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ABSTRACT 
Finite group theory is one of the most delightful areas in mathematics. The ideal aim of finite group 
theory is to find all finite groups up 
of groups of order less than or equal to 17 by using the presentation techniques of each group with 
the help of Lagrange’s Theorem. 
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INTRODUCTION  
In this paper, we will denote a group by G

element by e, its order by |�|and a group generated 

by an element a by	〈�〉. 

The finite group theory is concern with constructing 

finite groups of every possible type, and establishing 
sufficient procedures which will determine whether 

two finite groups are the same (up to 
Arthur Cayley (1859) was the first to classify

groups of order eight and found that there are exactly 
five non-isomorphic groups of order 8. (Cayley, 1859)
The attainment of classifying all finite groups in 

general is of course per beyond the reach of present 
techniques since we have no general result which 

classified all groups of order	�, ∀	� ∈

corresponding procedure for finite abelian groups was 
achieved a hundred years ago. (Wehrfritz, 1999)
Similarly, for a prime numbers � and 

order �, ��, �
 for � � 2	 and �� 

classified. (Grabowski, 2008). Pyber (1993) 
that, the number of non-isomorphic groups of order

generated by d elements is	���, �� � �

positive integer n, where n is the order of th

c(d) is a constant and d is a minimum number of 
generators. (Pyber, 1993). Avinoam Mann 

presented a result that, the number of non
groups of order � � ��

�� …	��
��, (where

is a prime factorization of n) which generated 

elements denoted by ���, �� � ��  !"

Where	#��� � $� % ⋯ % $�. (Mann, 2006)

(2016) used class-equation and classified non
groups of order less than 16. (Gerard, 2016)
approach is independent to Sylow's theorems, but the 

approach is not applicable on abelian groups and fails 
to classify the non-abelian groups of order

because we can have two or more non
non-abelian groups with same class equation. This 

motivates us to use a maximal order element which 
exist in any finite group to classify groups of order 

less than 18. 
Preliminaries 2 
Definition 2.01: (Roman, 2011). Let 

and ', ( � � 
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by G, its identity 

group generated 

y is concern with constructing 

possible type, and establishing 
will determine whether 

isomorphism). 
first to classify all 

and found that there are exactly 
(Cayley, 1859). 

finite groups in 

of course per beyond the reach of present 
no general result which 

), though the 

nite abelian groups was 
(Wehrfritz, 1999). 
and �, groups of 

are also well 

(1993) showed 
isomorphic groups of order n 

�*�+�  !",, for all 
is the order of the group, 

minimum number of 
Avinoam Mann (2006) 

ber of non-isomorphic 
, (where ��

�� …	��
��  

which generated by k 
 !"  !",-�.�,�-
. 

(Mann, 2006). Gerard 

lassified non-abelian 
(Gerard, 2016). Gerard 

approach is independent to Sylow's theorems, but the 

approach is not applicable on abelian groups and fails 
abelian groups of order 8, 16, ..., 

because we can have two or more non-isomorphic 
abelian groups with same class equation. This 

use a maximal order element which 
exist in any finite group to classify groups of order 

� be a group 

i) A collection of one element from each left
(right) coset of ' in � is called

transversal for ' in �. 

ii) ' and	( are said to be essentially disjoint if 

' ∩ ( � 012. 

iii) ' is said to be a complement of 

' ∩ ( � 012 and � � 	'(.. 

Theorem 2.02: (Lagrange’s) (Judson and Thomas 
W., 2010). Let � be a finite group, '

such that	� 3 1, then |'| divides 

4���	divides	|�|. 
Theorem 2.03: (Roman, 2011). Let 

and ', ( � � 

i) Every element � ∈ � can be written uniquely as 

� � �� for some � ∈ '  and � ∈ (

and ( are essentially disjoint.  

ii) ∀		� ∈ �, ∃ a unique � ∈ ' and 

� � �� if and only if ' and ( are complements. 

iii) ( is a complement of ' in �  if and only if 

left transversal of ' in �. 

Now, we give the following facts. Let 

group and � be prime. 

1) A groups of order � is unique (up to 

isomorphism). (Wehrfritz, 1999). 
2) All elements of a group  � are of order 

only if |�| � �,, for some positive integer 

(Roman, 2011). 
3) If |�| � 2�, then either � ≅ 7�8 

an odd prime �. (Grabowski, 2008)

4) Let |�| � ��, then either � ≅ 789

(Grabowski, 2008). 
5) Let |�| � ��, such that � : � and 

divide � ; 1 for some prime �, then

� ≅ 78=. (Grabowski, 2008). 

That is, we have exactly one group of order 2,
11, 13 and 17 up to isomorphism by fact (

are two non-isomorphic groups of order 6,
by fact (3). There exist two non-isomorphic groups of 

order 4 and 9, by fact (4). Group of order 15 is 
unique up to isomorphism by fact (5)

left with groups of order 8, 12 and 16.
Main work 3 
Now we begin the classification by maximal order 
element. 

http://dx.doi.org/10.4314/bajopas.v11i2.29
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is said to be a complement of ( in � if 

(Judson and Thomas 
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divides |�| and 

Let � be a group 

can be written uniquely as 

( if and only if ' 

� ∈ ( such that 

are complements.  

if and only if ( is a 

Let � be a finite 

is unique (up to 

 
are of order � if and 

, for some positive integer n. 

 or � ≅ >�8. for 

(Grabowski, 2008). 
9 or � ≅ 78 ? 78. 

and � does not 

, then  

 

e have exactly one group of order 2, 3, 5, 7, 
13 and 17 up to isomorphism by fact (1). There 

isomorphic groups of order 6, 10 and 14, 
isomorphic groups of 

. Group of order 15 is 
(5). Now we are 

left with groups of order 8, 12 and 16. 

Now we begin the classification by maximal order 

http://dx.doi.org/10.4314/bajopas.v11i2.29 



BAJOPAS Volume 11 Number 2 December, 2018 

 
Groups of order eight 3.01: 

If |�| � 8, then by Theorem 2.02, for every non-identity element � ∈ 	�, 4��� � 8	,4 or  2. 

[Case 1.] If  � ∈ � is of order	8, then � generates � and � � 〈�: �D � 1〉 ≅ 7D. 
[Case 2.] Suppose 4 is the highest order of elements of �, let � ∈ � be of order 4, then 〈�〉 is of index 2 in �, 

therefore if E ∈ �		���	 E ∉ 〈�〉, G�1�	� � 〈�〉 ∪ 〈�〉E.  Now E� ∉ 〈�〉 since	E ∉ 〈�〉,  E� 3 � and	E� 3 �
 since 4�E� 

cannot exceed 4. Therefore E� � 1 or	E� � ��. 
 

[(1)] For E� � 1. 

E� ∉ 〈�〉 since E ∉ 〈�〉, E� 3 E and	E� 3 ��E since o(a) = 4.  
Therefore we have E� � �E or	E� � �
E � �I�E. 

If E� � �E then � � 〈�, E: �JE� � 1, E� � �E〉 ≅ 7J ? 7�. 

If E� � �I�E, then � � 〈�, E: �JE� � 1, E� � �I�E〉 ≅ >D. 
 

[(II)] For E� � ��. 

E� ∉ 〈�〉 since E ∉ 〈�〉, E� 3 E since � 3 1. 
If E� � ��E then E� � E
 and E
E� � E
E
,    i.e.,       � � E� � ��   which is a contradiction. Therefore E� � �E 

or E� � �I�E. 

If E� � �E then 
            � � 〈�, E: �J � 1, �� � E�, E� � �E〉 
               � 〈�, E, K: �J � 1, �� � E�, K � �EI�, E� � �E, �K� � ��K〉 

               � 〈�, K: �J � K� � 1, K� � �K〉 ≅ 7J ? 7�. 

If 	E� � �I�E, then � � 〈�, E: �J � 1, �� � E�, E� � �I�E〉 ≅ LD 

 
[Case 3.] Suppose every non-identity element of � is of order 2, then for non-identity elements �, E, K ∈ �, � �
〈�, E, K: �� � E� � K� � 1, E� � �E, K� � �K, KE � EK〉 ≅ 7� ? 7� ? 7�. 
Hence, we get all the five groups of order 8, (7D, 7J ? 7�, 7� ? 7� ? 7�, >D, LD) through maximal order element. 

 
Groups of order twelve 3.02: 
If G is of order 12, then		by Theorem 2.02, for every non-identity element	� ∈ �, we have  

4��� � 12, 6, 4, 3, or 2. 

[Case 1.] If there exists � ∈ �, of order 12, then � generates �, and � � 〈�: ��� � 1, 〉 ≅ 7��. 

[Case 2.] Suppose 6 is the highest order of elements of �, let � ∈ � be of order 6, then 〈�〉 is of index two in �, 

for E ∈ �, E ∉ 〈�〉, � � 〈�〉 ∪ 〈�〉E.  

Now, E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 � and E� 3 �O since order of E cannot exceed 6. 

Therefore E� � 1, ��, �
 or �J but �J � ����I�. Therefore we consider only E� � �
, �� and e. 

 
[(I)] For E� � �
,  

E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 E	since � 3 1, 

E� 3 ��, �
 and �J since 4��� � 6, 

E� 3 �E since 4��E� � 6. 

Therefore E� � �I�E and � � 〈�, E:	�P � 1, �
 � 	E�, E� � 	�I�E〉 ≅ >QK
. 
 

[(II)] For E� � ��, here E is of order 6. 

E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 E	since � 3 1, 

E� 3 ��, �
 and �J since 4��� � 6. 

If E� � �I�E, then E has no inverse element in � since for ��E ∈ �, E��E � E��E � �JE� � 1 and ��EE � ��E� �

�J 3 1. Therefore E� � �E and 
� � 〈�, E:	�P � 1, �� � 	E�, E� � 	�E〉 

                                                  � 〈�, E, K:	�P � 1, �� �	E�, K � 	 �I�E, E� � �E, �K� � ��K〉 
                                                  � 〈�, K:	�P � K� � 1, K� � �K〉 ≅ 7P ? 7�. 
[(III)] For E� � 1, 

E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 E	since � 3 1, 

E� 3 ��, �
 and �J since 4��� � 6. 

Therefore E� � �E or E� � �I�E, if E� � �E then � � 〈�, E:	�P � E� � 1, E� � �E〉 ≅ 7P ? 7�. 

If E� � �I�E then � � 〈�, E:	�P � E� � 1, E� � 	�I�E〉 ≅ >��. 

 

[Case 3.] Suppose 4 is the highest order of elements of � and let � ∈ � be of order 4, then 〈�〉 is of index three 

in � and for E ∈ �, E ∉ 〈�〉, 
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[(I)] If E is of order 3 then E� � EI� ∉ 〈�〉 since there exists no element in 〈�〉 of order 3 and	� � 〈�〉 ∪ 〈�〉E ∪

〈�〉E�. 

But, E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 E	and E� 3 ��E since 4��� � 4, 

E� 3 �E since 4��� � 4, 

E� 3 E� since	� 3 E, 

E� 3 �E�, ��E�, and �
E� since 4��E� � 4. Therefore	E� ∉ �. This implies � is not a group. 

 
[(II)] Suppose E is of order 4, if 〈�〉 and 〈E〉 are essentially disjoint then � is not of order 12. Now, let R ∈ 〈�〉 ∩

〈E〉 be non-identity then R � �� � E� since �� and E� are of the same order and only non-identity, non-

generators of the respective subgroups. Then there exists	K ∈ �, of order 2 or 4 such that K ∉ 〈�〉 and K ∉ 〈�〉E, if 

�� � K� then � � 〈�〉 ∪ 〈�〉E ∪ 〈�〉K. 

Now, EK ∉ 〈�〉 since E ∉ 〈�〉K, 

EK ∉ 〈�〉c since E ∉ 〈�〉, 

EK 3 E since K 3 1, 

EK 3 �E, ��E, and �
E since 4�EK� � 4. This implies EK ∉ � and � is not a group. 

 
[(III)] Suppose E is of order 2, this is almost similar to [(II)] and by similar method it can be shown that � is 

not a group. Hence 4 cannot be highest order of � provided � is a group of order 12. 

[Case 4.] Suppose 3 is the highest order of elements of � and let � ∈ � be of order 3, then 〈�〉 is of index 4 in 

�, for E ∈ �, E ∉ 〈�〉, 〈�〉 ∪ 〈�〉E � 01, �, ��, E, �E, ��E2. 

But, E� ∉ 〈�〉 since E ∉ 〈�〉, E� 3 E since � 3 1 and E� 3 �E as 4��� � 3, therefore E� � �I�E. Now, for K ∈ �, 

K ∉ 〈�〉 ∪ 〈�〉E, � � 〈�〉 ∪ 〈�〉E ∪ 〈�〉K ∪ 〈�〉EK and K� � 1 since 4�K� � 3. Now, K� ∉ 〈�〉 since K ∉ 〈�〉, 

K� ∉ 〈�〉bc since 4��� � 3, 
K� 3 �K, �E,	and ��E since 4��K� � 3, 

K� 3 E since 4��� � 3. Therefore K� � �I�K. 

Also KE ∉ 〈�〉 since K ∉ 〈�〉E, 
KE ∉ 〈�〉E since K ∉ 〈�〉, 

KE 3 K since E 3 1, 

KE 3 �K, ��K, �EK and ��EK since 4�EK� � 3. Therefore KE � EK and 
� � 〈�, E, K:	�
 � E� � K� � 1, E� � 	�I�E, K� � �I�K, KE � EK〉 ≅ SJ. 

[Case 5.] Suppose 2 is the highest order of elements of � that is all non-identity elements of � are of order 2, 

this cannot hold by fact (2). 
Hence, we get all the five groups of order 12,  (7��, 7P ? 7�, >��, >QK
 and SJ) through maximal order element. 

Groups of order sixteen 3.03: 
Let � be a group of order 16, by Theorem 2.02, given any element � ∈ �, � 3 1, 4��� � 16, 8,4 or 2. 

[Case 1.]  If there exists an element � ∈ � of order 16, then � generates � and � �: � >≅ 7�P. 

[Case 2.]  Suppose 8 is the highest order of elements of �. Let � ∈ � be of order 8, 〈�〉 is of index 2 in �, for 

E ∈ �, E ∉ 〈�〉,  � � 〈�〉 ∪ 〈�〉E. 

Now E� ∉ 〈�〉E  since E ∉ 〈�〉, 

E� 3 �, ��, �
, �O and	�U � �I� since 4�E� � 8. Therefore, E� � 1, ��, �J or	�P.  

But �P � ����I� so we consider only E� � 1, �� and	�J. 
Now, 〈�〉 is normal in �, this implies E〈�〉EI� � 〈�〉 therefore, � � E�EI�, E�
EI�, E�OEI� or E�
EI� since 4��� �

8. 

 
[(I)]. For E� � 1. 

(i) If E�EI� � � then 	� � 〈�, E, :	�D � E� � 1, E� � 	�E〉 ≅ 7D ? 7�. 

(ii) If E�
EI� � �, then E�EI� � �
 and � � 〈�, E, :	�D � E� � 1, E� � 	�
E〉 ≅ V>�P. 
(iii) If E�OEI� � �, then E�EI� � �O and � � 〈�, E,:	�D � E� � 1, E� � 	 �OE〉 ≅ W�P. 

(iv) If E�UEI� � �, then E�EI� � �U � �I� and � � 〈�, E, :	�D � E� � 1, E� � 	�I�E〉 ≅ >�P. 

 
[(II)]. For E� � ��. 

(i) If E�EI� � �, then 
         � � 〈�, E:	�D � 1, �� � E�, E� � 	�E〉 
            � 〈�, E, K:	�D � K� � 1, �� � E�, K � �
E, E� � 	�E, ��OK�� � ���OK�〉 
            � 〈�, K:	�D � K� � 1, K� � 	�K〉 ≅ 7D ? 7�. 

(ii) If E�
EI� � �, then �E�
EI��� � E�
EI�E�
EI� � �P 3 ��, i.e., E�
EI� 3 �. 

(iii) If E�OEI� � �, then E�EI� � �O and 
        � � 〈�, E:	�D � 1, �� � E�, E� � 	�OE〉 

           � 〈�, E, K:	�D � 1, �� � E�, K � �E, E� � 	�OE, ��I�K�� � �O��I�K�〉 

           � 〈�, K:	�D � K� � 1, K� � 	�OK〉 ≅ W�P. 
(iv) If E�UEI� � �, then �E�UEI��� � E�UEI�E�UEI� � �P 3 ��, i.e., E�UEI� 3 �. 

 

[(III)]. For E� � �J. 
[(i)] If E�EI� � �, then 

221 



BAJOPAS Volume 11 Number 2 December, 2018 

         � � 〈�, E:	�D � 1, �J � E�, E� � 	�E〉 
            � 〈�, E, K:	�D � K� � 1, 4 � E�, K � ��E, E� � 	�E, ��PK�� � ���PK�〉 
            � 〈�, K:	�D � K� � 1, K� � 	�K〉 ≅ 7D ? 7�. 

[(ii)] If E�
EI� � �, then E�EI� � �
 and 
        � � 〈�, E:	�D � 1, �J � E�, E� � 	�
E〉 
           � 〈�, E, K:	�D � 1, �J � E�, K � �E, E� � 	�
E, ��I�K�� � �
��I�K�〉 
           � 〈�, K:	�D � K� � 1, K� � 	�
K〉 ≅ V>�P. 

[(iii)] If E�OEI� � �, then E�EI� � �O and 
        � � 〈�, E:	�D � 1, �J � E�, E� � 	�OE〉 
           � 〈�, E, K:	�D � 1, �J � E�, K � ��E, E� � 	 �OE, ��PK�� � �O��PK�〉 

           � 〈�, K:	�D � K� � 1, K� � 	�OK〉 ≅ W�P. 

[(iv)] If E�UEI� � �, then E�EI� � �U � �I� and 

                        � � 〈�, E, :	�D � 1, �J � E�, E� � 	 �I�E〉 ≅ L�P. 

[Case 3.]  Suppose 4 is the highest order of elements of �, let � ∈ � be of order 4 

[(I)]Suppose there exists another element E ∈ � of order 4, E ∉ 〈�〉, such that 〈�〉 and 〈E〉 are essentially disjoint, 

then 〈E〉 is a transversal of 〈�〉 in � and by Theorem 2.08 

 � � 〈�〉 ? 〈E〉 � 〈�, E: �J � EJ � 1, E� � �E〉 ≅ 7J ? 7J or  

� � 〈�〉 ⋊ 〈E〉 � 〈�, E: �J � EJ � 1, E� � �E〉 ≅ 7J ⋊ 7J. 
[(II)]If there exists an element E ∈ � of order 4, E 3 �, 〈�〉 and 〈E〉 are not essentially disjoint in � and 〈�〉 3 〈E〉, 

then there exists non-identity element R ∈ 〈�〉 ∩ 〈E〉. Now E and E
 generates 〈E〉 also � and E
 generates 〈�〉  

thereforeR � �� � E�.  
Consider〈�〉 ∪ 〈E〉 � 0�, �, ��, �
, E, �E, ��E, �
E2. 

E� ∉ 〈�〉 since E ∉ 〈�〉, 

E� 3 E and E� 3 ��E since � is of order 4. 

E� 3 �E since by setting � � �EI�, we have �� � �EI��EI� � 1. Therefore, E� � �I�E. But � is of order 16, then 

there exists K ∈ �, K ∉ 〈�〉 ∪ 〈�〉E such that � � 〈�〉 ∪ 〈�〉E ∪ 〈�〉K ∪ 〈�〉EK, and 4�K� � 2 or	4. 

[(i)] For K� � 1. 

Now, K� ∉ 〈�〉 since K ∉ 〈�〉, 

K� ∉ 〈�〉E since 4�K� � 2, 

K� ∉ 〈�〉EK since 4��K� � 4, 

K� 3 K since � 3 1 and K� 3 ��K as 4��� 3 2. Therefore, K� � �K or �I�K. 

Also KE ∉ 〈�〉 since K ∉ 〈�〉E, 

KE ∉ 〈�〉E since K ∉ 〈�〉, 

KE 3 K since E 3 1 and KE 3 �K, ��K, �
K, �EK and ��EK as 4�EK� � 4. Therefore, KE � EK or EI�K. 

Now, we have �J � K� � 1, �� � E�, E�EI� � �I�, K�KI� � � or �I�. 
For E�EI� � �I�, K�KI� � �I�, KEKI� � EI�, 
   � � 〈�, E, K:	�J � K� � 1, �� � E�, E�EI� � �I�, K�KI� � �I�, KEKI� � EI�〉 

� 〈�, E, K, �:	�J � K� � 1, �� � E�, � � �
K, E�EI� � �I�, K�KI� � �I�, KEKI� � EI�〉 
       � 〈�, E, �:	�J � �� � 1, �� � E�, E�EI� � �I�, ���I� � �I�, �E � E�〉 
       � 〈�, E, �, �:	�J � �� � 1, �� � E�, � � E�, E�EI� � �I�, ���I� � �I�, �E � E�〉 
       � 〈�, �, �:	�J � �� � 1, �� � ��, ���I� � �I�, �� � ��, �� � ��〉 ≅ >D47J. 

For E�EI� � �I�, K�KI� � �I�, KE � EK, 
    � � 〈�, E, K:	�J � K� � 1, �� � E�, E�EI� � �I�, K�KI� � �I�, KE � EK〉 

� 〈�, E, K, �:	�J � K� � 1, �� � E�, � � EK, E�EI� � �I�, K�KI� � �I�, KEKI� � EI�〉 
        � 〈�, K, �:	�J � K� � 1, �� � ��, K�KI� � �I�, �� � ��, �K � K�〉 ≅ >D47J. 

For E�EI� � �I�, K� � �K, KEKI� � EI�, 
        � � 〈�, E, K:	�J � K� � 1, �� � E�, E�EI� � �I�, K� � �K, KEKI� � EI�〉 

� 〈�, E, K, �:	�J � K� � 1, �� � E�, � � �K, E�EI� � �I�, K� � �K, KEKI� � EI�〉 
            � 〈E, K, �:	�J � K� � 1, �� � E�, K�KI� � �I�, �E � E�, �K � K�〉 ≅ >D47J. 

For E�EI� � �I�, K� � �K, KE � EK, 
� � 〈�, E, K:	�J � K� � 1, �� � E�, E�EI� � �I�, K� � �K, KE � EK〉 ≅ LD ? 7�. 

[(ii)] For KJ � 1. 

� is of order 16 so this holds only if �� � K�. 

KE ∉ 〈�〉 since	K ∉ 〈�〉b, 
KE ∉ 〈�〉E since	K ∉ 〈�〉, 

KE 3 K and KE 3 ��K since 4�E� � 4, 

KE 3 �K, KE 3 �
K, KE 3 �EK and KE 3 �
EK since 4�EK� � 4. Therefore, KE � EK or EI�K =��EK 

K� ∉ 〈�〉 since	K ∉ 〈�〉, 

K� ∉ 〈�〉E since	4��� � 4, 

K� ∉ 〈�〉EK since	4�K�� � 4, 

K� 3 K and K� 3 ��K since 4��� � 4. Therefore K� � �K or	�I�K and we have E�EI� � �I�,	K�KI� � �	or �I�, 

KEKI� � E or	EI�. 

For E�EI� � �I�, K�KI� � �I�, KEKI� � EI�, 
� � 〈�, E, K:	�J � 1, �� � E� � K�, E�EI� � �I�, K�KI� � �I�, KEKI� � EI�〉 

� 〈�, E, K, �:	�J � 1, �� � E� � K�, � � �EK, E�EI� � �I�, K�KI� � �I�, KEKI� � EI�〉 
� 〈�, E, �:	�J � �� � 1, �� � E�, E�EI� � �I�, �� � ��, �E � E�〉 ≅ LD ? 7�. 
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For E�EI� � �I�, K�KI� � �I�, KE � EK, 
� � 〈�, E, K:	�J � 1, �� � E� � K�, E�EI� � �I�, K�KI� � �I�, KE � EK〉 ≅ LD ? 7�. 

For E�EI� � �I�, K� � �K, KEKI� � EI�, 
� � 〈�, E, K:	�J � 1, �� � E� � K�, E�EI� � �I�, KEKI� � EI�, K� � �K〉 ≅ LD ? 7�. 

For E�EI� � �I�, K� � �K, KE � EK, 
� � 〈�, E, K:	�J � 1, �� � E� � K�, E�EI� � �I�, K� � �K, KE � EK〉 ≅ >D47J. 

[(III)]Now suppose E ∈ � is of order 2 and E ∉ 〈�〉, then E�EI� � �	or �I�. 

Also since � is of order 16, there exists K ∈ �, K ∉ 〈�〉 ∪ 〈�〉E	and 4�K� � 2	or 4.  
But we take care by the case of 4�K� � 4, so we consider 4�K� � 2, 

 � � 〈�〉 ∪ 〈�〉E ∪ 〈�〉K ∪ 〈�〉EK.	

Now, K� ∉ 〈�〉 since	K ∉ 〈�〉, 

K� ∉ 〈�〉E since	4��K� � 4, 

K� 3 K, K� 3 ��K, K� 3 EK and K� 3 ��EK since 4��� � 4.  

Therefore, K� � �K, �I�K, �EK or =�I�EK. 

KE ∉ 〈�〉 since	K ∉ 〈�〉E, 

KE ∉ 〈�〉E since	K ∉ 〈�〉, 

KE 3 K, KE 3 �K, and	KE 3 �
K since 4�E� � 2, 

KE 3 ��K since E 3 ��, 

KE 3 �EK and KE 3 �
EK since 4�EK� � 4. Therefore, KE � EK or ��EK.  

Now we have E� � �E	or	�I�E, KE � EK and K� � �K, �I�K, �EK or �I�EK. 

For E� � �I�E, K� � �I�K, KE � EK. 
� � 〈�, E, K:	�J � E� � K� � 1, E�EI� � �I�, K�KI� � �I�, KE � EK〉 ≅ LD ? 7�. 

For E� � �I�E, K� � �K, KE � EK. 
� � 〈�, E, K:	�J � E� � K� � 1, E�EI� � �I�, K� � �K, KE � EK〉 ≅ >D ? 7�. 

For E� � �I�E, K� � �EK, KE � EK. 

   Then � � K�EK		 ⟹	�� � K�EKK�EK � K�E�EK � K��
EEK � 1.  

But � is of order 4, therefore  this cannot hold. 

For E� � �I�E, K� � �
EK, KE � EK. 

    Now � � �
EK   ⟹	�� � �
EK�
EK � 1. But � is of order 4, therefore this cannot hold. 

For E� � �E, K� � �K, KE � EK. 
� � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �K, KE � EK〉 ≅ 7J ? 7� ? 7�. 

For E� � �E, K� � �I�K, KE � EK. 
� � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �I�K, KE � EK〉 ≅ >D ? 7�. 

For E� � �E, K� � �EK, KE � EK. 
� � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �EK, KE � EK〉 ≅ V]�^^	_$`4��16,3�. 

For E� � �E, K� � �
EK, KE � EK. 
        � � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �
EK, KE � EK〉 
           � 〈�, E, K, �:	�J � E� � K� � 1, � � �
K, E� � �E, K� � �
EK, KE � EK〉 
           � 〈�, �:	�J � �J � 1, �� � �I��I�〉 ≅ V]�^^	_$`4��16,3�. 

For E� � �I�E, K� � �I�K, KE � ��EK. 
        � � 〈�, E, K:	�J � E� � K� � 1, E� � �I�E, E� � ��EK, K� � �I�K〉 
            � 〈�, E, K, �:	�J � E� � K� � 1, � � �
K, E� � �I�E, E� � ��EK, K� � �I�K〉 
            � 〈�, E, �:	�J � E� � �� � 1, E� � �I�E, ����� � �I�����, ����E � ��E����〉 
            � 〈�, E, �:	�J � E� � �� � 1, E� � �I�E, �E � E�, �� � �I��〉 
            � 〈�, E, �, �:	�J � E� � �� � 1, � � EK, E� � �I�E, �E � E�, �� � �I��〉 
            � 〈�, E, �:	�J � E� � �� � 1, E� � �I�E, �E � E�, �� � ��〉 ≅ >D ? 7�. 

For E� � �I�E, K� � �K, KE � ��EK. 
        � � 〈�, E, K:	�J � E� � K� � 1, E� � �I�E, K� � ��EK, K� � �K〉 
            � 〈�, E, K, �:	�J � E� � K� � 1, � � �I�K, E� � �I�E, K� � �K, KE � ��EK〉 
            � 〈�, E, �:	�J � E� � 1, �� � ��, E� � �I�E, �� � ��, �E � E�〉 ≅ >D ? 7�. 

For E� � �E, K� � �I�K, K� � ��EK. 
        � � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �I�K, KE � ��EK〉 
            � 〈�, E, K, �:	�J � E� � K� � 1, � � �I�E, E� � �E, K� � �I�K, KE � ��EK〉 
            � 〈�, K, �:	�J � K� � 1, �� � ��, K� � �I�K, �� � ��, �K � K�〉 ≅ >D47J. 

For E� � �E, K� � �K, KE � ��EK. 
       � � 〈�, E, K:	�J � E� � K� � 1, E� � �E, K� � �K, KE � ��EK〉 
           � 〈�, E, K, �:	�J � E� � K� � 1, � � �I�E, E� � �E, K� � �K, KE � ��EK〉 
           � 〈�, K, �:	�J � K� � 1, �� � ��, K� � �K, �� � ��, K� � �I�K〉 ≅ >D47J. 

For E� � �E, K� � �EK, KE � ��EK. 

								� � 〈�〉 ∪ 〈�〉E ∪ 〈�〉K ∪ 〈�〉EK, but ��EK���
K� � �EK��� � ��K��K � 1 and 								��
K���EK� � �
�EKEK �

E��EKK � ��K� � ��. So, we have some elements in � without           

         inverse in �, that is � is not a group. 

For E� � �E, K� � �
EK, KE � ��EK. 
						��
EK���K� � �
E�
EKK � ��E�K� � �� and ��K���
EK� � �K���EK � ��EKEK � 1.    

      Therefore some of elements in � have no inverse in �. Hence � is not a group. 

[Case 4.]  Suppose any non-identity element is of order 2. 
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Let �, E, K, � ∈ � be non-identity elements such that K ∉ 〈�〉⋃〈�〉E and � ∉ 〈�〉⋃〈�〉E⋃〈�〉K. Then, 								� �

〈�〉⋃〈�〉E⋃〈�〉K⋃〈�〉�,   
															� 〈�, E, K, �: �� � E� � K� � �� � 1, E� � �E, K� � �K, �� � ��, KE � EK, �E � E�, K� � �K, 〉

≅ 7� ? 7� ? 7� ? 7�. 

Hence, we get all the 14 non-isomorphic groups of order 16 through maximal order element. 
[1)] 7�P,                [5)] L�P,              [9)]   7J ? 7� ? 7�,                 [13)] >D47J and 

[2)] 7D ? 7�,         [6)] V>�P,            [10)] >D ? 7�,                         [14)] Small group(16,3). 

[3)] W�P,               [7)] 7J ? 7J,        [11)] LD ? 7�, 

[4)] >�P,               [8)] 7J ⋊ 7J,        [12)] 7� ? 7� ? 7� ? 7�, 

 
Conclusion 4 

Maximal order elements play very important role in 

classifying finite groups. In this paper, we have 
presented a method of classifying groups of order 

� 17 solely by use of maximal order element and 

without appealing to Sylow theorems.. 
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