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ABSTRACT

In this study, first order fuzzy partial differential equations with negative coefficient on
one hand and with both positive and negative coefficients on the other hand are solved
using fuzzy Laplace transform method. The results obtained indicate that all the solutions
exist and the examples presented illustrate the applicability of the method.

INTRODUCTION

Fuzzy differential equations (FDEs) appeared as
a natural way to model the propagation of
epistemic (relating to) uncertainty in a dynamical
environment (Bede, 2013). The idea of fuzzy
number and fuzzy arithmetic was first introduced
by Zadeh (1965) followed by Dubois and Parade
(1978). Work that involved fuzzy derivative was
first introduced by Chang and Zadeh (1972).
Kaleva (1987) was first to formulate FDEs and
subsequently, the idea was extended to include
fuzzy partial derivatives by Buckley and Feuring
(1999). However, Hukuhara derivative, Zadehs
extension principle and fuzzy differential
inclusions are the several ways that FDEs can be
interpreted (Bede, 2013).

Laplace transform is a widely used integral
transform in  mathematics with  many
applications in science and engineering (Sawant,
2018). The Laplace transform of an expression

f(t) denoted by L{ f(t)} and defined as
a semi-infinite integral is in the form

L{f(t)}= Tem f (t)dt.

The parameter p assumed to be positive and
large enough to ensure that the integral
converges. The Laplace transform f ('t ) is said

to exist if the integral J. f(t)e ™ dt converges
0

for all values of p, otherwise it does not exist
(Gomes, et al, 2015). The fuzzy Laplace
transform method (FLTM) for solving fuzzy
partial differential equations (FPDES) has been a
subject of investigation by researchers like
Eljaoui and Melliani (2016) and Ullah et al
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(2018) where they initiated FLTM for the
solution of FPDEs.

Eijaoui and Melliani (2016) proposed some
theorems for the continuity and differentiability
of a fuzzy valued function defined through a
fuzzy improper Riemann integral which was used
to prove some results concerning FLTM in fuzzy
environment. They also generalized the LTM for
first order FPDEs with positive constant
coefficients C€>0 under the strongly

generalized Hukuhara differentiability concept
where the the solutions of y( X,t) for some

cases were obtained. Their work did not
consider negative coefficients i.e. ¢<0. This
study addresses the condition for ¢ <0, which
gives results for negative coefficients only, it is
also discovered that gap may still exist if we
consider only ¢ <0 or only ¢ >0 which will be
taken care of if we consider c>0 and c<0
together for both positive and negative
coefficients respectively.

MATERIAL AND METHODS

Existing Theorems on Results of Some
FPDEs

Theorem 2.1 (Eljaoui & Melliani, 2016): Let

fiR—> F(ER) be a continuous fuzzy function

and f(t):[i(t,r), F(t,r)} for every
re [0,1] , the following hold.

(i) If the fuzzy function f (t) is (i)-
differentiable then i(t, r) and f_(t, r) are
both differentiable and

()= f'(tr), F'(tr)].
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(ii) If the fuzzy function f (t) is (ii)-differentiable then f (t,r) and f (t,r) are both differentiable

and f'(t)=[ F'(t.r), f'(t.r)].
Theorem 2.2 (Ullah et aj, 2018): Let y:(a,b)x(a,b) - E be a fuzzy valued function such that its

derivatives up to the n™ order with respect to t are continuous for all t >0 and y" exists, then

L{ o y(x,t)}: p"y (X, p)Op" 'y (x,0)Op"?y’(x,0)0..0y"*(x,0)

ot"
and

L[yxn(x,t)]:;:n L[y(x,t)]: Y(x,p).

Existing Method for Solution of First Order FPDEs by FLTM due to Eijaoui and Melliani
(2016)

Eijaoui and Melliani (2016) developed a method for solving first order FPDEs. Therefore, consider the
equation below

Y (xt)+cy (xt)=f(xty(xt)) (2.1)

with initial condition

y(x,0;r) :(g(x, r),g(x r))

and boundary condition
y(0.t,r)=(h(t,r),h(tr))

where Y, (X,t) and Y, (X,t) are fuzzy valued functions for x>0, t>0, C is a real constant and

f (X,t, y(x,t)), is a fuzzy valued function, g(x, r), h(x,r) are the lower cases for the initial and
the boundary condition and g (t,r), h(t,r) are the upper cases for the initial and boundary

conditions and f(x,t,y(x,t)) is linear with respect to y. Assume C>0 and applying LTM on
equation (2.1) we have
L[y, (xt)]+cL] v, (xt)]= L[f (xt, y(x,t))] . (2.2)

Four cases aroused in respect of equation (2.2) and used to obtain the solutions of equation (2.1).
Case 1: If y is (i)-differentiable with respect to both X and t, then by Theorem (2.1) equation

(2.2) become

L[Xx(x,t,r)]+cLD/t( )] [i(x,t,y(x,t),r)}, (2.3)
L[y, (xtr) ]+l [ 7 (xtr) =L F(xty(xt),r)] (2.4)
where f(x,t,y(xt),r) =mm{i(x,t,v)\VE[z(x,t,r) V(X,t,l’)]}

and

f(xty(xt),r)= max{f_(x,t,v)\VE[V(x,t,r),V(X,t, r)]}

By Theorem (2.2), equations (2.3) and (2.4) respectively become

%(L[}_/(x,t,r)})+ch[z(x,t,r)}:cg(x,r)+ L[i(x,t,y(x,t),r)] (2.5)
and

%(L[y(x,t,r)])+ch[7(x,t,r)]:cg(x,r)+ L[f_(x,t,y(x,t),r)]. (2.6)
Equations (2.5) and (2.6) satisfy the following boundary conditions;
L{y(o.t,r)|=L[h(t,r)] (2.7)
and
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L[y(o.tr)]=L[h(tr)] (2.8)
respectively. Assuming that the solutions of equations (2.5) and (2.6) are given as
L[X(x,t,r)]:Hl(p,r) (2.9)
and

L[y (xtr)]=K,(p.r). (2.10)
Now, taking the inverse Laplace transform of (2.9) and (2.10), we have
y(x.t,r)=L"TH,(p,r)], (2.11)
and

y(xtr)=L"K, (p.r)]. (2.12)

Case 2: if Yy is (i)-differentiable with respect to X and (ii) differentiable with respect to t. Theorem

(2.1) and (2.2) hold for equation (2.2) with equations (2.7) and (2.8) satisfied respectively.
Consequently, the equations obtained below are thus

%(L[)_/(x,t, r)])+ch[)7(x,t, r)]=cg(xr)+ L[i(x,t, y(xt), r)] (2.13)
and

%(L[y(x,t, r)])+ch[3_/(x,t, r)} =cg(x,r)+ L[f_(x,t, y(xt), r)} . (2.14)
Assuming that the solutions of equations (2.13) and (2.14) are given as

L[X(x,t,r)]: H,(p.r) (2.15)
and

L[y (xtr)]=K,(p.r) (2.16)

respectively. Taking the inverse Laplace transform of equations (2.15) and (2.16), the results
obtained are

y(xtr)=L"H,(p.r)l, (2.17)
and
y(xtr)=L"[K,(pr)l. (2.18)

Case 3: If y is (ii)-differentiable with respect to X and (i)-differentiable with respect to t. As
indicated in the last two cases considered above, the following results are also true.

%(L[V(x,t,r)})+ch[3_/(x,t,r)]:cg(x,r)+ L[ f(xty(xt).r)] (2.19)
and

%(L[)_/(x,t,r)})+ch[7(x,t,r)]:cg(x,r)+ L[f_(x,t, y(x,t),r)] (2.20)
respectively. Assuming that the solutions of equations (2.19) and (2.20) are given as

L[ y(xtr)|=Hs(p.r) (2.21)
and

L[y (xtr)]=K;(p.r) (2.22)

Next is to take the inverse Laplace transform of equations (2.21) and (2.22), the following are arrived
at;

y(x.t.r)=L"[H;(p.r)] (2.23)
and
y(xt,r)=L"TK; (p,r)]. (2.24)

Case 4: If y is (ii)-differentiable with respect to X and t. After considering Theorem (2.1), (2.2) and
the boundary conditions therein, the results below are therefore

%(L[y(x,t, r)])+ch[7(x,t, r)]=cg(x.r)+ L[i(x,t, y(xt), r)} (2.25)
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and

bl _

&(L[x(x,t, r)])+ch[X(x,t, r)} =cg(xr)+ L[f (x,t, y(xt), r)] . (2.26)
Assuming that the solutions of equations (3.25) and (3.26) are given as
L[X(x,t,r)]=H4(p,r), (2.27)
and

L[y(xtr)]=K,(p.r). (2.28)
Hence taking the inverse Laplace transform of equations (2.27) and (2.28) respectively, we have
y(x.t,r)=L"TH,(p.r)] (2.29)
and

y(xtr)=L"[K,(pr)l. (2.30)

RESULTS AND DISCUSSION
Obtaining Solutions of First Order FPDEs for C <0 by FLTM

Eljaoui and Melliani (2016) established the result for first order FPDEs with only positive
coefficients i.e. ¢ >0, to bridge the gaps in their work, we considered a case of negative coefficients
c <0, presented below.

Consider equation (2.1) but in this case with negative coefficient C. Assume C=-—a and

f (x,t, y(x,t)): f(x,r) we have

y, (x.t)=—ay, (x,t)+ f(xr) (3.4)
with fuzzy initial conditions

y(%0,r)=(s(xr),5(xr)) (3.5)
and fuzzy boundary conditions

y(0.t,r)=(u(t,r),u(tr)) (3.6)

where f(X,r) is a fuzzy valued function, S(,r) and §(X,r) are the lower and upper cases for
the appropriate initial conditions respectively, also g(t,r) and U(t, r) are the lower and upper

cases of the appropriate boundary condition respectively, for t >0, x>0 and r [0,1].
Taking Laplace transform of equation (3.4) as expressed in equation (2.2), we have

L[yx(x,t)]=—aL[yt(x,t)]+L[f(x,r)]. (3.7)

Four cases arise as consequence of equation (3.7) which is similar to the cases related to equation
(2.3)
Case 1: When Y is (i)-differentiable with respect to both X and t. We apply Theorem (2.1) on

equation (3.7), to have

L[Xx(x,t)]z—aL[Xt(x,t)}+L[i(x,r)] (3.8)
and

L[ ¥ (xt)]=-aL[ ¥, (xt)]+L] F(xr)]. (3.9)

Applying theorem (2.2) on equations (3.8) and (3.9) after which we substituting the initial condition
(3.5) into it respectively, gives

S (Y (xpur)=apY (x pr)as (1) +E (x,pur) (3.10)
and
%(V(x, p.r))=—apY (x,p,r)+as(x,r)+F(xpr). (3.11)

Taking the Laplace transform of equation (3.6) gives results similar to that of equations (2.9) and
(2.10) respectively. Therefore, we have
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L[X(O,t,r)] =L[u(trr)]=U(p.r)

and
L[V(O,t,r)]:L[U(t,r)]:U(p,r). (3.13)

Solving equation (3.10) and (3.11) together with equation (3.12) and (3.13) respectively, we have

(3.12)

—apx

Y (% p.r)= §(x,r)_§(r2) N F(x p,r)_ E(zp,zr) FU(pr)e s g(r)e2 N

p ap ap ap ap (14
E(p,r)e—apx .
A
and

F =] T —apx

7 (% pr)= (x,r)_S(2)+F(x, p,r)_F(Zp,zr)+g(p’r)e_apx+ (r)ez .

P ap ap anp ap G.15)
F(pr)e™ .

Taking the inverse Laplace transform of the equations (3.14) and (3.15) we have
f(xt, ,
)—§(r)t+—(x ) _E(t r)t+g(r)(t—a><)H(t—ax)+

y(xtr)=s(xr)==2 T
%(t-ax)H(t-axpigz’r)(t-ax)H(t-ax)

and

y x,t,r):§(x,r)—§(ar)t+ f(x:’r)— f (:Zr)t+ﬁ(r)(t—ax)H (t—ax)+

s(r f(tr

—)(t—ax)H (t—ax)+%(t—ax)H(t—ax),
Case 2: When Y is (i)-differentiable with respect to X and (ii)-differentiable with respect to t. We
apply Theorem (2.1) and (2.2) to equation (3.7) and Substituting the initial condition (4.5) into it,
after which we solve it together with equation (3.12) and (3.13), we arrive at

s(x,r) s(r) F(x,p,r) FE(p,r S(r)e ™
Vi pr)= SO0 S() E(up) E(R) ) S0
p ap ap anp ap

E( p.r)e ™ (3.16)
az—pz
and

— S
Y y M == - = -
(X p r) 2 + a2p2 ap

F(p,r)e®
aZ p2 !
Again, taking the inverse Laplace transform of the equations (3.16) and (3.17) we have

y(xtr)=5(xr) §(;)t + E(xz;t,r) - j(;,zr)t +u(r)(t—ax)H (t—ax)+

?(t—ax)H (t—ax)+ igz’r)(t—ax)H (t-ax)
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and

7(x,t,r)=§(x,r)——(;)t + f‘(x:,r)_ f_(;’zr)t +a(r)(t-ax)H (t-ax)+

%(t_ax)H (t—ax)+ - (¢ H (t—ax)

a‘2
Case 3: When VY is (ii)-differentiable with respect to X and (i)-differentiable with respect to t. We

apply Theorem (2.1) and (2.2) to equation (3.7) and substituting the initial condition (4.5) into it,
after which we solve it together with equation (3.12) and (3.13), we arrive at

—apx
V(xp.r)= §(x,r)_§(r2) N F(xpr) E(zp’zr)ﬂj( .1 )e §(r)e; N
Y ap ap anp ap
(3.18)
E(p’r)e—apx
Ty
and
S 3 C - = —apx
Y (% pur)= s(x,r)_S(’;)Jr F(x, p,r)_ F(Zp,zr)+u( p,r)e’a"x+s (r)e; N
p ap ap ap ap
= (3.19)
F(p,r)e™
T

Also, taking the inverse Laplace transform of the equations (3.18) and (3.19), we have

)—§(r)t+ f(xtr) f(tn)t

=————+0(r)(t—ax)H (t—ax)+

y(xtr)=s(xr

—g)(t ax)H (t—ax)— i{fzr)(t—ax)H (t-ax)
and B B
X(x,t,r):§(x,r)—§(;)t + f (X:’r)— f (;,Zr)t +u(r)(t—ax)H (t—ax)+

?(t—ax)H (t—a) - (1 ax)H (t—ax)

2
a
Case 4: When Y is (ii)-differentiable with respect to both X and t. We apply Theorem (2.1) and

(2.2) to equation (3.7) and substituting the initial condition (3.5) into it, after which we solve it
together with equation (3.12) and (3.13) we have

s s < —apx
Y_(X’ p,r): : (X1r)_ : (rg) + E(X1 p’r)_ E(Zp’zr)+lj( par)e‘apx +%+
P ap ap a‘p ap
(3.20)
E( p’r)e—apx
azpz
and
F F —apx
Y(X’ p’r): §(X,r) - S(rz)+ F(X’ p,r) — F (zp,zr) +u( par)E‘apx + —(r)e2 +
ap ap a‘p ap
- (3.21)
F(p,r)e™
T

Therefore, taking the inverse Laplace transform of the equations (3.20) and (3.21), we have
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s(r)t f(xtr) f(tr)t

y(xtr)=5(xr)- - + . +0(r)(t—ax)H (t—ax)+
?(t—ax)H(t—ax)+¥(t—ax)H(t—ax)

and B

X(x,t,r)=§(x,r)—§(;)t+ f(Xa’lt’r)+g(r)(t—ax)H (t—ax)+

%(t—ax)H (t—ax)+¥(t—ax)H (t—ax)

Basically, all the cases discussed and the results obtained above have addressed the
identified gap (for ¢ < 0) pointed out in the work of Eljaoui and Melliani (2016). Therefore, it is also
achievable when ¢ <0 is set for negative coefficients of first order FPDEs.

Obtaining solutions for first order FPDEs for >0 and c <0 by FLTM

Having established the results for ¢ <0 we discovered that gaps may still exist if we ignore
results for both ¢ >0 and ¢ <0, so we considered a case for both positive and negative coefficients
as presented below. Consider equation (2.1) but in this case C is positive. AssumeC=a and

f (x,t, y( X,t)) = f (x,r), gives the equation below

y, (x.t)=ay, (x,t)+ f(x,r), (3.22)
with fuzzy initial conditions

y(%,0,r)=(s(xr),5(xr)) (3.23)
and fuzzy boundary conditions

y(0.t,r)=(u(t,r),u(tr)) (3.24)

where f(X,r) is a fuzzy valued function, S(X,r) and §(X,r) are the appropriate lower and upper
cases of the initial condition (3.29) respectively also, U(t,r) and U(X,r) are the appropriate lower

and upper cases for the boundary condition (3.30) respectively, with t>0, x>0 and r €[0,1].
Taking the Laplace transform of equation (3.22) as expressed in equation (2.2), we have

L[yx(x,t)]:aL[yt(x,t)}+L[f(x,r)]. (3.25)
Four cases arise as a result of equation (3.25) which is similar to cases related to equation (2.3).
Case 1: When  is (i)-differentiable with respect to both X andt.

Taking the Laplace transform of equation (3.24), the result is similar to that of equation (2.9) and
(2.10) respectively. Therefore, we arrive at

L[X(O,t,r)]:L[g(t,r)]:Q(p,r) (3.26)
and
L{y(o.t,r)]=L[a(tr)]=U(p.r). (3.27)

We apply Theorem (2.1) and (2.2) on equation (3.25) after which we substitute the initial condition
(3.23) into it, and solve it together with equation (3.26) and (3.27), we have

Y(xpr)= §();'r) GO B E(PI) gy S(D)ET

+
ap’ ap a’p? ap

3.28
E(pr)e™ (3.28)

a.2 p2

43



BAJOPAS Volume 14 Number 2, December, 2021

and
— — — — = apx
Y (x pr)- s(x,r)Jr S(rz)_ F(x, p,r)_ F(Zp,zr)Hj( p,r)eapx—s(r)ze .
p ap ap anp ap (3.29)
F(pr)e™ '
However, to get the result for both ¢>0 and ¢ <0, we add equation (3.14) to (3.28) and equation
(3.15) to (3.29) and get
2s(x,r) 2E(p,r) F(pr)) -
Y(X,p,r)= - U(p, —_— w4 e 3.30
_(X p r) 0 a’p? + —(p r)+ a?p? (e +e ) (3.30)
and
_ 2s(x,r) 2F(pr) (- F(p.r)), .
Y (X p,r)= - U(p, e, 3.31
(X, p.r) . 7o (p,r)+ 27 (e +e™) (3.31)

Now, taking the inverse Laplace transform of the equations (3.30) and (3.31), we have

y(x4r)=25(xr)- ngz’r)t +u(r)(t-ax)H (t-ax)+u(r)(t-+ax)H (t+ax) +

ia(zr)(t_ax)H (t_ax)+¥(t+ax)H (t+ax)
and

2f_gt2,r)t +0(r)(t—ax)H (t—ax)+ T (r)(t+ax)H (t+ax)+

Y(xtr)=25(xr)-

f(r f(r
(2)(t—ax)H(t—ax)+ (2)(t+ax)H(t+ax)
a a

Case 2: When Y is (i)-differentiable with respect to X and (ii)-differentiable with respect to t. We
apply theorem (2.1) and (2.2) on equation (3.25), substituting equation (3.23) to it, and solving it

together with equation (3.26) and (3.27), we arrive at

S S = apx
Y (%, p.r)= s(x,r)+8(r2)_ F(xpr) E(Zp,zr)+u( p,r)eapx—s (r)f N
p ap ap ap ap
(3.32)
E(p.r)e”
Ty
and
E apx
Y_(X, p’r): §(X,r)+ §a(r2) _ F(); pir) _ Ea(.zpizr)"i'lj( p,r)eapx _§(;)2e n
g P P P P (3.33)

F(pr)e®
aZ pZ !

However, to get the result for both ¢>0 and ¢ <0, we add equation (3.16) to (3.32) and equation

(3.17) to (3.33) and have

2s(x,r) 2F(p,r) F(pr)), _
Y(X, p,r)= - U , apx apx 3.34
Y(xpor)= e | U () (e e (3:34)
and
_ 2s(x,r) 2F(pr) (- F(p.r)), _
Y (X p,r)= - U(p, Xy e, 3.35
(X, p,r) > AP (p,r)+ 7 (e +e™) (3.35)

Also, taking the inverse Laplace transform of the equations (3.34) and (3.35), we have
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2F(t,r)t
)_/(x,t,r):2§(x,r)—%+g(r)(t—ax)H(t—ax)+g(r)(t+ax)H(t+ax)+
f(r) f(r)
_a2 (t—ax)H(t—ax)+—a
and

y(xtr)=2s(xr)-

-

(t+ax)H (t+ax)

2

2f (t,r)t
a

+0(r)(t—ax)H (t—ax)+u(r)(t+ax)H (t+ax)+

f(r f(r
—(2 )(t—ax)H (t—ax)+—(2 )(t+ax)H (t+ax)
a a

Case 3: When Y is (ii)-differentiable with respect to X and (i)-differentiable with respect to t. We
apply Theorem (2.1) and (2.2) on equation (3.25) and substituting the equation (3.23), after which
we solve it together with equation (3.26) and (3.27), we have

apx
7 (xp,r)=2er) S0 _EGpr) E(RD) g ygm S
p ap ap ap ap
(3.36)
E(p’r)eapx
ey
and
S g - — = apx
Y (% p’r):s(x,r)JrS(rz)_F(x, p,r)_F(zp,zr)Jru(p,r)eapx_s(r)f N
P ap ap ap ap
= (3.37)
F(p,r)e®
ey

However, to get the result for both ¢>0 and ¢ <0, we add equation (3.18) to (3.32) and equation
(3.19) to (3.37) which gives

_ 2s(xr) 2E(p,r) (-~ F(p.r)), .-
Y (X p,r)= — U(p, Xy e 3.38
(X, p,r) > PO (p,r)+ 2 (e +e™) (3.38)
and
2S5 (X, r 2'E p,r IE p,r —apx apx
Y(x p,r)= (p ) agpz )+ U(p,r)+ (sz) (e +e™), (3.39)
Again, taking the inverse Laplace transform of the equations (3.38) and (3.39), we have
2f(t,r)t
V(X,t,r)z2§(x,r)—%+g(r)(t—ax)H(t—ax)+g(r)(t+ax)H(t+ax)+
f f
—;zr)(t—ax)H(t—ax)+—a(zr)(t+ax)H(t+ax)
and B
_ 2f (t,r)t _
y(xtr)=25(xr)- " +0(r)(t—ax)H (t—ax)+a(r)(t+ax)H (t+ax)+
f

%zr)(t—ax)H(t—ax)+ a(zr)(t+ax)H(t+ax)
Case 4: When Y is (ii)-differentiable with respect to both X and t. We apply Theorem (2.1) and

(2.2) on equation (3.25) and substituting equation (3.23) into it, after which we solve it together with
equation (3.26) and (3.27), we have
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v s(xr) s(r)_E F _ (e
Y (X’ p’r): S(X1r)+ S(rz)_ _(X’ p1r)— _(Zp’zr)+u ( p,r)eapx_s(r)f +

p ap ap ap ap 10
E(p’r)eapx |
Ay
and

IE IE apx

X(X’ p’r):§(X1r)+§(r2)_ (X’ p1r)— (zp,gr)—ku(p’r)eaPX_g(Lze'F

p ap ap ap ap an
F(p.r)e” |
Ty

However, to get the result for both. ¢>0 and c<0, we add equation (3.20) to (3.40) and
equation (3.21) to (3.41) and get

_ 2s(xr) 2E(pr) (-~ F(p.r)) _
Y (X p,r)= - U(p, e 3.42
(xpr) == =T U+ = (o™ ™) 342
and
2s(x,r) 2F(p,r) F(p.r)), -
Y(Xp,r)= - U(pr)+——=|le ™ +e™), 3.43
Y(xpr) === U (P ) (e e (3:43)
Therefore, taking the inverse Laplace transform of the equations (3.42) and (3.43), we have
2f (t,r)t

7(x,t,r):2§(x,r)—T+U(r)(t—ax)H (t—ax)+0(r)(t+ax)H (t+ax)+

f(r)
_a2
nd

y(xtr)=2s(xr)-

(t—ax)H (t—ax)+ ia(zr) (t+ax)H (t+ax)

Q

2f(t,r)t

aZ

+u(r)(t—ax)H (t—ax)+u(r)(t+ax)H (t+ax)+

a0 h a0+ D tragH (e a
Basically, all the cases discussed and the results obtained above have addressed the

identified gap (for both ¢<0 and ¢>0) pointed out in the work of Eljaoui and Melliani (2016).

Therefore, it is also achievable for both ¢ <0Oand ¢c>0 is set for both negative and positive

coefficients of first order FPDEs.

Constructed Examples

Example 3.1
Consider Y, (X,t)=-3y,(X,t)+x(r,2—r) (3.44)
with initial conditions
2
y(x,O,r):—3x(r,2—r)+x?(r,2—r) (3.45)

and boundary conditions
y(otr)=t(r,2-r). (3.46)

Example (3.1) is similar to equation (3.4), where C=-3 which is negative and x(r,2—r) is a

fuzzy valued function. t>0, x>0 and r e [0,1] )
Solution: 46



BAJOPAS Volume 14 Number 2, December, 2021
Applying Laplace transform on equation (3.44), we get

L[yx(x,t)]z—SL[yt (x,t)]+x(r,2—r)L[1]. (3.47)

Four cases arises as a result of equation (3.47).
Case 1: When  is (i)-differentiable with respect to both x and t.

Taking the Laplace transform of the boundary conditions (3.46), it becomes

'—[X(O't’r)kL[tr]:é (3.48)
and
L[y(o,t,r)]:L[t(2—r)]=(2;2r) (3.49)

Applying Theorem (2.1) and (2.2) on equation (3.47), substituting the initial conditions (3.45) into it
and solving it together with equation (3.48) and (3.49), we have

2
=3xr r Xr +£e‘3r’x

Y(X,pr)=————+— (3.50)
( ) p p2 2p p2
and
J— J— J— 2 — J—
Y (x pir) = 3x(2-r) (2 2r)+x (2 r)+2(22 r)e’m Gs1)

p p 2p p
Taking the inverse Laplace transform of the equations (3.50) and (3.51), we have

2
y(x,t,r)=—3xr—rt+%+2r(t—3x)H(t—3x)

and
V(X,t,r):—3x(2—r)—(2—r)t+@+2(2—r)(t—3x)H(t—3x).

Case 2: When Y is (i)-differentiable with respect to X and (ii)-differentiable with respect to t.

Applying Theorem (2.1) and (2.2) on equation (3.47) substituting the initial conditions (3.45) into it
and solving it together

_—3x(2_r) (2-r) x*(2-r) 2x(r-1) 2(1-r) with equation (3.48)

Y(X p,r)= - + + + + and (3.49) we have
( ) p p’ 2p 3p* 9p° (3.52)
2(r2_1)e—3px 2(1_3r)e—3px
P 9p
and
2 _ _ _ _
¥ (% p,r):ﬁ—%+x—r+zx(12 r)+2(r 31)+2(12 r)efapx_z(r 3l)e’3”x
p p° 2p 3p 9p p op®
(3.53)

Taking the inverse Laplace transform of the equations (3.52) and (3.53), we have

y(x,t,r)==-3x(2-r)-(2-r)t+ X'(2-r) ZX(;—1)+(1—9r)t2

—+

2(2-r)(t-3x)H (t—3x)—%H (t-3x)(t—3x)’

and
v (

(r

2 _ _ 2
x,t,r):—3xr—rt+%+ 2X(13 )t +(r gl)t

+2(1-r)H (t-3x)(t—3x)-

91)H(t—3x)(t—3x)2
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Case 3: When Y is (ii)-differentiable with respect to X and (i)-differentiable with respect to t. When

we apply Theorem (2.1) and (2.2) on equation (3.47), substituting the initial conditions (3.45) into it
and solving it together with equation (3.48) and (3.49) we have

“3xr r Xr 2

Y(X pr)=———+"— 4+ e (3.54)
( ) p p2 2p p2
and
J— — — 2 J—
Y (% p.r)= 3x(2 r)_(2 2r)er (2 r)Jr%e_3pX (3.55)
p p 2p p

Taking the inverse Laplace transform of the equations (3.54) and (3.55), we have
y(x,t,r):—er—rtJrXTZrJrZH (t—3x)(t—3x)

and

3_/(x,t,r):—3x(2—r)—(2—r)t+@+2(t—3x)H (t-3x).

Case 4: When Y is (ii)-differentiable with respect to both X and t. Applying Theorem (2.1) and

(2.2) on equation (3.47), substituting the initial conditions (3.45) into it and solving it together with
equation (3.48) and (3.49) we have

-3x(2-r) (2-r) x*(2-r) 2x(r-1) 2(1-r)

Y p,r)= _
(%, p.r) . ~ + 20 + 3p? + op’ +
(3.56)
Z(Z_r)e*“x—z(l_r)e*p*
p’° 9p°
and

- 2r 2x(1-r) 2(r-1 2(r-1
Y (X, p’r):_3xr_L2+x_r+ ( - )+ ( - )+2—2e’3px——( - )e’Bpx (3.57)
p p° 2p 3p 9p p 9p
Taking the inverse Laplace transform of the equations (3.56) and (3.57), we have
x2(2—r)+2x(r—1)+(1—r)t2 .

3 9

y(xtr)==3x(2-r)-(2-r)t+

2(2-r)(t-3x)H (t—3x)—(1%9r)H (t-3x)(t—3x)’

and

2 _ 1\+2
y(x,t,r):—3xr—rt+ﬂ+zx(1 r)t+(r 1)t
J > 3 5

+2rH (t—3x)(t—3x) -

(rgl)H(t—3x)(t—3x)2

To ascertain the applicability of the FLTM on first order FPDE with both positive and negative
coefficient, we consider example 4.2 as seen bellow.
Example 4.2

Consider y, (x,t)=ay, (x,t)+x(r,2-r) (3.58)

with initial conditions
2

X
y(x,O,r):ax(r,2—r)+?(r,2—r) (3.59)
and boundary conditions
y(0,t,r)=t(r,2—-r) (3.60)
Example (4.2) is similar to equation (3.28) where a can be either positive or negative and that
X(r,2—r) is a fuzzy valued function. Assume that a =3 in equation (3.28). for t >0, x>0 and

re[O,l]. 48
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Solution:
Applying Laplace transform on equation (3.58), we have
L[yx(x,t)]:BL[yt(x,t)]+x(r,2—r)L[1]. (3.61)

Four cases arises as a result of equation (3.61)
Case 1: When y is (i) differentiable with respect to both x and .

Taking the Laplace transform of the equation (3.60), we have

L[)_/(O,t,r)]:L[tr]:é (3.62)
and
L[y(o,t,r)]:L[t(2—r)]=(2;2r) . (3.63)

Applying theorem (2.1) and (2.2) on equation (3.61) then substitute the initial conditions (3.59) into
it and solving it together with equation (3.62) and (3.63) after which we add equation (3.50) and
(3.51) to its solution respectively gives

2
20 X2 e

Y(X,p,r)=-— — 3.64
and

p— 2 p— p—
Y (x, p’r):_z(zzr)er (2 r)+2(22r)e’3"x. (3.65)

P P P

Taking the inverse Laplace transform of the equations (3.64) and (3.65), we have
2

y(x,t,r)=%—2rt+2rH (t—3x)(t—3x)

and
y(x.tr)=x*(2-r)-2(2-r)t+2(2-r)H (t-3x)(t-3x).
Case 2: When Y is (i)-differentiable with respect to X and (ii)-differentiable with respect to t.

Applying theorem (2.1) and (2.2) on equation (3.61), then we substitute the initial conditions (3.59) it
and solving it together with equation (3.62) and (3.63) after which we add the equation (3.52) and
(3.53) to its solution respectively gives

— 2 _ _ _ _
Y(x p,r):—2(22 ), ¥(2-r) 41 3r)+2(r2 1)e3pX+2(r21)e-SPx_
P p 9p p p
(3.66)
2(1_r)epr_2(1_r)e—3px
9p° 9p°
and
2 - - —_ —
7(x p'r):_z_2+x_r+4(r 31)+2(12r)e3px+2(12r)e3px_2(r Sl)espx
P> p  9p P p 9p
(3.67)
Z(r_l)e 3px
9p°
Taking the inverse Laplace transform of the equations (3.66) and (3.67), we have
2(1

y(xtr)==2(2-r)t+x*(2-r)+

_Tr)tz+2(r—1)H(t+3x)(t+3x)+

2(r-1)H (t—3x)(t—3x)—(T

") H (t+3x)(t+3x)’ —% H (t-3x)(t-3x)

and 49
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2(r-1)t?

V(X t,r)==2rt+xr+ +2(1-r)H (t+3x)(t+3x)+2(1-r)H (t-3x)(t—3x) -

D 30307 - (1-30) -3

Case 3: When Y is (ii)-differentiable with respect to X and (i)-differentiable with respect to t.

Applying theorem (2.1) and (2.2) on equation (3.61), then we substitute the initial conditions (3.59)
into it after which we solve it together with equation (3.62) and (3.63) after which we add equation
(3.54) and (3.55) to its solution respectively gives

2 —
2r ¥ 2(1-r) 2

Y (X p,r)= NE S R (3.68)
R
and
— 2 J— J—
Y (X, p,r)=—2(2|02 r)+x (2p r)+2(|roz 1)e3px+%e‘3px. (3.69)

Taking the inverse Laplace transform of the equations (3.68) and (3.69), gives
y(x.t,r)==2rt+x*r+2(1-r)H (t+3x)(t+3x)+2H (t—3x)(t —3x)

and

X(x,t,r):—2(2—r)t+x2(2—r)+2(r—1)H (t+3x)(t+3x)+2H (t—3x)(t—3x).

Case 4: When Y is (ii)-differentiable with respect to both X and t. Applying theorem (2.1) and (2.2)

on equation (3.61), then we substitute the initial conditions (3.59) into it and solving it together with
equation (3.62) and (3.63) after which we add the equation (3.56) and (3.57) to its solution gives

p— 2 p— p— p— p—
7(x p,r):—2(22 r), X(2 r)+4(91 3r)+2(22 r)espx_Z(gl Sr)em_

P P P P P (3.70)
2(1_r)e—3px

9p°
and
2r xr Ax(1-r) 2r . 2(r-1) . 2(r-1) ,

Y(x,pr)=——t—t—-— L+ — px _ px _ X 3.71
t(xpr) o p apr p 9p op G
Taking the inverse Laplace transform of the equations (3.70) and (3.71), we have

V(X,t,r)=—2(2—r)t+x2(2—r)+2(l_Tr)t2+2(2—r)H(t—3x)(t—3x)—

B Dh -3 (130" -V h 1301030y

and

y(xt,r)==2rt+x’r +M+2rH (t—3x)(t-3x)- 2(r9—1) H (t—3x)(t —3x)2 -

_2(r9—1) H (t+3x)(t+3x)

DISCUSSION (3.6) were considered and their results after
It is observe that certain gaps existed for  transformation were categorized into four cases.
solution of first order FPDEs where negative  Case 1 deals with a situation whereby Y is (i)-

coefficclientCIs are notd mentic;lr:j. Thiﬁ‘ S;;Udy differentiable with respect to both X and 1. The
considered as its mandate to address the above o\t i this case includes a unit step function

Erg%?::‘irlrl]y t:k%vr:e\clz:e tohfe thzuzsbeoc\;c(ieonpro?t)).lém hg; was obtained. Moreover, other cases included a
obtaining the solution of first order FPDE for case where Y s (i)-differentiable with respect

c<0. In that case equation (3.4), (3.5) and  © X and (ii)-differentiable with respect to 1.
50
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Again applying the Laplace transform to
equation (3.4) subject to equations (3.5) and
(3.6) yielded the result in equations (3.14) and
(3.15), which after taking the inverse Laplace
transform gave a result, which also included a
unit step function. Also, the solution for the case
of Y being (ii)-differentiable with respect to X

and (i)-differentiable with respect to { was also
presented and finally the case when Y is (ii)-

differentiable with respect to both X and { was
also solved and their results included a unit step
To obtain the result for both ¢ <0 and ¢ >0,
we first considered equation (3.22) where
results for positive coefficients were established.
Recall that section 3.1 established results for
negative coefficients, therefore the combine
results we considered both equation (3.4) and
(3.22) that gave rise to four cases discussed in
subsection 3.2. It is establish that situations
involving both positive and negative coefficients
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