T)a_l X oA
|u—u|s|u0—u0|+LC W|u—u|dr (10)
0
Letting W (t): = [ (t_;(g " |& - a|dr we have
d*w
I LW <é.

Finding an integrating factor I(t, k), we write
a

at
where 1(t,k) = Eqy (—D *(Le)) = Eas (—

Lct®
INa+1)

d
— W) I(t, k)] <6-1(t,k)
) is a Mittag-Leffler’s function. Upon integrating with

respect to t%, and noting that D;%[E, s (At%)] = tF~[E, s (At*) — 1]/4, one gets
t

L t“

W Eas (_ T(a + 1)) = 1"(60() Of(t ~ 0 b <_ T

< 0 [E ( L,
- L, “\ T(a+1)

"Tla+1)
Then,

NCES))
P s e

L.T* )d _ sD-9E ( L.t% )
T=0% Bat\TTa+ 1)

— t
L, T(a + 1)

W(t) < 6“%?1)[1 —Eqs <—ﬁt“)].

And the inequality (10) becomes

|2t k) —act k)| <6 +L, - 5@[

c

LC
I(a+1)

where ¢ = 6T (a+ 1)/E, 4 (—

r

_Lta)] - 6T+ 1) .
I'a+1) - L. « —
Eqn _mtmax

t{flax) for finite |t| < tnax. This establishes the proof.

By virtue of the Fourier inversion theorem for Schwartz functions, the proof above shows that the
function u(t, x) in the physical space depends continuously on the initial data u,(x) = f(x).
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Furthermore, one concludes that the Cauchy SELF-SIMILAR SOLUTION

problem (1)-(4) is well-posed having established When a solution is known to exist, we may

the proofs of existence, uniqueness and construct another solution through scaling. It is

continuous dependence. extremely important especially for solutions
developing singularity, i.e., if v has the tendency
to grow with no bound in either of space or time
scale. A self-similar solution is constructed via the
transformations

u - i = 2%, 1°x), t-&=2%, x > %¥=Ax forab,c€ER (11)
where A is refer to as scaling parameter. The time derivative term, for @ # m, using (11) transforms
to

t t
0%u(t,x) B 1 u™ (x, 1) dr = 1 j A~2qm (x, 7)
at*  T'(m-a)) (t—T1)ttem t= I'(m—a)) (AP — A-bf)i+a-m
0 0
This simplifies to

A(l—m)b df

d%u(t, x) s 0%1i(t, x)
— j1—a+(a-2m+2)b
ate A ate (12)
Similarly, for the second order spatial derivative we have
du(x,t) __ 0i(xt) u(x,t) ., 0%1(xt)
_ e - pemzal 1
dx A ox ' dx2 A %2 13
Combining the two results (12) and (13), the main equation (1) transforms to
0%1i(t, x) 0% 1(t, x) _
—a+(a—2m+2)b — c-2a
A 7a A 72 +uT(tx) (14)

The equation (14) stays invariant if a = (« — 2m + 2)b and ¢ = 2a. Consequently, if a =1 then ¢ =2
and b = 1/(a — 2m + 2) for m € N. The self-similar solution now becomes:

1
a0 = 2uE D) = 1u (A—a—2m+2t, Azx) (15)

where t = Amt and % = A%x. The original function u from the scaled solution (15) reads
1 t X
u(x,t) =I u(m,/l—z .
The simulation of the solutions, especially, on defined on the whole R = (-, ) so we can
high resolution are best improved through apply Fourier transform in space and Laplace
scaling. The amplitude u(x, £) and the relevant transform in time. We impose the conditions that
variables x, t are equally scaled appropriately. at the boundary 7(x, ) = 0 as x —»+» (i.e.
The advantage here is that one reduces temperature is negligible in the past or future in
computational cost while simulating the solution the region of study. In this regard, we are
as accurately as possible. This is done by taking considering free temperature flow, negligible
the value(s) of 1 as sufficiently small or large as outside the region but accumulated inside the
appropriate, see Elsaid et. al. (2016) for more. region of study.). Therefore, we apply the
ANALYTIC APPROACH Fourier-Laplace transform technique to solve the
We apply the Fourier-Laplace transform problem (1).
to the problem (1), however, we must solve the We first write the Fourier transform of the
second equation first as the first equation fractional time derivatives for 7 of the first
involves the variable 7. We take the Fourier equation by applying integration by parts to the
transform of fractional derivative of function right-hand-sides:

u(t,x) as F(Dfuw)(t, k) = aa;‘t(i'k). The problem is

0°T(t,k) [ 9°T(tx) _,., [0TE0
e f gre ¢ =m ITG dx
AT 0)]” [oT(tx) _ [oT(tx) _
— —ikx (i N7 —ikx — _(—j —ikx
v, “e x| ( lk)f Fram dx ( lk)VZJ- Fra dx

(oo}

= —(=ik)v, [[e‘“‘"T(t,x)]‘fw — (—ik) f T(t,x)e‘”‘xdx] = (—ik)?v, J- T(t,x) e~ **dx

= —k2v,T(t, k). (16)
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where kis a wave-number and F(f(x)) = f_°°w f(x)e~** dx represents the Fourier-transform on (-co,
00). According to the Caputo’s fractional derivative we write the Laplace transform w.r.t. time tas

m-1 p)
~ ooy 0T K)
L£,(DET(t, k) = s T(s, k) — Z S8 —= o (17)
£=0

To determine the index m, we note that 0 < ¢ <1and m -1 < g < m, thus m must equal 1. We
also then use the initial condition 7{0, x) = g(x) with F(T(0,x)) = T(0,), so that the equation (17)
becomes

L,(DET(t, k) = s% T(s, k) —s*1T(0, k).
For the right-hand-side, we write the Laeolace transform of the result (12)

—kzvzf e SUT(t, k)dt = —k?v,T(s, k). (18)
0
Therefore, the equation (1), using the result of equation (18), we have, in the Laplace domain:

s*T(s, k) —s*'T(0,k) = —k?*v,T(s, k).
This can further be simplified to

a-1
T(S, k) = {m} T(O, k) (19)
Next, we recall the relationship between the Mittag-Leffler function E, z(x) and Laplace transform L:
a-p
S‘i — = LB p(£2x), A€ C s <1, (20)
and the Mittag-Leffler function E, z(x) is defined as
d Y
X
)= ) Tt 7 ) =

There, in comparison of the relation (20) with the term in the right hand-side of (19) we have S8 = 1.
Thus, the Laplace inverse transform of (19) w.r.t. fis

T(t, k) = Ey1(—(k*v)t*)T(O, k).
The inverse Fourier-transform of the above equation defined by

T(t,%) = F (Eqy (—(k2v2)tD) + F(T(0,K)) = F~ (Ega (—(k2v,)t%) ) = g (x)

= f G(t,x —y)g(y)dy (22)
where by definition G (t, x)_denotes a Green-function (aka fundamental solutions), such that
1 .
G(t,x) = F 7 (Eqa (~(k2,)t%)) = o f Eq1(=(k?v,)t®)e ™ dk, (23)

where u(0,k) = [ f(x) e **dk corresponds to u(0,x) in the Fourier space and  represents

convolution operation. The equation (23) is expressible in terms of W-function as found in (Mainardi
et. al. (2010), Sec. 4.5) and Mclean (2011):

M,(x) =W (—x) = Z (=" = l 3 ir‘(na) sin(anm) (24)
“ Twia ~nl(1—(n+1Da) mi(n—1) ’
since, originally, on the whole C plane
ZTL
Wa”g(Z) = nz_om, a>-1, BEC, z€C, (25)

using the identity I'(z)I'(1 — z) = n/ sin(wz) showing that the two series are equal. Moreover,
T(Ma(lxl)) = 2E2a‘1(_k2), 0<a<l,
yielding

1 [x]
G(t,x) = Ma( ) 26
2,/ vt® 2 \Jv,t¥ (26)
The solution is, now,

11 - 1 1 ¢ -
T(t,x) = —- f Mg<'x y')g(y)dy=—- f M%(M)g(y)dy @27)
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for some reasonable function g(x) over (-oo, ). Note that, in the limit ¢ — 1, the function M. is
2

a Gaussian function. More explicitly, the solution for T is equivalently written as
< (x — y))
J‘ Z Vo t%
2 Jvat®) n'F 1—(n+1)

Now, with a specific choice of initial data g(x) in equation (28), one equivalently writes the exact solution
to the equations (1) and (2).

T(t,x) =

) g(y)dy, (28)

Applying the Fourier-Laplace transforms to the second part of the heat problem (3) and (4), to write
the solution. First take the Fourier transform to get

0%u(t, k)
g = = (=ik)?viu(t, k) + uT(t, k) = —k*>viu(t, k) + uT(t, k). (29)
By Laplace transform of the equatlon (29)
s1(s, k) — s u(0,k) = —k?v u(t, k) + uT(t, k). (30)
Solving for 4 in the equation (30), we get
a1
u -
u(t,k) = mu(o, k) +m T(s, k). (3D

On taking the inverse Laplace transform and by using the equation (19), then (31) becomes

a-1
u(t, k) = Eq 1 (—v,k*t9) u(0, k) + uT(0, k)L™ [ = kz) e (32)
whereas
1 1 1 1
(s® + v k?)(s® + v,k?) - k?2(vy —vy) [(s“ +v,k?) B (s* +v kI (33)
so that

) Fo | el ]
(5* + v k2)(s* +v,k2)|  k2(vy —vy) (s* +v,k?) (s* +v,k?)

1
= 1y vy Pea COADED) = Baa (kD) (39)
Next, to express more explicitly, the solution in the equation (32), with the result (34), takes the form
uT(0, k)
u(t, k) = Eq1(—(vik)t*)u(0, k) + 2, —vy) [Eq (= (v2k®)t®) = Eq 1 (—(v1k?)t%)]
V1

It is left to transform into the physical space by taking the inverse Fourier transform

ut,x) = F 1 (Eqa (- vkt )u(0,k) )
I _, | T, k) .
+(v1 —VZ)T [ k2 Eq 1 (—(vok®)t®) — Eqi(—(vik)t )] (35)

Then, the first part of the equation (35) can be further simplified as foIIows:

(0 k)

k2 21

1 —\/ixsgn(x) .2 Ma( il )*T(OX)
21 2 2/vit* Z\Jv,t® ,

|x |>

= x —y)sgn(x —y)Ma T(0,y)dy, 36
letaf( y)sgn(x ) <W ©0.) (36)
where the sgn(x) is a sign functlon which is 0 at x = 0, but 1 for x > 1 and —1for x < 0. Therefore,
using the result in the equation (36) above, the solution to the main field u(t,x) is
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[f

,Ivazt”‘

u(t,x) =

2n 2./v ta

4 2nvit® .

FIGURE 1.
vy = 1.4.

NUMERICAL EXAMPLE

If g(x) is a Gaussian function e™", the
profiles T(t, x) for different values of g and the
fixed values of v, = 1.4 and 1.8 are shown in the
figures Fig.1 and Fig.2.
It shows no much difference is detected for
different values of v; only that the profile can
change for slightly larger value of v; for smaller
value of «, where i = 1,2. For the main variable
u(t,x) we use uy(x) = f(x) = sech(x) using the
same initial condition for T,(x) = g(x). The
solutions «(¢, x) for different values of v, and v,
are shown in the Fig 3. We also take into account

)u(O y)dy —
f(x —y)sgn(x —y) Ma (

f(x y)sgn(x — y)Ma(l

(Top left-bottom right): The profiles of T'(t, z) for a = }1, 5

59

__F
(v =

v3)

lx =yl
=yl

NAZE A

u
)T(O Vdy + (vi —v2)

)T(O,y)dy .

: 1.1 resp. with

the definition of signum function sgn(x) = |x|/x
so that |x| = x sgn(x).

Now, based on the difficulty we may
encounter in integrating the expressions in the
respective equations (28) and (36), the use of
numerical integration in space becomes
necessary. We use series expansions of the
Mittag-Lefler’s function M,(x) and taking the first
100 terms to obtain the plots in the figures shown
in Fig.1, Fig. 2 and Fig.3. Within the domain of
consideration, the number of terms of the series
used here is optimal, the higher number of terms
does not add up any significant difference.
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F1Gure 2. (Top left-bottom right): The profiles of T{L, x) for o = % ; 3'1 resp. with
o = LK.
In Table 1, it is shown that for fractional derivatives, as shown in particular g = 0.75, solutions
dissipate as time increases. This proves directly the dissipation property of solutions to the linear heat
diffusion problem of integer kind.

FiGURE 3. (Left-right) The profiles of u(t, x) fora =
and » = 1.25.
Since, we are dealing with coupled linear equations, in which the main variable’s solution depends on

the auxiliary variable, the solution is expected to be taller in amplitude. This is the consequence of
the superposition principle which is expected from the integer-time derivative heat equations.

TS

and § respectively with vy = 0.25
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t x [uif. I

1 | —12.00 | 2.771698386 x 10>
710 T =10.00 | 2.0820000259 = 10"
T2 | =8.00 | 7.038164178 x 107
T30 | —6.00 | 8014921190 x 10~F

10 | —4.00 | 2.46644089 x 10=7
50 | —2.00 | 9.16240664 x 10-7
TB0 T 000 R 11493029 % 10-2

70 1 200 | 875087400 = 107V
TR0 | 6.00 | 2.080022302 % 10-T
C00 | 800 | 223592003 x 1077
100 | 12.00 | 133718218 x 10~¢

TAasLE 1. The evolution of jul at different positions r and tine ¢ for a

t4 = 1.25

CONCLUSION

It is observed that, based on the simulations
provided, the solution behaviour of both the main
and auxiliary variable follows the heat conduction
properties. It is well known that, the heat
equation has solutions that decays (dissipation),
which is indicating the loss of heat energy in a
material over a time as indicated in the Figure
Fig.1 for @ = 1. However, considering the fact
that the two equations are linear, the solutions
for the main variable reflects similar behaviour
except that it has greater amplitude at the start.
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