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ABSTRACT

Evasion differential game problem with many pursuers and one evader is studied on the plane. The
control functions of the players are subject to integral constraints on each coordinates. Sufficient
conditions for evasion to be proposed from many pursuers are obtained. Moreover, evader’s
strategy is constructed and illustrative example is given.
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INTRODUCTION
Pursuit and evasion differential game problems
involves two controlled dynamical objects called
pursuer and evader with conflicting goals. The goal of
the pursuit is to catch the evader in a finite time.
Whereas, the evader want to escape catch by the
pursuer. There is vast literature on pursuit and
evasion differential game problems. Few of these are
contained in the list of references in this paper. That
is, from the first reference Azamov (1964) to the last
one (Wah and Ibragimov, 2007).
The study of pursuit problems involves finding
conditions for completion of pursuit; optimal pursuit
time and construction of pursuer’s strategy. In the
other hand, finding conditions that guaranteed
evader’s escape and construction of evader’s strategy
are the main issues in the study of evasion differential
game problem.
A matter of interest in this paper is the evasion
differential game problem. There are many
publications from researches involving this type of
differential game problem. Some of these publications
include Azamov (1964), Chodun (1987), Ibragimov
and Yusra (2012), Ibragimov and Hasim(2012),
Ibragimov et. al. (2012), Alias et.al. (2016), Idham
et.al (2013), Idham et.al. (2016) and Saleh et. al
(2013). In the papers Ibragimov and Yusra(2012),
Ibragimov et. al. (2012) and Alias et. al (2016),
evasion problems were investigated on the plane.
Therefore, in this regard, these papers are the most
relevant once to this research.
In Alias et. al. (2016), an evasion differential game
problem, involving one pursuer and one evader in the
plane, is studied. Control functions of the players are
subject to geometric constraints. Maximum speed of
the pursuers is equal to 1 and maximal speed of the
Pi: x;
E: y% = b(t)y,
where x?,v%u;,v,x;,y € R?

evader isa > 1. Control set of the evader is a sector
Swhose radius is greater than 1. Sufficient conditions
are obtained that guarantee the evasion, regardless
of the location of the initial positions of the players.
Evasion differential game problem, with many but
finite number of pursuers and one evader in the
plane, is studied by Ibragimov et a/. (2012) . Player’s
motion is described by simple equations. Control
functions of the players are subjected to integral
constraints. The main result in this paper is the
sufficient condition that guaranteed evasion in the
problem considered.

Ibragimov and Yusra (2012) studied evasion
differential described by simple equations which
involved many pursuer and one evader in the plane.
Each coordinate of the control functions of the
players is subjected to integral constraints. Sufficient
condition for which evasion to be possible is found.
Evader’s strategy is constructed based on controls of
the pursuers with lag. Moreover, illustrative example
is given.

In the present paper, we investigate an evasion
differential game problem of many pursuers and one
evader with coordinate-wise integrals constraints in
the space R? . We obtain sufficient conditions for
which evasion is possible in the game. The problem
considered in Ibragimov and Yusra(2012) is a special
case of the problem considered in this paper. That is,
the present work is a generalization in the work
Ibragimov and Yusra(2012).

Statement of the Problem

We consider an evasion differential game problem
with many pursuers and one evader whose equations
of motion are given by:

= a(®)u;, x;(0) = xio, i=1,..m (1)
y(0) = y°,
s ui(t) = (uin (), up®)) and v(t) = (v(t), v,(t)) are control

functions of the pursuer and evader respectively, satisfying the inequalities
(2} oo,
Jy w12 dt < pdy, [ Tuip ()12 dt < pf, (2)

(22}
Sy @I dt < o,

w012 dt < o2, ®3)

where p;1,piz,01,0,,i = 1,...,m are given positive numbers.
It is also required that the scalar measurable functions a(t), b(t) are such that for all t > 0, there

exists a positive number ¢ satisfying the inequality
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{Ia(t)l < ¢ < b®), if a(t) # b(t), )
la®] = [bOI =< G, if a(t) = b(t).
Definition 0.1 A measurable function u;(t) = (uu(t),uiz(t)), t = 0 /s called an admissible
control of the pursuer P;, if the inequalities (2) are satisfied.

Definition 0.2 4 measurable functionv(t) = (vl(t),vz (t)), t > 0 /s called an admissible control of the evader
E if the inequalities (3) are satisfied
Definition 0.3 A strategy of the evaderV (-) is the function of the form
V() = {(0,0) 0<t<e (5)
(it =€), upt—e), fru(t—€),..,up(t—€) t>c¢,
where € Is a positive number, f,, 5 : R™——R are a continuous functions andui(t), foralli= 1,2,3,...m, t=0
are admissible controls of the pursuers.

Definition 0.4 If there exist a strategy of the evader V(-) which ensure that x;;(t) # y.(t) and/or x;,(t) #
y2(t), foralli = 1,...,m, t = 0, and for any admissible controls u;(-) of the pursuers then we say that evasion
possible from the initial positions of the pursuers and evader x? = (x§,x%), i=12,...,mand y° = (y,y9),
respectively, in the game described by (1)-(4).

Research Question: What are the sufficient conditions for evasion to be possible in the game described by (1)-
(4).

SOLUTION OF THE PROBLEM

The theorem and it's proof below, which is the main result of this research, provides the sufficient conditions for
the possibility of evasion in the game problem considered in this paper.

Theorem 0.1 For evasion to be possible in the game described by (1)-(4) it is sufficient that
1. There exists is a partition {I,,1,} of the set I = {1,2,3,...,m}, for which the following inequalities hold
Zpizl <oaf, Zpizz <od},

iel i€l,

2. y? € (—a,a;) U (by, ), y3 € (—00,a;,) U (b,, ),
where
a; = mi“ieh{x&}' by = maxieh{x%}' a; = mi“ielz{xioz}' b, = maxie,z{xlpz}.
Proof:

Suppose the condition 1 and 2 of the theorem holds. Let € be a positive number such that
€ < gzmmin{(y) — b))% (8 — b)),
where p; = pf; +pf, and X, p; = p?.

We construct the evader’s strategy as follows:

(0,0), 0<t<e
V() = . 6
® (y [avhe-oy Sae-a) e ©)
f— }’f—’f}% . * yg—x})Z i . i — icgi
where y = ,kel; yr= L., jel, andy;, i=1,23,...,m, are admissible controls
[y =}, |y§_xj2|

of the pursuers.

Now our goal is show that if the evader uses the strategy defined by (6) then evasion is possible.

Which means that x;(t) # y(¢t), foralli = 1,2,3,...,m,and for all t = 0.That is (x;;(t), x;2(t)) # (¥1(t),y2(1)),
which is equivalent to x;; (t) # y,(t) and/or x;(t) # y,(t),forall ¢t > 0.

To show this, we need to consider the four different possibilities with respect to the initial position of the evader,
which arose from condition 2 of the theorem. One of these possibilities is that y? > b;,y9 > b,. Other three are
¥ >by, ¥3<ay; yi <ay, y; <ap andy <a;, y3 > b,.

We now consider the first case, that is y? > b;,y? > b,. This implies thaty = y* = 1.Therefore the strategy
defined by (6) reduces to the form

(0,0), 0<t<e,
i {( et €=, [Sier (e -9, t>e 7

The strategy defined by (7) is admissibility. This can be seen from the following:

S @ Pde = [ v (©)1Pdt + [ o (0)]?dt
2
. /Zie,luizl(t—e)| dt
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= fow|zie11ui21(f)|dt = Zie11(fow|ui21(5)|)d5
= Yie, PA < 0f.
In a similar way, we can show that
I lva(®)7dt < o3
If the evader uses this admissible strategy then we show that
1. Evasion is possible from the pursuers P; , i € I; on the both intervals [0, €] and (¢, o).

2. Evasion is possible from the pursuers P; i € I,, on the both intervals [0, €] and (g, ) .
To show (1), we first consider evasion in the interval [0, €]. Observe that

Jy Clua ()l ds < (f; ¢%ds)* (flun()2ds ) < IVEp < (Vep (®)
Let the evader uses the strategy (7) and using the inequalities (4) and (8), with /€ 7, we have
V() = x1(©) =y + [, b($)va ()ds — xf — [ a(s)us (s)ds
> y9 — by — [, la(s)llui (s)lds
> y9 — by — [ {lus (s)lds
>y} — b, — {Vip
>y —by— {pVe =5 (¥ —by) >0
This is by the choice of ¢, we have p e > zi((yf — by) . This means that evasion is possible from the pursuers
P;, i € I,in [0, €].

Secondly, we consider evasion in the interval (e, ) and observe that
IL, Cup)lds < (f; ¢2ds) (filun)Pds)’ < tVep. ©)

If the evader uses the strategy defined by (7) and using the inequality (9), we have
Y1 (®) = x () = ¥2 + [T ()i (s)ds — xy — [ a(s)uy (s)ds

>y9 — by + [ b(s) /zieh u? (s — €) ds — [} |a(s)u; (s)]ds

=0 = by + J; Ib(s + )| [Sier, wFy () ds — fy~ la(s)llun (5)lds — [, 1a()llusa (5)Ids
> y0 = by + g ¢ Sier, uh () ds = [} Chun(9)lds — [ ¢l (9)lds

t
2y — by — [} Cluu(s)lds
= yf = by — {Vep >3 () —by) >0,
This is by the choice of € < ﬁ(y{’ — by)?. This means that evasion from the pursuersp; € I, is

ensured in the interval(e, o). This proves (1).

To show (2), first we consider evasion from pursuersp;, i € I,, in the interval [0.€]. Let pursuer
uses the strategy defined by (7), then for i € I, and t € [0,¢], we have
t t

Ya() = xi2(6) = 3 + j b($)v(s)ds — x% — j a()ugy(s)ds
0 0

>y — b, — [ la(s)up(s)lds
>y — by — J Clupp(s)lds
2 y) — b, — {Vtp
ZYS—bz—Zp\/EZ%(yS—bz)>O.
This is by the choice of ¢, that is pve < zi((yg — b,) . Thus, evasion from the pursuers P;,i € I,,is

possible in the interval [0, €].
Lastly, let t € (€, o), then according to (7), for any i € I, and using the inequality (9), we have:

Y2(t) = xi2(t) = y3 + [ b(s)v(s)ds — x& — [ als)us(s)ds

> 39 — by + [1b(5)] | Sier, ud(s — € — [la()up(s)lds

>y9 by + [, “Ib(s + o) /ziazu?z(s) ds — [, “1a(®)llups)lds — [ _la(s)||up(s)|ds
>y9—b,+ [, ¢ /zie,z ug(s)ds — i Clug()lds — [ Slup(s)lds

> 8 — b, — [} {luip(s)lds
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Zyg—bz—ZPN/EZ%(yg_bz) >0,

Thus, evasion from the pursuers P;,i € I, is possible.
The proof of the remaining cases i.e. y? > by, y2 <a,; y?<ay, ¥ <a,andy? <ay,yd >b,,is
similar. This completes the proof of the theorem. B
Illustrative Example
Example. Consider an evasion differential games problem described below

P oxy = (sint)uy(t), x1(0) = (0,1),

Py x, = (sint) u,(t), x,(0) =(1,2),

E: y=Q0+e @), y(0)=(13),

in which control functions of the pursuers u;(t) = (uil(t),uiz(t)), i = 1,2, and that of the evader
v(t) = (v,(t), v, (t)) are such that

o, [22}
Sy lunOPdt < pfy, [y T (®)17dt < pf,
o, oo,
Iy luaa(O1Pdt < p3y, [ Tuzz(D1Pdt < p3y,
J vy (O)12dt < o2, I vy (012dt < o,

where p? =3; p%, =4; p2, =1, p2,=2; 62 =3 and ¢ = 2.
Observe that the two conditions in the theorem are satisfied for the partition {{1},{2}} of the set
= {1,2}.That is
1. p11 =3 =0} p},=2=c}forl, = {1}and I, = {2}.
2. y9=1€e(-@0,0)u (0, andy) =3 € (—a,2) U (2 ).
(Thisisthe case y? =1 > b, =0 and y? =3 > b, = 2).
According to our theorem, when the evader uses the strategy
(0,0), 0<t<g
v = { (\/ufl(t —6), Jui(t- 6)), t>€
then evasion from the pursuer A, and A is possible. This can be seen from the following:
Observe that in this example, = P11 + P12 + PP + Fao= 10, and let € < %
1. Firstly, we show evasion from 2 in possible in both intervals [0, €] and (g, o).
If t € [0,€], i = 1,and evader uses the strategy (10), then
@) —x,(0) =1+ fot(l + e S)v(s)ds — 0 — fot sin(s)uy1(s) ds
>1- fotlsin(s)ull(s)l ds

1 1
21~ (fyds) (fyhu ()12ds)’
>1-+tV10

—Vevio=1- =15y,

2

(10)

This is by the choice of € < i
Also, if t € (g 0)i = 1, and evader uses the strategy (10), we have

y1(t) —x1 () =1+ J(l +eS)v(s)ds— 0 — J sin(s)uq,(s) ds

0
>1+ f€|1 + ™% |luy1 (s — €)lds — [ Isin(s)l g1 (5)lds
> 1+ [ Nuaa()lds — [} luaa ()l ds + J__lugs(s)lds
=1- f |u11(s)|ds
> 1 (Jds) (Fhuns(o)las)’
21—\/E\/_=1—ﬁ=5>0.

2. We can show that evasion from the pursuer A is possible in both the intervals [0, €] and
(€, 00).

Forie I, and t € [0, €], we can easily show that
t t
1
Vo (t) — x55(t) =3 +f 1+ e Sv,y(s)ds —2 —f sin(s)uy,(s)ds = 1 ~2 > 0.
0 0
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Also, for i € I, and t € (¢, 00), we can easily show that

t t 1
¥2(t) —x22(t) =3 + f A +e ™ vy(s)ds—2— f sin(s)ug,(s)ds =21 — 7> 0.
€ 0

CONCLUSION

We have studied evasion differential game of many
pursuers and one evader on the plane. Motions of
players are described by first order differential
equations. Control functions of the players are
subjected to integral constraints. We formulated and
proved a theorem that provides sufficient conditions
for evasion to be possible in the problem considered.
In the proof of the theorem, we used the idea in [4].
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